SN te 





; Learning and Xubor. 


LIBRARY 


OF THE 


University of Illinois. 
CLASS. IOK. VOLUME. 
\ 
| 


-_, { 
Cc WH. 


READING ROOM 
IATHEMAT| ACCESSION BNO. 


sae ae ala aa aa aa a 
wy S 


Se) 


Se Dw | ae tw el ae] ow] 


i 
é 
‘ 
és 
é 
é 
d 
4 
é 
‘ 


iu 


|e) 
(= 





Return this book on or before the 
Latest Date stamped below. A 
charge is made on all overdue 
books. 


University of Illinois Library 


L161—H41 








Digitized by the Internet Archive 
in 2021 with funding from 
University of Illinois Urbana-Champaign 


https://archive.org/details/transactionsofam2190unse 





TRANSACTIONS 


OF THE 


AMERICAN MATHEMATICAL SOCIETY 


EDITED BY 
ELIAKIM HASTINGS MOORE 


ERNEST WILLIAM BROWN THOMAS SCOTT FISKE 


PUBLISHED QUARTERLY BY THE SOCIETY WITH 
THE COOPERATION OF 


HARVARD UNIVERSITY NORTHWESTERN UNIVERSITY 
YALE UNIVERSITY CORNELL UNIVERSITY 
PRINCETON UNIVERSITY . THE UNIVERSITY OF CALIFORNIA 
COLUMBIA UNIVERSITY BRYN MAWR COLLEGE 
HAVERFORD COLLEGE THE UNIVERSITY OF CHICAGO 
VOLUME 2 
1901 


LANCASTER, Pa., AND NEW YORI 


THE MACMILLAN COMPANY 
AGENTS FOR THE SOCIETY 
1901 


Rd Pee os) 


‘ ( 7G . . ; _ ; - ' a 
] | : ‘ : ‘ pews e ris — , | 
, ; : y 7 - Aa 


a Ne TR 


Vhs ha 
7 11)} 1%} At) WE La NAL AY 
A Pee 


* 
‘ 
~~ 
eh 
ne 
- 
4 
nh 
- 
is 
% 
b : : 
Ay 
‘) 
f 
| 
7 os af: 





> Oe, ra 





5.00 


eet 


amiyan 


Ma 


Math, 


TABLE OF CONTENTS 


VOLUME 2 1901 


BuicuFe pt, H. F., of Stanford University, Cal. Note on the fune- 


tions of the form 


Fe) =¢ 


which in a given interval differ the least possible from zero. 


(vw) + da"! + dja"? +---+4+d, 


A new determination of the primitive continuous 
groups in two variables Pe he pe ee ae 
Bocuer, MaximE, of Cambridge, Mass. Certain cases in which the 

vanishing of the Wronskian is a sufficient condition for linear 
dependence . oe Se Rar: 
An elementary PNGoE of a iene rem of stat m. ; 
On certain pairs of transcendental functions whose roots 
separate each other 
Bouza, O., of Chicago, Il. 
the calculus of variations : 
Casort, Fiortan, of Colorado sth Col. 
ditionally convergent series whose product is absolutely conver- 
gent : : Se oe Ves hyitte ) oie 
Dickson, LEONARD Tae of, Chien Il. Canonical forms of 
quaternary abelian substitutions in an arbitrary Galois field 


New proof of a theorem of Osgood’s in 


Divergent and con- 


Theory of linear groups in an arbitrary field . 
Frevps, J. C., of Hamilton, Ontario, Canada. On the reduction of 
the general abelian integral . 

Hivsert, Davin, of Gottingen, Germany. 
constanter Gaussscher Kriimmung. 
McDonatp, J. H., of Lafayette, Ind. On tke eatin of a recs y 

cubic and quadratic and the reduction of hyperelliptic integrals 


Flachen von 


Ueber 


of genus two to elliptic integrals by a transformation of the 
fourth order . oes ‘ peace rita et 

Merzuier, W. H., of Syracuse, N. Y. On certain arene of 
determinant minors ; 

Mertens, F., of Vienna, Austria. 
#-Reihen . : 

Mitter, G. A., of ies N. se Derermination of all ie groups 
of order p” which contain the abelian groups of type 
(m — 2,1), p being any prime 


Zur linearen Transformation der 


50037 


PAGES 


100-102 


249-258 


139-149 


150-151 


428-436 


422-427 


25-— 36 


103-138 
363-394 


. 49- 86 


87— 99 


437-458 


395-4038 


331-342 


iv TABLE OF CONTENTS 


Moors, Exvrakim Hasrines, of Chicago, II]. 
nack’s theory of improper definite integrals . 


Concerning Har- 


_________ On the theory of improper definite integrals . 
Oscoop, W. F., of Cambridge, Mass. 
mum of the integral 


On the existence of a mini- 


xy 
iy Pa, Ys y ) da 


when #, and a, are conjugate points, and the geodesics on an 
ellipsoid of revolution: a revision of a theorem of Kneser’s . 
On a fundamental property of a minimum in the eal- 
culus of variations and the proof of a theorem of Weierstrass’s 
Porter, M. B., of New Haven, Conn. 
on the noe Sinclar cubies of a syzygetic sheaf . 
PrinesHeEIM, A., of Munich, Germany. Ueber die eaerdties aye 
Cauchy’schen Multiplicationsregel auf bedingt convergente oder 


Sets of coincidence points 


divergente Reihen . : : aaa ; 
Ueber den Goursat’ acted awed des Cantitig nolan 
Integralsatzes Tees Pee 
SmiruH, Percery F., of New Haven, Conn. 
spherical are : : : 
STECKER, HENRY FREEMAN, of Tene N. Y. On the abeeninineaTee 
of surfaces capable of conformal representation upon the plane 


Geometry within a linear 


in such a manner that geodetic lines are represented by alge- 
braic curves . 5 
STRINGHAM, IRVING, of bbitieiog Cal. 
in a parabolic space of four dimensions 
STRONG, WENDELL M., of New Haven, Conn. 
nion number systems . 
Van Vuieck, E. B., of Middletown, “Covi 


continued Frastiore with complex elements 


On the eomneteye of / “lanes 
Note on non-quater- 
On ‘the iditiehrent of 

On the convergence and character of a Lara oi of 
continued fraction . 


Witczynski, E. J., of Bevksled, Cal. 


linear differential equations . 


Invariants of systems of 


Geometry of a simultaneous system of two linear homo- 
geneous differential equations of the second order . 
Notes and errata: volumes 1 and 2 


PAGES 


296-330 
459-475 


166-182 
273-295 


37- 42 


404-412 
413-421 


234-248 


152-165 
188-214 
43— 48 
215-238 
476-483 

1- 24 


343-362 
484-487 


IBRARY 


OF * 


WNIVERSITY of “ILLINOIS: 


INVARIANTS OF SYSTEMS 
OF LINEAR DIFFERENTIAL EQUATIONS 


BY 


K. J. WILCZYNSKI 


The theory of the invariants of a single linear homogeneous differential 
equation rests upon STAECKEL’s theorem, that the most general point-transfor- 
mation which converts a general homogeneous linear differential equation of 
the m-th order (m > 1) 


d™ y qd ‘y 
(1) dx” oe P (a ee dx” m—1 se ig P(x)y =e Or 
into another equation of the same form and order, is 
(2) w=f(&), y=ng(§), 
where f(&) and g(&) are arbitrary functions of &.* 
Those functions of P,, P,, ---, P,, and the derivatives of these quantities, 


which are the same for the equation (1) and for any equation obtained from (1) 
by a transformation (2), are called invariants of (1). Functions having this 
invariant property and containing also y, dy/dw, ete., are called covariants. 
The investigation of such invariants and covariants has led to many new and 
interesting results concerning the equation (1). This theory is associated with 
the names of CocKLE, MALetT, LAGUERRE, HALPHEN, Brioscu1, ForsytTH, and 
others. 

The author has recently shown that the most general point-transformation, 
which converts a system of m homogeneous linear differential equations into 
another of the same form and order, is 


(3) a = flé), i; = Yale, (k=1, Patel n), 


where /(&) and a,.(&) are arbitrary functions of €, and the determinant |a,,(&)| 
does not vanish identically.+ 

We shall consider, in this paper, those combinations of the coefficients of a 
system of linear differential equations which remain invariant when the system 


*Crelle’s Journal, vol. 111. 
+ American Journal of Mathematics, January, 1901. 
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is transformed by the above transformation (3). These transformations obvi- 
ously form an infinite continuous group, and we shall employ Lix’s theory 
throughout, as has been done in the case of a single differential equation by Dr. 
Bouton.* We shall not, in this first paper, pay much attention to the appli- 
cations of the theory, nor give more than a passing mention to covariants. 


$1. Finite transformations of the dependent variables. 


We shall at first confine ourselves to the transformation of the dependent 
variables. Those functions of the coefficients of the system which remain in- 
variant for all such transformations, may be called seminvariants. These are 
of considerable importance in themselves, and besides furnish the basis for the 
theory of invariants under the general transformation. 

Let the given system be 


(1) Yat +> ae = oe 0 (¢== 1, 2,-+*, nm), 


and let this system be transformed by the equations 


(2) prs 2s A;,n(%)M, (K=1, 2,---, n), 
= 


where a,,(a) are arbitrary functions of «, and where the determinant 
|a..(@)| (kK, A=1, 2, ---, n), 


does not vanish. As usual we denote derivatives by accents. Then we have 


from (2) 
n 1 
(3) y= =ZX(, ) alpens vas (K=1, 2,---, n3 1=0, 1, 2, -+*) mM), 


l ; : : 
where in general ( ai) denotes the coefticient of x? in the expansion of (1 + a)!. 


Equations (1) then become 


hs n m m—-1 n n 1 
CDI ee > Da asp r DEES DEVS yD (e ) Pant) = 0 
Dts A=1 p=l 1=0 k=l p=1 o=0 


(t==15 222" 


The coefficient of 7% in the double sum is 


m atenr) 
Mm—pj ie 


and in the quadruple sum, the coefficient of 7°” is 


* American Journal of Mathematics, vol. 21, no. 2, 1899. 
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n 


>. | (0) Posty + (e af *Y pea onal eee 


b= 
nm — 
—1l-yp 
Pie at ea ee ee |, 


i? 6. Se 7 eee oh 
5 3 ‘l T Bara, ° 


k=1 7=0 
Thus, from (4) we obtain 


nr m— 


(5) ya, We taps. 2 mH [ee — ») a 


p=1, y=0 


n m—1—v pee T 
1D »S ( + ) Ps.s.ver0t | = 0 (t=1,2,---,n), 


. k=1 7r=0 
or if we put 
(6) A = |a,,| (¢,4=1,2,---,n), 
and denote by A, the minor of a,, in this determinant, 


ae Te 


(7) An™ + >° Se ae yA alec ot F;) Gian, 


u=1 vy=0 
$e UT) Paneth? |—0 (ated ny. 
k=l -r=0: 
If then we write this system in the form 
(8) 1+ > Do Tinh, = 9 (A=1,2,++-,n), 
we have a 


n m—l1—v 


(9) Amy, =: 4 Aj, | ( i ie jane ight dX ss - a Desk, vr Uy 2| 
2; 


k=" 7=0 
(ay oa I a0 71, -17-n— 1). 


Thus, if (1) is transformed into (8) by transformations ie , the relations be- 
tween the coefficients of (1) and (8) are the equations (9). 

Equations (9) represent an infinite continuous group, isomorphic with the 
group represented by equations (2). For to every transformation of the latter 
group corresponds one of the former, and they obviously have the group prop- 
erty. Both groups can be defined by differential equations, so that Lin’s theory 
of infinite groups may be applied. 


§ 2. Infinitesimal transformations of the dependent variables. 


We proceed to consider the infinitesimal transformations of our infinite group. 
The variables y,, y,, ---, y, Will undergo the most general infinitesimal transfor- 
mation of form (2) if we put 
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(10) a,(v) = 1+ (x ot > 4,(%) = (x) ot 
(ith), @, k=l, 2, 


where o¢ is an infinitesimal and the ¢,,’s are arbitrary functions of x. We 
wish to find the corresponding infinitesimal transformations of the coefficients 
Pint y 

Neglecting infinitesimals of order higher than the first, we find 


1 =F fot ’ f,,0t rperaay ©) ,,ot 


pbbior Noire nee wo rp ce 


— 1+ ($,, + Poy + Se ,,,)0€ 








,,ot 5 fot, ---, L+¢, ot 
and similarly 
(12) Be =14 ($1, 4+ by +-+>+$,, — $5, 

A,,= — $,,6t (i+k). 


Substituting these values in (9), we have 


n m Aa n m—l—v 
Aarne, = 3 — Gudt| (ny) OPT (7 E) ria veal 


k=1 


+ Pi | + [1 ~f- (di, + $,, + rakes a6 f,,, ot | ( ‘S ) ares 


Tt — Vp 


n m—iI—v v+o 
1 Ef + ) Past ree 28+ Pane | 


or 


A hur = Phar — Zi drPinsdl+ (yy) $a 
(13) 


nm m—l1—y yp + + uA 
a5 2s 2, ( T War reek ot + Pry ly + Py, a spare + f,,, ot . 


Dividing by A= 1+ (¢, +---+¢,,)6¢, and denoting the infinitesimal 


difference 77, — Py,, by 8p,,,, we find 


OPruv 


ota > (Pin Pary — Par Panv) 
(14) 


nm m—1—v 


v+T m 
} py? (m—yv) 
> : ( T ) ku Pr, k, v+T ( 5) Am ; 5 


(ead ar 


(4,“=1,2, “9,23 V==0,1,2,°°*, Mie 
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These are the required infinitesimal transformations of p,,,. Those of p,,,, 
Pruv>» ete., may be obtained from (14) by differentiation. 


§ 3. Calculation of the seminvariants for m=n=2. 


The complexity of the general problem is so great that it appears wise to 
limit the further discussion in this paper to the very special case m= n= 2. 
This will throw considerable light on the general case. 


Let us put, in this case, for abbreviation 


Prout = Pri = Paps Py, w,m—2 = P rxyo = Try 9 


(15) of 





2 af 
ae of = Pay tag OM are. 
v7 





OP rw OP ru 
We have then, from (14), 
op 2 : 
a = > (Dieu Par =F Prr Pru) =F 2¢,,, ’ 
POEM! = Gs, bs aps, + bre — dares) + 20? 
“ee kp Pak AkPry key Prk Ae Pree hud 


8 : 
ae 1. »» (Pru ax mae PrrJiu) ct > Pin Prart Pru : 


k=1 


Now if fis a seminvariant depending only upon p,,,, Pi, + Ya,» We must have 
(17) DP SPrw ae Py 8Piu a Qiu Gry) = 0 
5d 


for all values of ¢,, $’,,-¢%:. Putting the coefficients of these twelve arbi- 
trary functions equal to zero, we obtain the following system of partial differ- 
ential equations for such seminvariants : 


oie) ae Q.. = 0 ? 

(18) Whe =r De (PrPis — Dal rr + Prr Vrs) =0, (r, s=1, 2). 
2 
2 (pak: 1s — ParPrr + PyypP io — pyP mre Dar Drs — Ysr Qn) = Q, 


This is a complete system of twelve equations with twelve independent vari- 
ables. But there are two relations among them, so that we shall have two in- 
dependent solutions, i. e., two independent seminvariants containing only the 
variables p,,5 Pius Lau: 

The first four equations of the system tell us that the quantities p’, and ¢,, 
can occur only in combinations 


2p, _ ae * 
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The next four equations, written separately, are 
2Py + (Pu Po) Pris + Pal Por — Pr) + Pu @n + Pa Gn = 9 
2Py + PoP — PoP ist Pu@n + Pa Qn = 9%: 
2P ot PrP ig — Paar + Piss + Poe Vn = 9» 
2Po + (Px —PuPa + PlPr — Poe) + Pi Qu + Pn Ga = 9- 


(19) 


They show that the only possible combinations of p,, p;,, ¢,, are 
oe 2014 - 2041 sever + Pi2Pas 
ie 27%. ah 4¢,, + Pia Pa + P23) ’ 
ty = 2231 at 4q,, a0 Palen + Po.) ’ 
Un = 2 ie a eh ae (ee + PyePns 


(20) 


so that the seminvariants, here considered, are functions of U,,, U,.5 U5 Ups 
only. 
The last four equations (18) are 


O, = (Pu — Poo) Pre + PalPe — Pu) + Pu — Paz) Pre 
+ Pu(Pos — Pir) + (Qn — Ge) Via + Fan Gos — On) = 9; 
Pala — Prk ia + Palin — Piet 1a + I On — 2 Vie = 9 
PrP = Pala + PixP ia — Pula + U2 V2 — Un Vn = 9» 
(Pos — Pir) Pn Fig Poy heen) ee Bag a tea 
+ Pi Pi, — Pas) + (Gon — Fr) Wn + HA Vn — Yeo) = 9, 


with the obvious relation 


(22) Ut) U.=205 


(21) 


U, 
U; 
U, 


But there is another relation between these four equations and the other eight, 
these latter being themselves obviously independent. If we compute from them 
P,, and P’, and substitute the values of these quantities, thus obtained, in (21), 
that system becomes 


(uw, Ta U9) Qi. 77 Up( Qu oe Q.») = 0 ’ 
(23) —e (u,, a U9) Qo cs Urol Qn ina Qo») = 0 ’ 
Ur. V2 — Uy Qo, = 0 ’ 


where the last equation is a consequence of the other two. 
The two independent solutions of this system are 
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(24) [= yy TF Ug 9 J= heat ap Wanita Uhl 
and these are the seminvariants required. 

Let us proceed to obtain next those seminvariants which contain also the 
quantities p;, and q,,. They must satisfy the following system of partial dif- 


ferential equations : 
(a) 2P7,,+9%,,=9, 
2 
(0) LD we aS One ay 2 Gere — pyP a8 Por @.) = 0 ’ 
A=1 


(25) (c) DN abe = p> Cihyl ss += bees re 200 ys 
" a9 Vr ae IN Os a6 Por Os) =.) 9 
YIP Pas = Pan + PrP as — Barker + PrePrs 
A= 
— PirPix + Var Vas — Yer Gra + Dar Vas — Yen Grr) = 9 
among which there is one relation. ‘Thus there are 15 independent equations 
and 20 variables. There are therefore five seminvariants satisfying these equa- 
tions. Of these we already know four, namely, J, J, dZ/dx, dJ)dx, which are 
obviously independent. 


Let us put du, 


uo =" » ete. 
ik dx 


Then, since according to (20), we have 


(26) ee 20 5, = £07, oF 2 Py Pin? 
v= 
therefore 
(27) Wis = 2D, = Mer oF Du (Py P jx 1 PP) 
im 


It will be easily proved from equations (25) (a) and (d) that our seminvari- 
ants are functions of the twelve arguments 


(28) Dea Ue, ae hs, « 
Denoting the left members of (25) (c) by Q,---Q,, so that 

= 2P,+ wie ke A 2P.,+ Bal 46 0O,= 2P,, + ay O,=2P,.+ Sone 

we find 

(29) Cie oa) (tt) (= O(a) = 0, 
Py) = 2, AfPy)=9, A(ry)=9, A(Py) =, 
QP») =9, O(py)=2, ALPy)=9, Apr) = 9, 
O1(Pn) =9, 2(Pn)=9, O(pn)=2, OX%(py) = 9, 
(Px) = 9, OP) = 9, 2 Pp) = 0, (Py) = 2, 


(80) 
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and 
Qu) = 9, O,(u)) = = U5 
O,(u)) = + %, Ou) =, 
O(n) = = Ayy y  Dy(Mig) = Ay, — Mp 
(31) O,(u,) = 9, O,(Ujy) = + Up» 
Quy) = + Uy, OU) = 9, 
O,(U3)) = = (1 = Up) 9 D(H) = = Uys 
O,(uy.) = 9, O1,(Ug2) = + Uy » 
DQ(Uy.) = = ty» OQ (uy,) = 0. 


From these equations it is easily seen that the eight independent functions of 
the arguments (28) which verify the equations 0, = 0, are the quantities w,, 


and 
/ 
= 2u;, + Pilly — Party» 


Vi 2u1» 7 (Pu — Poo rg ns Pil es Uyy) ’ 
0 = 2u;, — (Py SW IUP ce Dain a es 
Vy = 2U59 — Pye F Par y+ 
Denoting by X,, ---, X, the left members of (25) (d) we find: 
AG(Or) = 0, Ai) Ge ert, 


(32) 


XY) = + Mp» X(v,) = 9, 
X(t) Tae oe EC) Soa hy a ew) 
X,(Ui5) = 0, X (V2) = + V5, 


(33) 
X{(%)) = +» X,(r,) = 9, 
X(Vy) = — (Pn — xg) > Xn) = — Yn» 
X) (9) = 0, X,Y) = + ny» 
X,(Yp) = — 0 X (Pp) = 9, 


the equations for X,(w,,), ete., being precisely of the same form. 
From (88) we find that 


Vy ate Vy. and Vy Pog — VQ oq 


12? 


are solutions of the equations X¥,=0. But 


(34) Uy + Vy = 21’, 
while 
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(35) K=v,v,, —v 


11% 29 12¥21 9 


is obviously a new seminvariant, independent of 7, J, dZ/dx, dJ/dx. 

If we should now write down the differential equations satisfied by the semin- 
variants involving p“) and ¢°) besides the quantities already considered, there 
would be twenty such equations with only one relation between them, and 
twenty-eight independent variables. Hence there must be 28 — 19 = 9 such 
seminvariants. But we know eight of these, viz. : 


(36) Lah eed ignreh mel an Lee Lis 


these are independent, for it is easily seen that from the existence of a relation 
between them would follow the existence of a relation between J, J’, J, J’, K. 
But these quantities were independent. 

We can obtain the ninth semivariant without writing down and integrating 
the last mentioned system of twenty equations. The process which we shall 
employ is much more instructive, and is capable of generalization. 

We notice first this theorem: the quantities u,, and v,, are cogredient. 

This follows from equations (33), together with the corresponding equations 
for X,(w,,), as well as from the following formule, which express the infinites- 
imal transformations of w,, and v,,. It will be found from (16) and (20), that 


bu, 
bt as Port a Pita, ’ 


bu 
ra . (D2, ; Piz nF Pion ra Us) : 


(37) 
du, 
Ot o< (Pu ae Py» )My a Poy (Mop x; Uy) ’ 
bu,, 
=. Lee ae Paths + Piytoy » 


and from (16), (32), and (87), 


ov 
rel 
ae = Paris ion P20 o1 ’ 


Ov 
ot ae (Po. al $y) 2 a Pi(n — Vp») 
(38) R 
v. 
8 = ($y — Py) + Pao — Pn) » 
ov 
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é By re : ones 
Now certain combinations of the w,,’s and p,,’s, Viz. V1, + Vr and V5 — Vo 5 


were seminvariants. Since the v,,’s are cogredient with the w,,’s, the same com- 
binations with v,, in place of w,, will also be seminvariants. 
Let us, therefore, put 


live 20), + PP — Pry » 
/ 

ST aes 20'5 a (Pu meat Po) 2 ie Pin al V9) ’ 
/ 

Dy = 205, ae, (Py iss Poo) oi te Pan _ Vso) ’ 


* 
/ 
WW, = 20,0 — Py@ + P12 3 


(39) 


then we know that w,, + w,, and w,,w,, — W,,%, are seminvariants. But 


¥. / 74 
: Wy, + Vy = 2(011 aR Vor) = 41", 
while 


(40) L= Wy Wy. — WW 


is the new seminvariant. That it is independent of the other eight can be easily 
seen by considering the special case in which p,, = 0. 

We now have all the seminvariants, viz.: J, J, A ,Z, and their derivatives. 
For, suppose we wish to find the seminvariants involving p“) and g“). They are 
determined by a system of 24 — 1 = 23 independent equations with 36 inde- 
pendent variables. Therefore, there exist 86 — 23 = 13 such seminvariants. 
But they are merely the 8 seminvariants (86) and L,I”, J”, K”, L’. 

Thus all seminvariants of the system (1) form =n = 2, are functions of 
the quantities I, J, K, L, and of their derivatives. 

It is interesting to note what would be the result of continuing our above 
process for obtaining seminvariants. Suppose we had formed 


ty = 20, FH Py.Mq — Py y2 > ete. 
Then would 


ty 7 too = Ii(My o Uyy) fe IA coe Uno) 5 Is aay Wo») ’ 
bie = JU + I" 12 =P Js 125 
ty = JU fs J%o ie Js as 


where Jy 5 Jos J, are seminvariants. 


For 9,5 9o5 9g, ave the quotients of determinants of the third order formed 
out of the matrix 


11 299 yy — Ugg yy — VqQ9 9 Wy — Wo 
bie ’ Ujo9 Vio» 12 
ty ’ Unis Vy 9 Wa | 9 
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and an account of the cogrediency of these quantities, such quotients are semin- 
variants. In fact, the determinants themselves are seminvariants. 


§ 4. An application of the theory of seminvariants. 


The theory, developed in the preceding paragraphs, was first suggested by 
the following considerations. Let 


d"y dy 
(41) ye ee ee 


be a homogeneous, linear, differential equation, and let y,, ---, y, form a 
fundamental system of (41), so that 


(41a) Dy,) = 0 he GPa Nee 8 


Suppose that the coefficients of (41) are uniform functions of «, and let 
2 =a, be a singular point of one or all of these coefficients. If the variable x 
describes a closed circuit around this singular point @,, y,, ---, y, Will, in 
general, undergo a linear substitution with constant coefficients, changing into 


n 
Y, = > MOY, (k=1, 2, tee: n), 
t= 


where the determinant |\‘)| + 0. Denote this substitution by A, , so that we 
may write 


(42) oo AY, . 
Now let us put in (41¢) 
(43) Y, = 2%, = Sn, (kK=1, 2,--+,n), 
— 


where again the determinant 

lau] +9, 
and where a,, are uniform functions of «. Then 7,,---, 7, will verify a system 
of n linear differential equations, obtained from (41a) by the transformation (48). 
This system is not a general system but has the special property that correspond- 
ing to a circuit of x around a, , 7,,---, 7, undergo the substitution 


S-A,8; 


which is the transformed of A, by the substitution S’, and has as its coefficients 
uniform functions of a. 

Conversely, if a system of n linear differential equations has this property, it 
is obviously possible to find a substitution 


Yi; = Sy k 


which reduces it to the form (41a), or what amounts to the same thing, 7 linear 
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combinations of 7, , ---, 7, can be formed with variable coefficients which form a 
fundamental system of a single linear differential equation of the mth order. 
Such functions as ,,--+-, 7, are a very special kind of what I have called A 
functions.* 

The question then arises: what are the necessary and sufficient conditions in 
order that a system of linear differential equations may have the property in 
question ? ' 

In our particular case, m = n = 2, it must then be possible to transform the 
given system into one of the form 


(44) y; + py, + gy; = 9 (i=1, 2), 


by a transformation of the form (43). The seminvariants of the given system 
must therefore be equal to those of (44). But for (44) we have 


(45) Pig = Pa —4e 4a = 0, Pu Pe = Pali Sa 


so that 
uU 


epee 2D = 30 tapas et eae lp 0, 


(46) My = Vy = Quy, V2 = %y = 9, 
1D. 00, = AO ees eas 1D Wane 
whence 
(47) Dm Du iG ee) ee ee 
We have then in this case the relations: 
Mc iy pi oe ee CE 
(48) I’?-—-4J7=0, K—(‘,) = 0, L453 = 0. 


As will be seen from the expression deduced for the invariants in $5, .all of 
the invariants vanish in this case. 

But the vanishing of all of the invariants, or even the fulfillment of the equa- 
tions (48), while necessary, are not sufficient conditions for this case. The 
conditions (46) however, from which the others were derived, are both necessary 
and sufficient. It suffices to write down the system of invariant equations 


(49) u 


1 Uy, =9, UW, = Uy, = 9, 


for the other equations (46) follow from these. 

That the conditions (49) are sufficient follows from the results of §6. It 
will there be shown that every system of linear differential equations of the sec- 
ond order can by a transformation of the form 


(50) fee a7) = QoNe (i=1, 2), 


*American Journal of Mathematics, vol. 16, No. 2, 1899. 
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be reduced to a form called the semi-canonical form. The result of this reduc- 
tion in general is the system (82), which in our case reduces to 


(51) 1: = Ey; (G1; 2), 
i. e., 7, and 7, satisfy the same linear differential equation of the second order. 
Thus we have seen that a system of the form 


(52) Yi + Pai + Pas + Wath + Wa = 9 (i=1, 2) 
can, by a transformation of form (50), be reduced to the form (44), if and 
only if the conditions (49) are fulfilled. In that case, the integration of the 
system (52) is equivalent to the integration of a single linear differential equa- 
tion of the second order. The invariants are all zero, and by a change of both 
dependent and independent variables this equation may be reduced to the form 


du 


$5. Calculation of the invariants form =n= 2. 


The invariants of our system must obviously be functions of the seminvari- 
ants which we have already found. We shall therefore first investigate how 
these seminvariants are affected by a transformation of the independent vari- 
able x. 

As before, let 


(54) VY, + Pat + Pils + Wath + Ux2 = 9 (i=1, 2), 
be the given system. If we introduce the new independent variable 


this system becomes 


(55) Yo A TAY, A Ts + Kady + Kx, = 9 (i=1, 2), 
where 
Pp = Prz Pp ‘pings deh 
eae (EE roe g? oie en eral et Ey 
(56) 
Vir 


io (ey 
For an infinitesimal transformation, we put 
(57) E(x) =a + (wot, du = d(x)éot, 
where 6¢ is an infinitesimal and ¢() an arbitrary function. We shall then have 
Py =(—F$Put $e, Py = — $P,,%; 
(58) Pn = — PP, 5 Po = (— PP» + P/O, 
89, = — 2¢'9,,5t. 
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If f is any function of w, and 7” its derivative, we have 


if adf) pee a ie 
se WW) Fxde) = 2) 


ae di 


a 


dx 


of = 





(3x) 
or 
(59) Hf = SS) — Fe. 
Thus we find from (58) 
Bp! = ($ — 8p, — 261 )8E, 
a | ip, =  (— Fy — 26 5,)8E, 
ee (= $y — 29'p),)8, 
Bp), = ($? — $"P — Bp) Bt. 
Therefore, making use of (20), (58), and (60), we find 
Su, = (26% — 2h'u,,)8t, 8u,, = — 2h’, St, 
| Su, = — 2f'u,,6t , ou, = (26° — 2¢f'u,,)dt. 


I 


I 


(61) 
Consequently we shall have, remembering the definition of Zand J, 
él = (46° — 2¢'T jdt, 
(62) : 
OS = (26T — 44'S )dt. 
In the same way we find 
bv, = (46% — 46’u,, — 3¢'v,,)ot , 
Ov), oo 46°, P 30,5) 6t ’ 


(63) 

dv, = (— 4h’u,, — 3$'v,,)dt , 

dv,, = (46% — 46"u,, — 86'r,,)6¢ , 
whence 
(64) 8K = (8hLl' — 8h" J’ — 6’ jot , 


after a slight transformation, involving equation (67) for J’. 
We find further 


dw, = (86 — 8fu,, — 106’v,, — 46'w,, dt, 
dw,, = (— 8hu,, — 106"v,, — 4h'w,,) dt , 
bw, = (— 8h u,, — 106"v,, — 46'w,,) ot , 
dw,, = (86° — 8hu,, — 106’v,, — 46'w,,) dE 


(65) 


whence follows 


1901] OF LINEAR DIFFERENTIAL EQUATIONS 1d 


(66) 82 = [82¢L” — 166°%(27” — KK) — 206" — 84¢'L 8 , 
if it be noted that 


Uy, Uo, TP Ugg Vy — Uy Vy, — Uqy Vy = 2J", 
(67) VyyWog TF V9, — V2 Wy) — Vy) Wy, = 2h", 
Wy Ugg + Woy Uy, — Wyy Uy, — Wy Uy = 22ST” — QE 


Let us now, by an obvious extension of the theory of invariants of a single 
linear differential equation, assign to p,, the weight — 1, to q,, the weight — 2, 
while to p% and q‘#) are assigned the weights — 1 — 7, — 2 — wp respectively. 
Then it is easy to see that the following statements are true. 

1. HLvery absolute invariant is isobaric in the coefficients and of weight 
zero. 

2. If an absolute invariant is a rational Junction of the coefficients and of 
their derivatives, it is the quotient of two relative invariants of the same 
weight. 

3. A relative invariant is isobaric in the coefficients, and if the common 
weight of all of its terms is — v, it satisfies the equation 


(68) Pay e (f) = 6 (x) ; 
or, for infinitesimal transformations, 
(68a) 60, = — vp'(x)0 ot . 


We shall speak of such an invariant as being of weight v, rather than — pv. 
The negative weights have been introduced, following the example of Forsyru, 
principally because they have a decided advantage when we consider covariants. 

The proof of the above three statements is essentially the same as in the case 
of a single linear differential equation, and need not, therefore, be given. 

It is now a simple matter to find the rational invariants of any assigned 
weight, or else to establish their non-existence. 

First, it is clear that no such invariants of weights 1, 2,3 exist. An in- 
variant of weight 4 must verify the equation 

60, = — 4¢'(~)0,6¢. 
The invariant is : fea 


(69) G==1*— 4. 
An invariant of weight 5 must be of the form 
all’ + bI® + eJ’. 


We find that no such invariant exists, or that it vanishes identically. 
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An invariant of weight 6 must verify the equation 


80, 
‘5, = — 64'S, 


The most general expression of weight 6 is 


O Salta bis ck + al) es fl leg hae 
We find 


= = 8al*(46 — 26'1) + DL26L — 44'S) + bI(AG — 26'T) 


+ e(8hL' — 86"J’ — 6$'K) 

4 d(4g — 269F — 9G’ — 1261” — 104’T® — 64'I) 
4 of 2HOT + AGL’ 4 2GOI” — AGT — 96" — 6$'I”) 

+ fIAP? — 2GL — 5G'L' — 4g'I") + fT" (4G — 26'T) 
+ 291 (46 — 26'T—39'T'), 


and this must be equal to —6¢’0, for all values of ¢, ¢’,---, 7, L',---, J, VJ, 
--, A. We find therefore the equations : 


d=0, e+2f=0, %+e+2g=0, 62+5—f=0, 
b—e=0, 8€+9e=0, Sf+47=0, 


whence 

a@=—tle, b=e, c=—fe, d=0, f=—fe, g= fe. 
Putting e = — 8, we find 
(70) Opa Dil? — 4) SoU Ks VAC oer tae 


There is no invariant of weight 7, and there are two independent invariants 
of weight 8, one of which is 6%, while the other is 


6, = 143(L — 41”) — 54( 7? 4 4.7)0, — 2070, + 25.18" — 206707 
(71) 
— 200 — 9021 K — I”) — 220(K” — 27’ T® — 27"), 


We can easily find an invariant of weight 10, without going through this 
general process. We have 


pie) ok ae 
oy = 4p (T' — 2.7") — 6$'(K I”), 


8(II’ — 2.7’) Fis Pe as 
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whence eliminating $”, we find 


é6., } 
ae = —10¢'0,,, 
where 
(72) 6,, = (1? -4/)(K — la + (II' — 2J°\? 2 


From any two invariants 0, and 6, of weights r and p respectively, we can 
always deduce a third. For we have 


Ox(E) OK (a) 


OE) a 0% (x) 
an absolute invariant. Hence, by logarithmic differentiation, 


Pete Cee), ee) 


a(é)— *8,(é)f O(a) 8,( 


Sy 


Therefore 
(73) 0 


A+ B+ 


is a new invariant of weight) + m+1. Itis called by Forsyru the Jacobian 
of 6, and @, , in his theory of invariants of a single equation. 


We thus obtain 
Oe 9U.0) — 200. 


4 — 20,9, 
p= 2G a6, 
Ry 0,, = 50,0, — 20,0, , 
J, = 40, 0, — 86.0. , 
0, = 50,0, — 30,0, 
0,, = 50,0, — 40,0., , 


from which still others can be derived. Of all of the invariants found so far 


One Ora Gesu 


10 ? 15 
are the only ones which involve no higher derivatives of p,, than the third, and 
no higher derivatives of g,, than the second, or what amounts to the same thing, 
these are the only invariants found so far which depend only on the seminvari- 
ants 
(75) Whe DE oy, TEE eo ESS 9 CNM Olas tee ae 

Moreover the invariants (74) are not all independent. or instance we have 
the syzygy 


Trans. Am. Math. Soc. 2 
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(76) 20.0, + 56,0, — 60,0,,= 0. 


Le 2 


In order to obtain all of the invariants depending only upon the semin- 
variants (75), we write down the partial differential equations which such in- 
variants must verify. 

From the expressions for 67, 67’, 67”. &/, ete. dL, we find that these 
partial differential equations are five in number, viz. : 


af Of of 
Pes wey) of vf a 
por hl, neta a7” pag ee See + 6f ay” 


of eee eas 


Se , 








+ 64 57e + TA pia + 8L-; Ae =0, 
aye of RS f of as oy 
yf = — ota — of ay” — #7 a7 — 9S ag” — 8S aR 
Bod G ri 
eS Oe J) 
| (8/7 6K) 7 20K ae 
(77) 
fer eee: af fee eer 
2 oe aT ik 20 + 2D 7 + OT xy + 20" — J) a7 
ey: ” ey ra ue 
— 8S" 57> — 16(27 — K)=0 
5 a Of 9 of Kae of ” Of 
Vf = 457 + 21a", a a & ay” aw a + 8L Vig 
: af of af 
| Ys f= ee See ay? + 82L" ap, 


where Y’, f = 0 is obtained by equating to zero the coefficient of $ in 6f. 

They are independent and, therefore, have 9 — 5 = 4 independent solutions, 
1. e., there are four independent absolute, or five independent relative invariants. 
We have already found four of these, viz.: 0,, @,, 9.5 9,,;. The fifth invari- 
‘ant, found by integrating (77), is 


0503 (a ANTI) Te er gy eae 


But this can be shown to be divisible by 6,, so that we may complete our system 


of invariants by taking @,,/@,, which is 


(78) 6,,=0,(L—41") + 4(K—I)\UIT" —2J” 4+ KY) —6(K — 27 ry 
— 20,(A" — 277" IT" — 27" + KB). 
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§6. Canonical forms of a system of two linear differential equations of the 
second order. 


Our system of equations (54) can always be transformed into another which 
contains no first derivatives, by a transformation of the form 


Y;, = FM + %gMe (i=1, 2), 
where a,, are functions of x. For, on making this transformation, we find 


a7) + 9, + (2a, + Pin %, + Pix), + (2@ 59 + Pat. + Pin%o2)Is 


(79) + (23, + Pa®i + Pi@er + Ya% + Vn%er) 
af (ai, ri Pats Ts P29 + Fn %_ + Yi2%9)No = 0 (i=1, 2), 
so that, if we take a,, subject to the conditions 
Qi, aa, 4 Puen tr P12%) 2 Qi» = 4 ( Pi%s of Pr2%2) » 
(80) 
or eee 2( Pati 15 Prx)> 9 3( Pads + PQs») » 


equations (79) will contain no terms in 7; and 7}. The functions (a,,, a,,) and 
(a,,, @,,) must therefore be taken as solutions of the same system of linear differ- 
ential equations, viz., 


a= — 3( Put at P28), 
x rem 3( Po a Px) : 


a,,) and (a,,, @,,) must be independent solutions of (81), for 


(81) 


Moreover (a,,, 


otherwise the determinant 
GS Sy2%o1 
would vanish. The functions a, can therefore be determined so as to effect the 
desired result, by integrating (81). 
If one makes use of (80) and the equations obtained from (80) by differentia- 
tion the transformed system (79) becomes 


ut Mr sated ib . iL ? 
QI + 2.99 = FA an U9), cc T2122, iy yyy), ’ 
(82) 
” ” = 1 4 1 ; ; 
Gy ste eB) as E (AU a Ay Uy), te E (A.M, i Ayo )My ’ 
where the quantities uv, have been previously defined. 

Thus every binary system of homogeneous linear differential equations of 
the second order can be converted into another, involving no first derivatives, 
i. e., into one for which p,,.= 90. We will say that this transformed system has 
the semi-canonical form. 

Suppose we have reduced a system to its semi-canonical form. Let us find 
the most general sub-group G' of our general infinite continuous group G, 
which leaves the semi-canonical form of the system unaltered. 
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In the semi-canonical form p,,.= 0. Let us make the most general infinites- 
imal transformation of the general group G'. The coefficients of the first deri- 
vatives in the transformed system will be, according to (16) and (58) , 


Py = (2¢,, — pot, Pry = 2¢,,00, 
Opy = 2,60, Po, = (26, — $')ot , 
for the infinitesimal transformations of the coefficients due to infinitesimal 
transformations of both dependent and independent variables are equal to those 
due to the transformations of the dependent variables alone plus those due to 
the transformation of the independent variable alone.* 

But for all of the transformations of our sub-group G’, these quantities 
must vanish. Therefore must 


o,=o =9, 26,,-¢ =0, 2¢,,-¢ =9, 


or, if we denote by c,, arbitrary constants, 


Pu ae aq’, Pr» = C179 
Py, = Cy» Po» =! A¢, 


so that the sub-group G depends upon 4 arbitrary parameters c,,, and an ar- 
bitrary function (a) . 

We can determine a sub-group G” of the subgroup G", namely, that which 
leaves dy, + Go. invariant. 

We have, in the same way as above, according to (16) and (58), 


O91 + Yoo) = [299 + Yon) + OD + OQ] OE, 


so that for this sub-group we have the further relation 


(83) 


(84) tt atc P33 eat ees 2691 + Yo») » 
or, using (83), 
(85) oy oT ee "hy 2 [ey a Cy» =. (fy, os Poo) (Gr a Yo) — 0 ’ 


a linear differential equation of the second order for ¢,, + ¢,,. Its integration 
introduces two arbitrary constants ; then ¢’ is found from (84), and the quad- 
rature 

= af pdx 
gives rise to a third constant. ' Thus G” is a seven-parameter group. We can 
also represent G” by (83), together with 


(86) = p” = 26(di1 2 qo») ’ 


* We have changed the sign of ¢(#), so as to make the infinitesimal transformation of the 
independent variable harmonize with those of the dependent variables. 
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an equation, whose integration gives rise to three constants. These together 
with the four constants c,, are the parameters of the group. 

The semi-canonical form of the system can be further simplified by the re- 
duction to what we shall call the canonical form. 

Suppose we have reduced our system by a first transformation to the semi- 
canonical form 


(87) VY, + Gat + Unto = 9 G21, 
If now we make the transformation 


E = E(x) Weer eae Rup i Bin, (¢=1, 2), 
‘we find 


2a 20, , es . a 
Bue” get + Bab” ges + (Bak + Bie) ge + Bak” + 282’) 


(88) 


dn, 


dé 
sis (8: ar gab; He Fiza) a (P:, a5 GaP =f PoPon) = 0 (= 1; 2) ’ 


which is again in the semi-canonical form if 


B,& + 28,8 = 9, 
or 
Cin 


Pas Ter 





where e,, are arbitrary constants, whose determinant does not vanish. Put 





== 1l, =e = 9, 
or 
ii 
oy) Sas ths ae eng Pa = By —9 
Then (88) becomes 
72 dn, rs) 
BE de + (8 aD MP) st VPASUP = 0 ’ 
(90) 
adn, 
BE TE a Y,Pn, (8 aF In3)N, = 0 9 
or 
d’n, my 
28 d? + Pi + Px, = 0 realy 28 


Now £ can be determined that in (91), p,, + p,, = 9; for this purpose it is 
only necessary to take for 8 a solution of the linear differential equation 


(92) 28" 4E (Wn te Yo2)B = 0. 


We have proved the following theorem : 
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Every system of linear, homogeneous differential equations of the second 
order can be converted into a system having the canonical form 


In. 
hth Paty or Pat, (i=1, 2), 
dé al /1 i2/z 


where 


Pu t+ Po = 9. 


In order to effect this reduction, it is necessary to integrate a system of 
homogeneous linear differential equations of the first order (81), a single 
homogeneous linear differential equation of the second order (92), and finally 
to effect the quadrature 

dx: 


E(a) = B° 


This canonical form of the system corresponds to the LAGUERRE-FORSYTH 
form of a single linear differential equation. 

The sub-group of G which leaves this canonical form unaltered is especially 
simple. It is the group G” for the particular case that ¢,, + 7. = 9, whence, 
according to (86), 


@)=0, or G=A+ poet v2’, 
and from (88), 
Pi od ate 3h + VL Pi» == C55 


— aa 1 
Py = Cn» Pop = Coy + oh + UE. 


The finite transformations of this group are 








ax + 8 Cay, + Coy, ee 
(93) E= ye 8 7, = eng (== 1232 


The functions called, by Forsyth, guadriderivatives are invariants for this 
sub-group. If @, is an invariant of weight o, then 


(94) 0, = 200,60" — (20 + 1)0"° 


is what ForsyTH calls the quadriderivative of 6, . 
We find that for the general infinitesimal transformations of the general 
group G, 
00, = — 20°62 ht — 2(c + 1)'O, dt. 


C51) awe 


For our sub-group $” = 0, so that @,, is indeed an invariant of the sub- 
group. Its weight is 2c + 2. 
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§ 7. Covariants. 


We shall not treat of covariants in an exhaustive manner in this paper. It 
will be sufficient to note a few simple theorems. 

First we may observe that no absolute covariant exists which depends only 
upon ¥,, ¥,, dy,/dx, dy,/dx, etec., i. e., which does not contain w explicitly, 
and makes no use of the fact that y, and y, are solutions of (64). 

For we have, taking infinitesimal transformations of the dependent variables 
only, 


}y, cary (Pi + Poi) Ot ’ 
oy; ~ (bit “1p Pin =F Pi ay P 5 0'a)0t 


— ahm—l1 (m—1) m—1 
Sy"—Y = (Gy) + SaeyP—Y ++ + hGrPy, EE. 


But this group in 2m variables is always transitive. For if we take the 
special case obtained by putting ¢,,, $;,, $,,, ete., equal to arbitrary con- 
stants, the group becomes a finite 4m parameter group in 2m variables which is 
a particular case of a general group of linear substitutions with mn” parameters 
and mn variables. This general group has been studied by the author and was 
found to be transitive.* Therefore the more general infinite group is also tran- 
sitive, i. e., it has no invariants, and thus the theorem is proved. 

It is even impossible to construct functions z, and 2, of y,, y, and of their 
successive derivatives, not involving « explicitly, which shall be cogredient with 
y, and y,. 

For, if it were not so, from z, and z, could then be constructed a third co- 
gredient set, say 7, and 7,, and the quotient 


bbe timee a} 

CaP meme bY bl 
would be an absolute covariant of the form whose non-existence we have just 
shown. 


An infinite number of covariants, containing w explicitly, can be constructed 
as follows. Put 


Y; — y, + ea AF Pols + Tai F Vio. 


i Y,+ Pati + Psa + Vai + dia 


Then ¥,, ¥;, ete., are cogredient with y,. Therefore the determinants 


Ws an Yl YY2 x YoY ete., 


* Proceedings of the California Academy of Sciences, vol. 1, no. 6. 
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are covariants. All of these vanish in consequence of the given system of dif- 
ferential equations. 
Their covariant property is expressed by an equation of the form 


eect es 


areas 
C(n, a Pe) é) = E (a)? Oy 1 Yr» ®), 





where 
1, = FY, + 4Y., E= E(r) (i=1, 2), 


is the transformation of the variables. 
Suppose we have reduced our given system to its canonical form. Then 


WY2 — YoY; 


is a covariant of the sub-group (93) which leaves this canonical form unchanged. 

To find all of the covariants of the system we could proceed as in the case of 
the invariants by setting up the system of partial differential equations which 
they satisfy. We might also construct functions cogredient with y, and y,. 
The determinant of two such systems would be a covariant. 
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DIVERGENT AND CONDITIONALLY CONVERGENT SERIES 
WHOSE PRODUCT IS ABSOLUTELY CONVERGENT* 


BY 
FLORIAN CAJORI 


$1. Lntroduction. 
It has been shown by ABEL that, if the product : 


r>=@n 


Do (4, ay UVy—y =f on a U0) ’ 


n=0 


of two conditionally convergent series : 


n= cw n=n 
) 
UA ’ ee ’ 
n=0 n=0 


is convergent, it converges to the product of their sums. Tests of the conver- 
gence of the product of conditionally convergent series have been worked out 
by A. Prinesuerm,+ A. Voss,f and myself.§ There exist certain conditionally- 
convergent series which yield a convergent result when they are raised to a cer- 
tain positive integral power, but which yield a divergent result when they are 
raised to a higher power. Thus, 


n=n 1 
Pia eese 
n=1 uD 


where r = 7/9, is a conditionally convergent series whose fourth power is con- 
vergent, but whose fifth power is divergent.|| These instances of conditionally 





* Presented to the Society April 28, 1900. Received for publication April 28, 1900. 

tMathematische Annalen, vol. 21 (1883), p. 327; vol. 26 (1886), p. 157. 

t Mathematische Annalen, vol. 24 (1884), p. 42. 

§ American Journal of Mathematics, vol. 15 (1893), p. 339; vol. 18 (1896), p. 195; 
Bulletin of the American Mathematical Society, (2) vol. 1 (1895), p. 180. 

|| This may be a convenient place to point out a slight and obvious extension of the results 
which I have published in the American Journal of Mathematics, vol. 18, p. 201. It 
was proved there that the conditionally convergent series : 


n=n 


Sey, (0<rS1), 
hos n 
when raised by Cauchy’s multiplication rule to a positive integral power q, is convergent whenever 
(q —1)/¢<.r; but the power of the series is divergent, if (¢q—1)/qg >r. The case for which 
(¢q—1)/¢=r was left untouched, but an examination of the formule appearing in that article 
readily yields the result that in this case the series is divergent. Hence the condition for diver- 
geucy should be written (¢q—1)/gq=r. 
25 
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convergent series, yielding powers of the series which converge less rapidly the 
higher the power and which for a sufficiently high power yield a divergent re- 
sult, suggest the following questions: Does the product of two conditionally 
convergent series never converge more rapidly than do one or both of the factor- 
series? Can the product of two conditionally convergent series or of a condi- 
tionally convergent and a divergent series in no case be absolutely convergent ? 

The first doubt of the correctness of a negative reply arose in connection 
with the conditionally convergent series : 


Sits 


This yields convergent results, no matter to how high a positive integral power it 
may be raised.* If the series is squared, the constituents, 1/(n — r)(r + 1), 
which go to make up the nth term of the product, namely, 


r=n—1 1 il! 
SS SS e 
= n—rr-+t tl 


are all positive or all negative for that term. Hence the numerical value 
of the nth term is the sum of the numerical values of all the products 
1/(n —r)(r +1). If the square of the series is indicated by 


n=n 


D3 a, ’ 
n=1 


then all the constituents, a,_.+1/(r + 1), which enter into the composition of 
the nth term in the cube of the series have all like signs in that term. Simi- 
larly for higher powers. Now it has been shown that all the positive integral 


powers of the conditionally convergent series : 


n= (— ly 
ye M7 


continue to converge, even though each term of a given power of the series is 
numerically the sum of the numerical values of its constituents, and it is evi- 
dent that, if the constituents of each term were partly positive and partly neg- 
ative, each term would be numerically smaller. Can the signs of the terms of 
two conditionally convergent series and the numerical values of its terms be so 
chosen that the product of the two series is absolutely convergent? 

In an important article on the multiplication of conditionally con vereee 
series A. PRINGSHEIM states that he knows no a priori reason why there might 
not be special cases in which such a product is absolutely convergent. ‘ Aller- 


*American Journal of Mathematics, vol. 18, p. 204. 
+t Mathematische Annalen, vol. 21, p. 332. 
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dings,” he continues, “ war es mir bisher nicht moglich an irgend einem bestimm- 
ten derartigen Falle die unbedingte Convergenz zu constatiren, und es diirfte dies 
— wenn es uberhaupt solche Fille giebt, was ja immerhin als fraglich erscheinen - 
muss — wegen der zusammengesetzten Beschaffenheit der Reihenglieder w, eben 
nur sehr schwer gelingen.” 


§2. Two typical examples. 


We have succeeded in devising special cases in which an absolutely convergent 
series is obtained as the result of multiplying two conditionally convergent series 
together, or one conditionally convergent series by a divergent series. The 
series obtained by removing the parentheses from the series : 


p=@ 


1 iE 1 
6= D(asi-paitm@i- es) 


oes i 1 is dt 
S,= x ( Ss ). 


poo \4p4+1 4dnot+4 4p41 4954 














are both conditionally convergent. Let the four terms obtained in either series, 
or the terms in a similar series, for any one positive integral value of p, be 
called a “set” of terms. The 4n-th term of the produet of S, and S, is 








p=n—1 1 1 ul al 
a (==5 Sp+i1* In—4p—3 4p+4 
1 1 1 1 
Nite = 4p 4pcp 4 2S near) 


We see that the sum of each set of constituents for the 4n-th term is identi- 
cally zero ; therefore the entire 4n-th term is identically zero. 
The (4n + 1)-th term of the product series is as follows: 

















a 1 1 1 1 
Sasa 4n+1 4n—4p 4n +4 
1 i 1 1 
— 4n—4p —8 eg Ap ari) 
a a ji A 1 
+3 (ga 4p+1 tay ae: 4p +4 
al 1 i 1 
7 4n—4p—8 4p +1 4n—4p ysa-* 


where n’ = 4n—1 or 3(n— 1), according as n is even orodd. When x is odd, 


1 1 ii 1 af 1 1 io 
on Oy to ee Pe ree On 2. 6 Qie1) In 1’ 
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and when n is even, 


a} “ 
ie a neler eais 





a 


In the first summation we are adding 4n’ + 4 constituents from one end of the 
column or series yielding the (4n + 1)-th term of the product; in the second 
summation we are adding 4n’+4 constituents from the other end. In the 
middle of the series the sets of constituents will overlap, if m is odd, and will 
not touch if n is even. When n is odd, then a represents the sum of the consti- 
tuents which have been counted twice; when m is even, then a stands for the 
negative value of the constituent not counted at all. Each of these constituents 
is of the degree — 2 with respect to nm and as their number is finite, their sum 
cannot be of a higher degree with respect to m than the degree — 2. 
The (4n + 1)-th term, simplified, is 





p=n ik nd 
2 — 
pa (= +1 (4n—4p+1)(4n — 4p — 5) a. 


For any positive integral value of n the fraction 4/(4n — 4p + 1)(4n — 4p — 8) 
has its maximum value when p=7n’. Writing n’ for p, we obtain a fraction 
which is less than 1/n’.. Hence for any value of p, 


i 4 1 1 
4p +1 (4n— 4p + 1)(4n — 4p — 8) > 4p +1 n?° 





It is easy to see that 
Qn 1 
> — < a log (2n), 
m=1 7 


where a is a constant greater than 3/2 log 2. Hence 


p=n! 
PD rvgcs < a log (2n), 
and 


zest) A 4 P= | 1 alog(2n) 
Davee aii Gn dp pilin ee ee ne nr : 








But a number m can be found, such that, when n> m , we have 


alog'(2n) 1 


2 





n n (log n)?? 


where 6>1. Therefore, for n>m, the (4n+ 1)-th term is numerically less 
than the nth term of a series known to be absolutely convergent. 


ER = 
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The (4n + 2)-th term of the product-series is 
eae A 1 1 1 
ae 4n —4p +4 4p EG 7 4n—4p+1 4p ats) 
1 1 1 1 
an 4n—4p 4 ASAE 4n —4p —3 4p+ 4 
> 1 if ik 1 
+ 2y T dn —4p +4 4n+1 ~ 4n—4p4+1 4n+4 
. 1 1 1 1 
~ 4n—4p 4p+1 ° 4n—4p—3 4944 ee? 
where 7’ is defined as before and where 
ie 1 1 i 
nS Qn - 2 Qn 








a es fe tape 


when vn is odd, and 





























1 1 uf ae 0 
ames ARLES EE, Sait IT a) eR hab ey age, 
when n is even. We see that the entire (4m + 2)-th term is identically equal to 
zero. 
The (4n + 3)-th term of the product-series is 
ald i 1 1 uf 
2, + 4n—4 [ a 4n 4 
pao —4p+l4p4+1 4n—4p4+44p44 
1 1 1 1 
~ 4n—4n41 4p +1 a 4n—A4p 4p +4 
se ii it 1 . 1 
TL ~ 4n—4p 4+ 1l4p+4+1 ~ 4n—4p+4 4n +4 
iL i\ a} A 
“7 4n —4p + ik 4p+1 a 4n—4p 4p44 ia 
oe 1 4 
as Dp» Ge 4 (4n—4p + 4)(4n — =z) Be? 
where 
1 1 
Or SON ein 
when 7 is odd, and 
1 is 1 1 1 yi 
ow a 1 Bn tal + Qn+42n+4 a 
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when 7 is even. The reasoning which we applied to the (4n+41)-th term will 
show that this term, too, when n> m, is numerically less than 1/n(logn)?, 
01K 

We have now shown that the 4n-th term and the three immediately succeed- 
ing terms are either identically zero, or, for n>m, numerically less than 
1/n(logn)’. Hence the product of the series S, and S, converges absolutely. 

Again, take the conditionally convergent series, obtained by dropping the 
parentheses in the series : 


p= na 


T= > 1 if 1 1 1 
6a Fi —p+2' bp+3  Op41 Gp42 Gp4s 











and the divergent series, obtained by dropping the parentheses in the series: 


nes 1 1 
T= 55( 5 : [a7 aaa) 


6p +1 6p+2 6p4+8' bpt+1! bp+2 Op+s 





The 6n-th term of their product, viz., 














p=n—1 1 i 1 1 1 7 
2 \~ 6n—6p 48 6p+1* 6n—G6p+2 6p+2" bn—6p+1 bp+8 
il 1 1 il 1 i! 
T 6n—6p +48 6p+1  6n—6p+2 6p+2 bn—6p+1 Op+3) 


is seen to be identically zero. 


The (6n + 1)-th term of the product of 7, and 7, is 


ae i 1 1 ul ft 1 
Sic | 
p=0 


6xn—6p+1lb6p+1 b6rn—6p—386p+2 bn—bp—4 6p4+3 














il 1 1 1 1 1 
VGn—=6p—5 Gp 1 ) Oneeges 6p4+2' 6n—Gpa4 6p +8 

Tay mn eee ats a iL i fy 1 at 
2A+ Gee Gp il pil 1 bn eee Op MOM ee 





1 1 1 1 1 1 | 
~ 6n—6p—5 6p +1 b6n—6p—8 6p4+2 bn—bp—4 bp43) 





p= 1 Gy 
25° (a 4 1 (6n—6p + eee me 


where n’ is defined as before and where 
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“~~ 8n8n—1 38n—13n 38n—2 3n—2 “s 3 Oma 1 is 8n—1 38n 
et 1 1 
sn ona 
when » is odd, and a= —1/(8n+1)(8n +1), when n is even. By repeating 


the reasoning used in previous cases we find that this term, forn>m, is 
numerically less than 1/n(logn)’, @>1. 

The (6n + 3)-th, (62+ 4)-th, and (6n-+ 5)-th terms in the product of 7, 
and 7’,, when subjected to this course of reasoning, all yield the same conclu- 
sion. The (6m -+ 2)-th term is identically zero. Hence the product-series is 
absolutely convergent. 


§3. Zhe general method. 


The method by which the above factor-series were constructed is simple. The 
harmonic series was modified by adopting some simple law of succession of signs. 
To render the series conditionally convergent, make the number of + terms in 
a set equal to the number of — terms. If these numbers are unequal, then the 
series is divergent. ‘Then add suitable finite numbers to the denominators of 
some of the terms in the set, so that, when the product of the two series is 
formed, the constituents of any set of the nth term in the product, when added, 
yield a fractional sum having denominators whose degree in n is higher by two 
than the degree of the numerators. We were able to prove the absolute con- 
vergence from the fact that in each complete set of constitutents of the nth term 
in the product-series there are as many positive constituents as there are nega- 
tive ones. ‘To secure this even distribution of signs among the constituents for 
the sets in every term of the product, it is necessary that in one of the factor- 
series the number of + terms in any set be equal to the number of — terms in 
that set. This condition is not sufficient, because among the terms in the prod- 
uct some might have a preponderance of + constituents and others a prepon- 
derance of — constituents. This happens, for instance, when we multiply the 
series + + — — + + — — ete. by itself. 

In the proper selection of signs the following rule, which we give without 
proof, may be of service. Let a, denoting the number of terms in each set of 
the series )°wv,,, be an even number and equal to 2c; also let the first c terms 
in each set be +, the remaining terms —. Let the number of terms in each 
set of the second series, }(v,, be b. Then, in order to secure as many + con- 
stituents in each set of a term of the product of the two series }°w, and S°v,, 
as there are negative constituents, it is sufficient that d should be a factor of c, 
where d is the smallest value, numerically, satisfying the congruence b=d (mod a). 
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In explaining the further process of constructing our series we shall start out 
with a particular selection of signs, but the process is the same as for any other 
selection, similarly made. Let a=4, 6=8, then c=2 and d=—Il,a 
factor of c. Accordingly, the signs of terms in each set of the first series are 
++——. Let the signs of the 6 terms in each set of Div, be ++—. 
We have now the two factor-series obtained by dropping the parentheses from 
the series on the right hand sides of the formulas : 





Serine fae 
wm \4n'4+a,' 4p+ita, 494244, 474344, 


and 





p= if i: 1 
n= Depa +meie peal / 
in which the Greek letters are quantities to be chosen, if possible, so‘that the 
product of the two series shall be absolutely convergent. 

For brevity, we shall, in the series }(w,,, represent by {w,,+ a} a fraction 
1/(ap + a), and, similarly, in the series }iv,,, by { v,, + 8} a fraction 1/(6p + 8). 
Accordingly we have, dropping the parentheses as before, 

p=n 
yt, = 2 ({ M4, or ay} a {tb a 1 ri a,} oer. { Uy, + 2 + a,} a {u,, + 3 +a He 
p=1 
and 


p=n 
Le n= Ds aE B,} a {U5_ + 1 =h B,} = {Us 4° 2 7p B;}). 


In the product of °w,, and S°v,,, a set will consist of 12 constituents. The 
Jirst set in the (12n)-th term will be (since {v,,—9+8,} = {v,+ 8,}, and 


similarly in other cases) 

"he eet 3+ a} ame oh; By} han {t+ 2+ as Oe a B,} 
ood a Mee a} {9 asill + B, fet {tis + ay} {v,.— 6 75 By} 

— {u,,,—-1l+aj} {v,,—5+ Bi} + fu, —2+ a} {v,,-—4+ 83} 
+ {u,,,—38+a,} {v,—38+ Bi} + {u,, —4+ 4)} {v,— 2+ 83} 
ti Ob at — Bo) Oa ope 
Bi = T+a,} {v, +14 67} —{u,,—-8+4,} {v, +24 By}. 


Here each of the quantities 8,, 8,, 8, occurs four times. We have broad- 


(I) 


ened our assumptions by attaching a single accent to each letter the first time 
it is repeated and a double and triple accent the second and third time it is re- 
peated. Accordingly 6); B,, 68.5 2,’ Bas Bas has vs eee ee eee 
in general represent each a different number. Similarly, the letters a,, a,, a,, a, 
receive a single accent the first time they are repeated in a set of consti eters 


and a double accent the second time they are repeated. 
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We shall limit ourselves to the case where, in any term of the product series, 
each set, when multiplied by », yields a product that converges toward zero 
when n=co. Accordingly, if the set I be multiplied by n, we get, for 
n= (supposing the Greek letters to be positive constants, or variables which 
approach positive finite limits), the first of the two following equations : 


9+ 2) — (4-8 48) — eT +8} + fe —8 + A} 
ee a ey Oy eg tg 8 By) Migr: } 
“I {v Ue 1 + B3} ta {M2 + By j es {V2 +1 + B;} Sl {2+ 24 3 3} a 
co {Y,,—9 + B,} aot {%,—8 + By} or {%.—7 + 8} 4% {Y,—6 A B;} 
ap {V2—9 + B,} 2 1%, — 4+ B3} a {V,—8 + By} oP {Y2— 2 ar B3} 
oF {V2 — 1+ B3} a {2 aL BY} a {V2 eat By} Wy {2 +2+ B;} m9 
The second equation in II is got from the (12n+1)-th term by the same 
procedure. All the even terms between the (12n)-th and the (122 +4 12)-th 
yield the same equation as the (127)-th term ; all the odd terms yield the same 
equation as the (12n + 1)-th term. 
The Jast set in the (12n)-th term of the product is 


id te PRG we + B; atta 8 + a} ae Pron + 1 tes ig — | ar a} 
— fv, —14+ 67} {u,,—6+a,} + {v,,,-—1+ Af} {u,—5 + a,} 
€5 nade pata tia * aR ay} + ia te + By} fe Le 3 + a5} 
mF fa + B;}{%,.—2 + a} a ON Re ti Ba 1%G,— 1 TF a} 
a Wiper o cei) tae 1} ie a! sh Pa} io 1 + ay} 
i {Uia_ — 8 + B,} {Uy fat as} ar {@i3. 9+ By} {Uys aro ay} : 
Assuming set III, when multiplied by , to yield a product which converges 
toward zero, when n=oo, we get the first of the following three equations : 
mad {u,,—8 + a,} af {a— Tt +a,} a {u.— 6 + as} +5 {U;,—9 + a,} 
ai Te gee + a;} 7 {t,,—3 +a,} nt {t,,—2 + a5} bee 1 — L rT ay} 
+ fu,,ta%} —{u,+1+a)} —{u,+2+a%} —{u,+38+4+ai}=0, 
+ {u,,—8+a,} — {u,,—T+a,} —{u,,—6+a,} — {u,,—-5+a,} 
(IV) | — {u,,—-4+a,} + {u,,—38 + a,} — {u,—2+a;} + fu,—1+4 aj} 
+ {u,+a)} 4+ fu, +1+ay} 4 {fu,+2+a4,} —{u,+8+aj}=0, 
+ {u,—8+a,}+ acs) a8 ae a a,} — {u,,—5+a,} 
ai fore } sei { U.,—3+4,} =e {' yg —2 +45} ll { a — Lit a} 
—f{u,+ai}+ fu, +1+ a5} — fu,+2+a5} + {u,+38+4+a7} =0. 


(II) 


(III) 


The second and third equations in IV are derived from the last set in the 
(12n+1)-th and (12n+42)-th term, respectively. The (12n +4 8)-th, 
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(12n+6)-th, and (12n + 9)-th terms yield the same equation in IV as the 
(127)-th term; the (12m +4 4)-th, (12m +4 7)-th, (12n + 10)-th terms the same 
as the (12n+4+1)-th term; the (12n 4+ 5)-th, (12n 4+ 8)-th, (12m + 11)-th the 
same as the (12n + 2)-th term. 

The equations II, when simplified and by the substitution of v,,, for v,, 
made to apply to other sets in the terms of the product, are 


Shae 8+ 8} + {%., —6+ 8} +{% Yigg — + Ba) 
+ fv L2p —2+4 7} —{v,,+ 8; }—¢ Vip t 2+; so 0, 


Vio» mere: ae Re T + B,} af {2p —5+8)} 
Vio» —3 + 2} aor { Vio» —1 + B83} ren {Vp + 4 + By} — 


(V) 


The equations IV, when simplified, w,,, being written for w,,, become 


12? 


Yop —T+a,} rg ‘2p —4+a)}— Uo, —l+aj}— { Up, + 2+ 45} =0, 
wo! BaP cas semen bp t1+ ai} =i, 
eee te 12p —3+a,}— {u, pb %} + { ae +38+a)}=0. 


Chere 


If we aim to assign to the Greek letters constant values, then, in every equa- 
tion in V each fraction must admit of being associated singly with another fraction 
in that equation which is numerically equal to it, but of opposite sign. ' This 
relation is brought about by the following six equations: 


{' Vio» hen ND a {v 2p oe ’ {v 12p — oie == {v ig Ps 


(VII) {2 op —8+8,} ae { Vlop —2+ 83} ’ (imp — 9+ Ba} f fo Pe 
Vio, —7T+ B,} ery Vjop —1+ 7%}, { Vio» —4+8;} { V2, + 2+ By fs 


The same considerations applied to equations VI yield the following six rela- 
tions: 


= { an : i =e a7) 
{2 — 8+ a,} Sioa aE as} 6 ee, an a,} soma fae SF 1 + a, a 
ie if } as Ni ed ey ( La ae if 1) 
o IIT) ; Uap ca fi + a, a (Yop a) + Qs} 9 (UL yop 4 + Qi fs — it “op =- ) a a. ; 
ee fi EY) i MA ae f ” 
Map atl) Ag (Ura + AF» (igs aa 3+ 4,} = yp + d+a,}. 


Applying relations VIII, one may write the series }(w,, thus, the parentheses 
being suppressed : 


you 1 = De io 8+a,}+ ee +a,}— ae —6§ a 4 
—{u.,—9 +a,} + (Uy, — 4+ ai} + rs —3s+a}} 
Me: {t.,— 8 +a,}— ae T+a,} + {Ur Ot a,} 

heen igre aren Cripmeeny Weert ear yi, 


(TX) 
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Applying relations VII, one may write the series )°v, thus, the parentheses be- 
ing suppressed : 


p=e0 
> v,,= > ({%12, — 9+ 8} + Fe ae ae 2p —7+8,} 


p=1 
(X) et ies Oa Vioy —5+ 83} — {v,,—-4+8,} 
Sr ie Ser a ly on —7T+8,} 


ae Vio» —6-EBy +12, — 5+ Ba} — {2 12» Satria ra) \e 


Series IX is conditionally convergent; series X divergent. In both series 
any constant positive values may be assigned to the Greek letters. The product 
of the two series is absolutely convergent. This may be shown by examining the 
12n-th term and the eleven immediately succeeding terms of the product-series 
in the same way as we did the terms in the product of S, and S,. We shall 
here write down the expression for the (12m + 1)-th term only, viz., 


p=v 


2 (+ Ya lap + 16 = a, } 1:29 ete B,} a {Yron—i9p f 9 a a} ices = 77 Ry} 
p= 

at eae aP 8 + ay} {, ae ar B,} “3 Cad ay 7 te i {v = at By} 
a Vjop tn a B;} 
{Pro nts SAE B,} 
f 
U 
Sy, 
U 


2p 

f efi a) if ) 

ria \ Fin —12p a 6 + a. 5 lap a5 5) a6 Sx she 1 on —12p + 5 + a, oS 

1 ig ny 

shi (u 12n—12p at 4 oi a, } io» zoe ay B,} an ne =i 9+ a5 
fy Pat, 

= 4 an—12p ae 8 4 cars Pee ait a B;} — th en—12p 1m 7 an a,} 

) 

i 


12p 


iy — 8 + Bi) 


12p 


V1» — 4 + B5}) 


12p 


12p 
— {san =i9p +6+a4,} {V9 5+ 83} — Ue +5+ a, 

+ 2U(+ (Piamiy +154 8,} {u,.,—8 + @,} — {0,1 + 8 + By} (41, 77 + 4) 
= {P2n—19p + T+ Bo} {Map — 6 + 45} — {Pr2,—-19p + 6 + Bi} (412, — 5 + 4} 
Sere gig, A Fy) ty ten FS Beh iy — 8 +45} 
— Ee + B,} {Xr —8+a,} + {v,,_ ee 8 +B, } pees: } 
Bey Vencian Foe toa i, —O Os) + {Ci ip OF BLU, <P + 24} 
ee i ase t 5+ 8,}{u,,,—-4+a)} — PO ene +4-+ 8,} ae 3 + a5}) 


a 


ata ai Vio» alse By} (u t“12n— eee os + a,}{ (en oak 4+a . 


=n! 


isto 125 {u L Uap —§ a8 a} Uae ita 15 ar B,} Vere its sh 3 aE B,} eaeiae) 


where n’ = 3n when n is even, and n’=3(n+1) when n is odd, and where 
a is used in the same way as before. In this case a consists of one constituent 
when v is even, and of eleven constituents when n is odd. By the very same 
reasoning as that applied in the series S, and S, it follows that the (12n + 1)-th 
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term of the product of [X and X, for n>m, has a numerical value less than 
1/n(logn)*®, where. 91. The two factor-series [X and X differ from the pairs 
S,, S,and 7, 7, in this—that (suppressing in each series each parenthesis 
which encloses a set) corresponding terms in IX and X need not have the same 
numerical values. However, the three pairs of factor-series have in common 
one property, to which allusion has not yet been made; viz., in one of the series 
of each pair, the sum of the terms in each set is identically zero, so that the 
sum of the series is itself zero. 


COLORADO COLLEGE, COLORADO SPRINGS. 
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SETS OF COINCIDENCE* POINTS 
ON THE NON-SINGULAR CUBICS OF A SYZYGETIC SHEAFt 


BY 
M. B. PORTER 


|i 


If C,= 0 be any non-singular eubie and 


xy 
“u= iN du 
ab 


be an everywhere finite integral attached to this curve, the point (a, b) being 
a point of inflexion, the necessary and sufficient condition that 3 points 
P,.--P,, of C, lie also on an m-ic is given by ABEL’s theorem, namely : 


38m 


(1) > u, = 9 (mod. a, @’), 
1 


where @ and ’ are the moduli of periodicity of w and 


"iY; 
um du (faa ieee. Sm); 
ab 


the points P, being the points (x,, y;,) . 

If 3m — s—1 of these points P, be taken as fixed and we suppose the m-ic 
to have a contact of order s—1 at u,, the m-ic will still cut C, at a point u, 
dependent on uw, and by (1) we have: 


su, + u,=c (mod. o, o’), 
where c denotes the negative of the sum of the w’s of the arbitrarily chosen fixed 


points. 
We consider the following sequence of n such congruences : 


su, + ue = C 
SU, +U; =e (mod. w, o’); 


su, +U4, =e 


* Points where a cubic can have an eighth order contact with cubics of the syzygetic sheaf 
are called by HALPHEN coincidence points of the cubic. 
+ Presented to the Society at the New York meeting, June 29, 1900, under a different title. 
Received for publication November 16, 1900. 
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if we require that w,,, = wu,, i. e., that the curvilinear polygon of points of 


n+1 
parameters w,---w,,, be a closed polygon,* the necessary and sufficient condi- 


tion will be: 
(2) [s"— (—1)"]u, =c’ (mod. a, a’). 


In case m = s=1, wehavea rectilinear polygon of n sides inscribed and cir- 
cumscribed in C,, (2) becoming in this case, 


(2’) [2"—(— 1)"] u, = 0 (mod. w, o’). 


The number of actual n-gons is given by a formula of PicquEr* and it is 
evident from the nine perspective transformations of C, into itself that any one 
of these n-gons will be perspective with some other n-gon relative to an inflexion 
point. 

HALPHEN ¢ has investigated the points wu = (n’@ + n’w’)/3m which contain as 
special cases the vertices of these rectilinear n-gons for the non-singular cubics 
of the syzygetic sheaf x* + 7° + 2° + 6avyz = 0, and finds that the locus of these 
points as a varies, which is evidently a combinant of the sheaf, consists of eight 
irreducible curves when m is divisible by 3, and of nine such curves when m is 
not so divisible. 


Ls 
It is the purpose of this section to consider certain geometrical relations that 
subsist between an inflexion triangle and its associated group of in- and circum- 
scribed rectilinear triangles. By (2’) the number of such triangles is 24. 





*The Schliessungsproblem here suggested is a slight generalization of that considered by 
PicquET (Journal de l’Ecole Polytech nique, vol. 54, 1884). The method of enumera- 
tion used by PICQUET is of course applicable here, but the number-theoretic results arrived at 
‘are completely general. Thus for n prime the number of n-gons on the part of the curve cor- 


responding to w will be: 
Seas 


[A] , 


nr 





since s+ 1 values of wu must be rejected as corresponding to the s-contact points. In case n be 

not prime, to obtain the number of n-gons it would be necessary to reject besides the s+ 1 

s-contact points all solutions corresponding to polygons whose number of sides dividesn. De- 

noting by ¢(s, m) the number of vertices of such m-gons on the part of the curve correspond- 

ing to w we have: 

[B] s* —(—1)’-s—1=o(e, m’) (1<m’Sn), 
mam 

where the summation is for the different factors m/’ of n. 

By [B] for n + 2 we get: 


nn n 


7 
¢(s, n) = — Dis%i Wine — +g 71°20" vy — Fs, n), 
a,a,---a, denoting the different prime factors of n. For n=2 we have 9 = F—2. 
The expressions [A] and [B]} may be regarded as establishing FeRMAT’s theorem and its gen- 
eralization. 
t Recherches sur les courbes planes du troisiéme degré, sMathematische Annalen, vol. 15. 
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These twenty-four triangles can be divided into four groups of six each, each 
group being associated with one of the four inflexion triangles. Further the six 
triangles of any group can be paired in nine ways so that each pair shall be per- 
spective in three ways, the centers of perspectivity for each pair being the three 
inflexion points lying on a side of the associated inflexion triangle. 

Thus for the inflexion triangle whose sides may be denoted by 





















































no’ wo + nw’ 20 + no’ 
(0+ i) 5) 3 3 3 ) (n=0, 132), 
the scheme is as follows: 
@ | 20 | 
a" 3 | 3 | 
A Oo nw’ |, B 20 = nw’ | C 4o no’ 
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: oOo neo | , 20 no’ , 4m no’ 
Be UAb ot viata [B'] 5 ee | be cena 
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Pras 3 FaLepe 
i, © nw’ 2 no’ 40 no 
a Mee 3 feat Le warty > ay 
| @ (n+1)o’ .) 2o (n+ 1)o' 4a (n+1)o’ 
ie a a RE Oe Sa 
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> ae ~3 Whe pace stem 
a oo Dan 1G). | 4m nw’ 
or Bat oF ines CERRY = SF 
Lo (n—1)o’ 20 (n—1)o’ | 40 (n—1)o’ | 
» ON . Di ie a ae 














where ABC is perspective with A’B’C’, with B’C’A’, and with C’A’B’, 
the centers of perspectivity being #, 20/3, and /3 respectively. Thus the 
nine intersections of the sides of these two triangles lie three by three on the 
harmonie polar of @, 20/3, o/3. 

Referred to one of these in-circumscribed triangles, as @/9 , — 2/9 , 4w/9, the 
equation of C,, can, by a suitable choice of the constants of projection, be written : 


[A] : v2 + ye t+ vy + Inryz= 0, 
the other sheaf of cubics in-circumscribed in this same triangle being 
[A’] yz + e+ uy + 2nxyz = 0, 





* This equation will be referred to indifferently as sheaf [A] or cubic (of sheaf) [A]. 
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where [A’] is derived from [A] by the involutory transformation 

NLY2@=—= Ye eS ey. 
The two cubics [A] and [A’] are evidently transformed into themselves by the 
three transformations : 


[B] UY ie == WY fee, eee eee es 

the remainder of the 18 linear transformations of C, into itself depend on the 
parameter 7. If a straight line be drawn through any vertex of the triangle of 
reference and the two variable points of intersection with C, be put in corres- 


pondence we have the three involutory transformations of [A] or [A’] into 
themselves given by 
[C] Ciyie = yesuy ied, vy imaiye, Vesye say . 
Under transformation [C] the nine inflexion points will be interchanged with 
the vertices of three in-circumscribed triangles and all the remaining vertices of in- 
circumscribed triangles will be merely interchanged. Thus, of the covariants 
whose vanishing gives the vertices of the triangles in question, three will go over 
into the sides of the associated inflexion triangle and must therefore be conics 
circumscribing the triangle of reference, while the remaining covariants will be 
merely interchanged or transformed into themselves under the transformation [C]. 
To obtain these conics it will thus only be necessary to determine the equa- 
tion of the sides of the associated inflexion triangle. 


The Hessian of [A] is 
w+ y + 2 — duyz — (az + yo + vy + 2nxyz) = 0; 


thus all the cubics of either sheaf [A] or [A’] have the fixed inflexion triangle: 


w+ y+ 2° — dnyz = |ey2z| = (@ + y + 2\(u + ey + ee)(a + ey + @), 


Jexy | 





where « = 1. JBy the application to this inflexion triangle of the transfor- 
mation [C] we find that the vertices of three of the in-circumscribed triangles of 
the sheaves [A], [A’] lie on the conics: 


(a) ey + yet wz=—0, 
(8) ey +eyzt+ er2=—0, 
(Y) xy +eyztexz=—O0. 


Each of these conics has a double contact with two sides of the associated in- 
flexion triangle, the third side being the chord of contact. The Hessian of the 
net determined by (a), (8), (vy) being the sides of the triangle of reference.* 





* The conics a, 8, y may be obtained directly without recourse to the Hessian ; for if 
ax + by + cz=0 be the equation of a side of the associated inflexiou triangle we must have, ap - 
plying [C], axz + byz+ cxy = p(ayz + byt exz), so thatp = 1, i.e, a=b=c ora=eb =&% 
OPO hs i SSG 
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The vertex of any in-cireumscribed triangle is the tangential of three points 
whose affixes are given by wu = (nw + n'w’)/18. The loci of the nine points 
associated with the vertices of the triangle of reference on which the w points 
lie three by three are: 


(a’) eo — y= 0, 
(8") y — w= 0, 
(1) ¢—ay=9. 


These conics are the first polars of the vertices of the fundamental triangle rela- 
tive to the inflexion triangle, and have precisely the same relation to the funda- 
mental triangle that (a), (8), (7) have to the inflexion triangle. The Hessian 
of their net is thus the sides of the inflexion triangle. If the inflexion triangle 
be taken as the triangle of coordinates, [A] can be written : 


e+tyt2z+ bbryz=0, 


where iv ; 
t= W3 + 2n(wt+ty+z2), 
y= VW3e + Qn (@ + ey + ez), 
z= 7/8 + Qn (x + ey + €2), 
pee a il Sense 
V2T + Br? 
Writing 


= V842n, A= VW8F+42n, A, = W8e 4 2, 
we have, as the equation of a side of one of the variable inflexion triangles of [A], 
(A, +A, + Ay) + (Ay + A, + €A)Y + (A, + EA, + EA,)2 = O, 
which envelopes the locus : 
pus=A + A+ Xs 5 
pu=rA, + eA, + €A,, 
pw=r, + €rA, + €'A,, 
or 
we + vw? + uw? = 0. 
This equianharmonie curve of class three is inscribed in all three of the variable 
inflexion triangles of [A]. 
The locus of the variable vertices of these inflexion triangles is found to be 
three sextics. 
The equations of the nine joins of the vertices of the triangle of reference and 
those of the associated inflexion triangle are : 


e—y=0, e—ey=0, a—ey=0, 
y—2=0, y—a=0, y—ez2 =0, 


2—x=0, z2—ex=0, 2—ex=0. 
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Since any three of these equations, picked out after the manner of a term of a 
three-row determinant, are simultaneous we have the theorem: 

Each in-circumscribed triangle is in six ways perspective with its associated 
inflexion triangle. * 

There remain two more triangles associated with the inflexion triangle under 
consideration. The loci of these vertices are easily determined by the method 
employed by HaLeHeN. Let x’y’z’ be the current coordinates ; the tangent at 
xyz 1s 


a’ (Qaz + y” + 2nyz) + y'(Qey + 27 + Zaz) + 2'(Qyz + x? + A2nxy) =O. 


If we make the substitution #’:y’:2’ =2:«:y which transforms [A] into it- 
self, it is clear that the locus: 


2(2ez + y* + 2nyz) + w(Qvy + 2? + Anwz) + y(Zyz + x + 2axry) =0, 


will pass through the vertices of an in-circumscribed triangle. Eliminating » by 
means of [A] we get: 


ye? 4 gh? arty? = Soy? ig aye a. wy? afi). 
that is, 
(y?2 + exv’a + Cmry)(y’2 + 2% + ex*y) = 0.4 


These two equianharmonie cubies are in-circumscribed in three of the inflexion 
triangles of the sheaf : 


[D] eo+y+t 2+ 6bayz = 0, 


and have the fourth inflexion triangle for an inflexion triangle. 

It is to be noted that the conicsa, 8B, y, a’, 8’, ¥’ are taken together a 
combinant of the sheaf of cubies [D], there being in all thirty-six such conics, 
each of which circumscribes one inflexion triangle and has a double contact with 
two sides of another, the third side of the second triangle being the chord of 
contact. The role played by these conics in the geometry of the sheaf [D] has 
not, so far as the writer is aware, been investigated. 


YALE UNIVERSITY, NEW HAVEN, CONN. 

*'The same thing is well known to be true for any two inflexion triangles, the six centers of 
perspectivity here being the vertices of the other two inflexion triangles. The theorem in ques- 
tion may be deduced from the fact that the vertices of the inflexion triangles lie three by three 
on the harmonic polars. 

+ These cubies are together with y?z + 22a + ay —=0 a combinant of the sheaf of curves [D] 
below and determine on it the vertices of nine in-circumscribed triangles. These cubics belong 
to the set of eight obtained by HALPHEN, loc. cit., and were given by Professor H. 8. WHITE, 
Transactions of the American Mathematical Society, April, 1900. 





NOTE ON NON-QUATERNION NUMBER SYSTEMS* 
BY 
WENDELL M. STRONG 


SCHEFFERS} has divided all number systems into the quaternion and non- 
quaternion systems and has shown that the m fundamental units of a non- 
quaternion system may be so chosen that the multiplication table takes a particu- 
larly simple form, which is in turn characteristic of the non-quaternion systems. 
In this paper I shall show that the choice of the units may be so regulated that 
the multiplication table becomes still simpler. 

SCHEFFER’S form, which we shall call the regular form, has the following 
characteristic properties : 

1°. The units are divided into two essentially different classes, the e’s and the 
n’s, with the notation : 


Cpe te eres Case Nig aga 91, (r+s=n). 


2°. The sum of the 7’s is the modulus (or idemfactor). 
3°. As to the products 7,7, , we have the formulas : 


T=, 5 Te ea (A,H=1,-+-,8; 444). 
4°, For each e, there is one and only one », such that 
ees 
and for each e, there is one and only one 7, such that 
Cu er. 


The particular units 7,, 7, thus related to e, may or may not be distinct. The 
unit e, is said to have the character (X, ). 

Every other product of an 7 with e, is zero. 

5°. The product of two e’s contains only e’s and, moreover, only e’s of lower 
index than either of the factors—that is, with certain constants ¥,,, , 





* Presented to the Society at the Columbus meeting, August 25, 1899. Received for publica- 
tion December 6, 1900. 
t Mathematische Annalen, vol. 39, pp. 307-313, 1891. 
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t—1 

ee, = Du Yines (i=j), 
s= 
j-—1 

C2; = Do Vyes (ir 7N 
TI 


We note as of especial importance the particular case : 


6. —= 2.6 =a) (i=1, «+, vr). 


6°. (Corollary of 4° and 5°.) If e; is of character (A, “) and e, of character 
(u,v), the product ee, can contain units of character (A, v) only. If e; is of 
character (A, 4) and e, of character (p, o) where p + », the product ¢,¢, is zero. 


We shall for the present consider a regular system from which the 7’s have 
been deleted, that is, the part consisting of the e’s and their products with each 
other only—this is called a degenerate system.* A degenerate system is said 
to be regular if it is in a form to satisfy 5°. 

The sequel depends essentially upon the following linear ordering of the prod- 
uctst of the multiplication table. 

(a) The products are divided into groups and the groups themselves ordered, 
as follows : 


The first group contains all products ¢,e, and ee, (71, 2) 3, ie 
The second group contains all products ¢,e, and ee, (j=2, 3)SGs ne 
The &-th group contains all products e,e, and ¢e, (J=k, k+1,-°+, 7): 
The (7 — 1)-th group contains all products e, je, and ee, (j=r—1, 7): 


The 7-th group contains ee .t 
7 


(b) Within a group, say the i-th, the products are ordered thus: 


€e., €€ €., €€ 


fen Cars) Gees 9 Seas a ee 


i 

In any system § there are certain products, in number m (0 =m <r), each of 
which is linearly independent of the products preceding it in order. These 
products, which are of fundamental importance to us, will be called independent 
products ; they will be denoted in order of precedence by 


Ths Ts» Ts 5 CO ts To 





* SCHEFFERS’S ‘‘ ausgeartetes System,’’ loc. cit., p. 308. 

t ‘* Product ’’ will henceforth be used to denote the product of two e’s unless otherwise stated. 

{If the multiplication table be written in rectangular array, the first group consists of the 
first line and column, the second group of the part of the second line and column not contained 
in the first, ete. 

§ ‘System ’’ will mean ‘‘ degenerate system ’’ while such systems alone are being considered. 
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To repeat: 7, is the first product different from zero; 7, is the first product 
which cannot be expressed in terms of 7, ; 7, is the first product which cannot be 
expressed in terms of 7, and 7,; and so on. 

The set of “independent products” is a particular set of linearly indepen- 
dent quadratic products of the system, of which every set then contains m 
elements. Of course, under a transformation of the system the number m is 
invariant but the set of “independent products” need not be. 

A system whose multiplication table contains m independent products will be 
called an m-product system. 


THEOREM I. Any m-product degenerate non-quaternion number system can 
be so transformed that (1) the transformed system will be regular ; (2) the m 
independent products of the transformed system will be the first m units of 
that system ; (3) the order of equivalence of independent products and units 
will be: 


CLS irae otk) Ty = &5 Secor) LS ee 


The form indicated by this theorem will be called the normal form. 

Proof. Assuming that any (m — 1)-product system can be reduced to the 
normal form, we shall prove that then any m-product system can be reduced to 
that form. 

Let any regular m-product system be transformed by taking the independent 
products as the first m units; that is, let 


GS €, = 1, 5 20) ies Zo, UES 


the choice of the remaining new units, 


Cm+1? Cntr? Wx 


being subject to the usual restrictions in the transformation of a number system, 
and also to the restriction* that only units of like character shall be united in a 
transformed unit. We proceed to prove that the transformed system is regular. 

In the first place, in the transformed system the first m units, and these only, 
will enter the products. For, the transformed system is an m-product system ; 
hence its products must contain at least m units ; again the transformed units are 
linear combinations of the original units and consequently any product @,¢@, can 


be expressed in terms of 77,, 7,,---, 7,,, that is, in terms of @,, @,,---, @,- 


Hence, regularity is preserved in so far as products @;@, («> m, 7 > m) are con- 
cerned. 

It remains to consider the products @,é,, where in each product one index is 
less than or equal to m, that is, the products 


ys Crs (t=1,-+--,m;7=1, °°, 73iS)) 





* For the units ém41, °°, é- one may indeed choose certain r— m of the original units. 
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We consider one such pair of products 7,é@,, @,7,. In the original system, 
we have 
7, = €e,= ae, + 4,6, +:--+a,_1¢,, (W=s Wea ae 


L 


Any product in the original system, one of whose factors consists of units of 
index lower than w precedes the independent product 


and so, by the definition of independent products, is expressible linearly in terms 


eimetyeyc. 2 een Hence either product of @, = 7, with é, (j =?) can contain 


aed 
only @,, @,,---,@_,- Hence we see that the transformed system is regular. 
We now have an m-product regular system in which the units entering products 
arem in number and are the first m units of the system.* The unit @, being de- 
leted, aregular system remains in which there are m —1 units entering prod- 
ucts, and m — 1 independent products. In accordance with our assumption the 
deleted system may be reduced to the normal form; let the reduction be made 


and denote the new units by e,, e,---e,, the new independent products by 7, , 


ee 
T,, +++, 7 _,. Since the deleted system is normal, 


mT 


‘4 , 
MT, = €y5. 00% =e 


T, =€6 . 
m—1 m 


pe 


On the restoration of @,, which will now be denoted by e,, we have the 
original m-product system which we had before deletion but ina new form; it 
will evidently still be regular. 

Since the products ¢,¢;, ¢,¢, all vanish, if ee, = e; was an independent prod- 
uct in the deleted system, 


CC, = €; + ae, 


will be an independent product now. Then m— 1 of the independent products 
will be 


Cy + 0,5 Cs + G0, +++, &,, + 2,2 - 


Before searching for the remaining independent product let us make the trans- 
formation : 
e, aes an oe es eee hy a6, eg ote) Cn ene a C14 


the remaining units being unchanged. The regularity has not been disturbed 
and the independent products remain unchanged. 


Denoting the transformed units by e@,, ¢ -, @., we have as m — 1 of the 


3) 


5:9 aeons! Cn* 


ters any product is e,; hence, the first product which contains e, is the remain- 


independent products the units e,, ¢ The only other unit which en- 


ing independent product ; denote this product ¢e, by 7,. 





* We have by this first transformation made a twofold simplification of the regular form of 
the system. 
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If e, is the independent product immediately preceding 7,, , 


€.€, = 7, = ae, pr OG, <j mn te Oe (d= O04 tg. v<oh). 
Now we make the transformation : 


Pee Png a Oe Oe eg eg eT CET 3 eee. 


and prove that the transformed system will be regular and that its independent 
products will be 


ae =) T= 6 


; 5 17 == @ = oe. 


2? 9 m—1 m—1? m “m 


that is, that the transformed system is in the normal form. 

The transformation in effect omits the unit e, and leaving the remaining units 
in their original order introduces 7, as the new unit @,. The products of the 
new system are the products of the old (apart from the vanishing e,-products) 
and the products involving 7,= @,. Of these all not involving @, obviously 
have regular expressions, since in the original system the first product involving 
€, Was €.¢, = 7, = @, (g >%, h> i), and so all products @,é, involving e, have 
k>%, l>i% and may be expressed regularly, the e, being replaced by 


€., €&, -+*, @_,. And it is easy to see also that the products involving @, are 
expressible regularly. 


Further, in the new system @,, ---, @, arise as before as sequential inde- 


ei 
pendent products from the products preceding the product ¢,e,, the products in- 
volving @, as a factor obviously being expressible in terms of the products in- 


volving @,,---,@,,. Then, as the next independent product, 
i—1 


T, = €0, = 0, = 6, (i<g, t<h) 


enters, and by the intervention of the @,, with @,, ---, @,, to replace the orig- 
inal e,, the @,,,, ---,@, enter as before as sequential independent products. 
Thus after the transformation the independent products in order are @,,---, @, . 

Thus the general step of the induction proof is established, and it is evident 
that a zero-product system is normal; hence we have proved that every system 
can be brought into the normal form. 


THeoreM II. Zhe product of two independent products is not an inde- 
pendent product. 

Let e, and e, (¢< j) be independent products in a normal system and let 
C0, = &- 


Then 


C6, = (€¢,)e,= (@,e, + 4,0, + +--+ @,_,¢,_5)e, : 


Hence e,¢, is equal to a sum of products which precede it, and cannot be an 
independent product. 
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We have thus far considered the degenerate system, and have defined the 
normal form for that alone. We call the complete non-quaternion system nor- 
mal if the system is regular and the degenerate system normal. It is necessary 
to show that the transformations employed have not destroyed regularity with 
respect to the products of the e’s with the y’s in order to extend our results to 
the complete system. 

The regularity of the complete system could be destroyed by transformations 
of the degenerate system which maintain its own regularity in one way only ; 
that is by uniting ina transformed unit, two or more units of different characters. 

In the first transformation of the degenerate system it was explicitly stated 
that the units united in a transformed unit should all be of the same character. 

The other transformations which united two or more units in a transformed 
unit were made by means of equations of the form : 


6, = €€,, 


and all such transformations are permissible, for one sees by 6° that the units 
contained in a product e,e, must all be of the same character. Hence we have: 


THerorrM III. Any non-quaternion system may be reduced to the normal 


form. 


YALE UNIVERSITY, June, 1900. 





ON THE REDUCTION OF THE GENERAL ABELIAN INTEGRAL* 
TAG 
J. C. FIELDS 


iE 


Tn 


In their exceedingly interesting book Théorie des Fonctions algébriques et 
de leurs Intégrales, pp. 344-345, APPELL and GoursaT have given a brief 
sketch of HERMITE’S method for obtaining by rational operations the reduced 
form for a hyperelliptic integral, prefacing the same by a remark which would 
seem to imply that the more general problem in the case of the Abelian integrals 
was still awaiting its solution. 

To this remark was due an attempt on my part to solve the indicated prob- 
lem, and the method by which J succeeded in effecting its solution will be found 
in the present paper. The results here given, it may be remarked, have been 
in my possession now for about four years and were presented at the annual 
meeting of the American Mathematical Society held in Toronto in 1897 but 
have not hitherto been published. 

Let 


(1) Lie, ) = 6 put = 0 


be the equation to an irreducible algebraic curve of degree n. 

The form of this equation we shall suppose to be the standard one in which 
the only multiple points are double points separate from the branch points and 
with distinct tangents. We shall throughout regard w as the dependent variable 
and shall further assume that no line parallel to the axis of w is an inflexional 
tangent or includes more than one point of the nature of a branch or double 
point or is tangent at a double point, the singular points too being all supposed 
to be finite and the asymptotes all distinct and none of them parallel to an axis 
and no two parallel to each other. 

That the most general algebraic equation can be reduced to such a form by a 
birational transformation is a well-known fact, and in such a reduced form it is 
customary to treat the equation. 





* Presented to the Society at the Toronto meeting, August 16-17, 1897, under a different 
title. Received for publication November 28, 1900. 
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On the above hypotheses a term in w" will present itself in the equation to 
our curve and we shall find it convenient to assume that its coefficient e,, has 
the value 1. 

Also as a consequence of the said hypotheses z and w can only become infinite 
together, and further for any given value z = a the equation F(a, w) = 0 will 
never furnish less than » — 1 distinct values of w. 

On indicating any arbitrary rational function of z, u by A(z, w) the general 
Abelian integral corresponding to our curve /'(z, w) = 0 will be 


(2) fRe, u)dz. 


This integral we know may be expressed as the sum of a rational function of 
2, wu, of an integral of the first kind, of a linear function with constant coeffi- 
cients of p elementary integrals of the second kind, and of a number of elemen- 
tary integrals of the third kind, where 


p= 4(n—1)\n—2)-—d 


is the number known as the “deficiency” of the curve, d indicating the number 
of the double points. 

Starting out now with any arbitrary Abelian integral we purpose in this paper 
to reduce the same to a sum of the character in question, employing thereto a 
succession of processes, none of which involves other than. rational operations 
in our variables. 

By aid of the relation F(z, w)=0 it is known that any rational function 
R(z, uw) may be reduced to the form of a polynomial in w of the degree n — 1, 
whose coefficients are rational functions of z, and on applying the principle of 
partial fractions to these functions of z we may express /?(z, w) in the form: 


(3) Riz, u) = mR ( = »u 





) + fiz, u), 


where #,(1/(2 — a,), w) denotes a polynomial in 1/(z— a,), wu and &,(z, wv) a 
polynomial in z, wu, the degrees of these polynomials in the variable w not 
being greater than n — 1. 

Our Abelian integral then takes the form: 


(4) [R@, ude = mf = grt de + Se, wae. 


We shall assume that /,(1/(2 —a,), uv) contains only negative powers of 
z—d,, as all terms involving other than such powers may be supposed to be 
included under £2,(z, w). 
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§ 2. 


For the further reduction of our integral we have need of a formula which we 
shall now derive. The formula in question is the following: 


du lees (ut) c,L(a,, v) 
(9) ae en ee \(u — b,)’ 


ao é 








where the summation is supposed to extend to all branch and double points 
(a,, 6), and where for the constant coefficients ¢ we have 


— 1 ie me 


according as (@,, 6.) is a branch or double point. 
Starting out from the identity 





f. / 
Le nee eal uUu= uy Ae | U=Uy)— 1 
—>S = 
105, u et Eee | uUu= Uy -- [Ff = u= Un 
where w,, w,, +--+, &,_, are the nm — 1 roots of F(z, wv) = 0 conjugate to w, we 


see that the denominator of the expression on the right is a symmetric function 
of the n quantities w, wu,,---, w,_, and therefore a rational function of z. It 
is, in fact, the discriminant, an integral rational function of z of degree n(n — 1) 
whose factors 2 — a, correspond to the several branch and double points. In 
case a double point corresponds to the value z = a, the factor z — a, will appear 
to the second power in the discriminant and in the case of a branch point to the 
first power, as is well known. 

The factor [47,7] ents [Lf aatee in the numerator of the above expression 
is symmetric in the nm — 1 quantities vu, --.w,_, and may evidently be expressed 
as a polynomial in z,w. The numerator itself may then be written in the 
form : 


Aw "+ Aw?+4..-+A4, 


where the coefficients A are polynomials in z. 
On indicating the discriminant by the letter D we then obtain for du/dz the 
expression 


du Aw" "*+ Ayu"? 4+..-4 A, 
(6) Lp D ; 





where, as may readily be shown, the degree of the numerator in z, w is not 
greater than n(n — 1) and where in particular the degree of the term A, is less 
than this number. 

Suppose, namely, that the directions of the m points at © on the curve 
I (z, w) = 0 are given by the equations 
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(7) u-—K2=0, u—Kz=0,---,u—-Kz2=0, 


where, according to our original hypothesis in regard to the asymptotes of our 
curve, the » coefficients « all have different values. The differential coefficient 


du/dz will then have the values «,, «,,---, «,, respectively, for the several 


1? 
branches at o. 

Indicating the degree of the numerator in the expression on the right of (6) 
by v and representing by a,, a,,---, a, the coefficients of the terms of this de- 


n—2 


gree in the elements A,w"~', A,w"~’, ---, A, respectively, we shall have 


—1 —2 
(8) aK + ar? tees ba, 


for the coefficient of 2” in the numerator in question, on substituting for w in 
terms of z from the rth branch of the curve. Now in ease we had v > n(n — 1) 
the differential coefficient in (6) would be infinite for some branch of the curve 


at co unless the expression (8) be equal to 0 for each of the n values x«,, « 


19 29 
--,«, of x. In this case, however, the expression in question being only of the 
degree n — 1 must vanish identically and we should have a, = a, =---=a,=0. 
1t follows therefore that v cannot be greater than n(m — 1). 
Assuming then that we have v = n(n — 1), substituting for w in terms of z 
from the equation to one of the n branches at o, and putting z = oo in (6), we 


derive 
a, 2 a, 
(9) kg Rb ee cee 


where 6 is the coefficient of 2""-? in D. 

Now this equation is of the degree n — 1 in «, and must be satisfied by the n 
quantities «,, «,, ---, «,. It must therefore be an identity, and we conse- 
quently have 

oy ae) eich ores Og am ee CL =OQ,a =d,a=Q0. 


n—2 n—1 n 
We see therefore that the degree of the coefficient A,, as well as that of the 
other coefficients A in the numerator of the expression to the right of (6), must 
be less than n(n —1). On applying to this expression the principle of partial 
fractions, the various parts will evidently all be fractional in their character. 
The expression in (6) may then be written in the form: 


dz <|z2—a," @—a) 


a : : 
aes du nf 8), 4.0) 
where the summation extends to all those values z= a, to which correspond 
branch or double points, and where the numerators ¢(w) and y(w) are poly- 
nomials in w of degree n — 1. 
We have already remarked that z — uw, is a quadratic factor of the diserimi- 
nant D in case a double point corresponds to the value z = a,, whereas in the 
case of a branch point the corresponding factor enters only to the first power. 
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In the summation above, then, the numerator y,(w) in an element correspond- 
ing to a branch point must evidently be 0, and we shall prove that this also is 
so in the case of an element corresponding to a double point. 

Consider, namely, an element 

Pie ee) 
fe 


g-—i 6 (z— a)’ 





where to z = a corresponds a double point. The other points of our curve cor- 
responding to this value of the variable will then be ordinary points by virtue of 
our original hypothesis, and the differential coefficient dw/dz will evidently be 
finite for each of the n — 1 points corresponding to the valuez =a. _ Its values 
for the two branches at the double point I shall indicate by m, and m, respec- 
tively. 

For the n — 1 points corresponding to the value z = a the summation in (10) 
and therewith the element here in question must be finite. It evidently follows 
that (uw) must be equal to 0 for each of the mn —1 values of w corresponding 
to z = a, and on writing 


F(a, u)=(u — bY(u—O)u — 0") --- (wu — O"), 
we must have 


Wu) = e(u — b)(u — 0’) --- (uw — b”), 


where c is a constant, for y(w) has the degree n — 1. 
We may therefore write 
ci (a, u) 


eg 


Wu) = 
and our element will have the form 


du) Wu) Pee!) 
Sans pats = 5H as NOB: 


9 








Now in order that this element may be finite for the two branches at the double 
point it is necessary that the expression in parentheses should vanish for both 
these branches. 

Writing this expression in the form 


u—bck (a, wu) 
HC 2—a (U— by?’ 


we see then that we must have 
cH'(a, u) 
(2) +m, E a Sale = 0 ’ 








u=b 
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From this it follows that 


m, + mM, , | at |. + 0, 


(u 
we must havec= 0. 
It follows therefore that vr(w) = 0 and the summation in (10) reduces to the 
form 


and as we have 


du _ 5 #40 


dz —<2— 
é 


b] 


where, as before, the summation is supposed to extend to every value z= a, to 
which corresponds a branch or double point. Now the differential coefficient 
du/dz can only become infinite for the branch points, and for a branch point too 
it can only become infinite like (z — a), so that we see that in any case the 
numerator ,(w) of an element in the above summation must equal 0 for each 
of the n — 1 values of w corresponding to the valuez = a,. It follows there- 
from that ¢,(w) must have the form 


oe a fe), 


and for the differential coefficient du/dz we obtain the expression 


ee cF\(a,, u) 
2 LG aju—b)’ 





where it only remains now to determine the value of the constants c,. 
First considering the case of a double point (a,, b,) we may evidently write 
the expression for our differential coefficient in the form 


du ees (a,,u) u— 
= Gaty ra IO), 





where the value of the function f(z, w) for the point (@,, 6.) is unambiguous. 
On considering the respective values of this expression for the two branches 
passing through the double point, we shall have 


cE (a,, u j 
mM, = \* es a ile a + fia. 0.) = s,m, Bak: b + f(a,, 5.) , 


f 
m, = fe (4,5 a ' m, + f(a, 6.) = sem [PV]. o, +S(%) 5.) 5 
u=b, 





whence by subtraction 


(m, —mM,) = (Mm, — m,)¢, [27 a 


a,b,? 
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and therefore 
1ee am b, 
In the case of a branch point (a,, b,) we evidently have 


[=o 1... l@e—™],, [2-2] 


é Ge % 


We have however also: 


1 du C c,E'(a,, u) cf (a,, u) (u— 6.) 
ex ) de Li fa alerinte— 6) 2 a. |.” 


‘€ ~@ 











and from these two formulz combined we derive: 


(wu — 6)? _ [2c,F(a,, uv) (u — 8,7 
ee a, Ge be Ts (w "He 6.) ter tt, a, 6 


e-é 








Here the expression to the left is evidently finite, and it is also different from 
0 since by our original hypothesis the branch point (@,, b,) is not at the same 
time a double point. We may therefore divide both sides of our equation by the 
expression in question, and obtain 


2F(a,, u) | 
1= a aes == hie 3 
al (u — 6.) aie me witiee 


whence in the case of a branch point (a,, b,) we have 
1 
C= eae 
‘ [ae ] a,b, 


We have therefore established our formula (5). 


8 3. 


Returning now to the reduction of our integral in (4) we shall first consider 


an individual element, 
i Tes (= uw) de, 
er 


in the summation appearing on the right. 
Supposing the highest exponent of 1/(z — a,) in the expression under the in- 
tegral sign to be greater than 1 and indicating the same by 7 we may write : 


1 Sw) ; 1 
R,(-——, CG: un) = gay ae (==), 


where f(w) is a polynomial in w of degree n —1 and where /’(1/(z — a,), w) 
is a polynomial in 1/(z—a,), w of degrees r —1 and n— 1 respectively in 
1/(z — a,) and wu. 
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Ve shall then have: 


falta n)o~ fy te fe (star) 


2 || See 


(2 — ae 2—@) de (e— a)! 


+ fe( : -1u) de 
Z— a, 


Je) =a fee 


(2 —« = ha (z— ay 


= 5g tap a fx (elena 


where g,_,(w) is a polynomial in u of degree n —1, as yet undetermined, and 
Jr—1 fo) 
where for du/dz we have substituted its expression as given in (5), so that the 

















(11) 











summation with regard to e which here appears is supposed to extend to all 
branch and double points. We shall first suppose that none of the points of 
the curve corresponding to the value z = a, is a branch or double point. In 
this case then we shall have a, + a, for all values of the a,’s. For the poly- 
nomial g_,(w) then choosing 


g,(e) ari go) ’ 





we reduce our integral (11) to the form: 


JP Geae) See 


+ [Re (== apa su) de. 


Here, in the expression to the right, (2 — @,)’—' is the highest power of 2 — a, 








which appears in a denominator under the integral sign, and on reducing the 

: : ; ; 
order to which w appears in the products g/_,(w)-,(u) by aid of the equation 
F(z, w)= 0 and on separating the factors (2 — a@,)’—' and z—a, from one 
another in the denominators by the method of partial fractions, we express our 
integral in the form: 


R eae, u)dz= Sr) We : » u)dz 
A 
z— ay (2 — ay) Z2— a, 
+ufs (= ay, , ude + { Se, u)dz , 





(12) 
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where /2\(1/(2 — a,), wv) is a polynomial in 1/(2 — a,), w of degree » — 1 in 
1/(2z—a,), Si(1/(z —a,), uv) a polynomial in 1/2 — a), w of degree 1 in 
1/(z—a,), and S)(z, w) a polynomial in z, w, none of these polynomials hav- 
ing in w a degree which is greater than n — 1. 

By the above process we have reduced by 1 the degree to which 1/(z — a,) ap- 
pears under the integral sign and by application of the same process to 


if R (= uv) es 
— a, 
we should obtain a formula: 


-1(%) I, 
rf ——_ comet I, 1 r vr be 
fa — a,’ uv) eS (2 —a,) Tg — fyet + [2 (= ae , ude 
=i ya {Ps (= ae uv) dz + [ Sie, u)dz, 


where r — 2 is the degree of AY (1/(2 — a,), wu) in 1/(2 — a). 














By successive applications of the process we should ultimately arrive at an 
expression for our integral in the form: 


a \ 
B,( u)de= Gra) Sel) gg ale) 
a ‘Xv 


— (g2—ay°" @—a,)" Z— dy 


1 —— 
+ fB(a ‘deed fs, (= u) d: + {8e, ujdz 


where EES); : is a polynomial in 1/(2—a,), w of degree 1 in 





(13) 





1/(z —a,), SA/e — a,), u) a polynomial in 1/(2 — a@,), w of degree 1 in 
1/(z2— a), and S25 u) a polynomial in z, w. 


§ 4. 


We have obtained formula (13) on the assumption that no branch or double 
point corresponds to the value z= a,. Assuming on the contrary now that we 
have a branch or double point (a,, 5.) so that z — a, is included among the fac- 
tors z — a,, we derive from (11): 


as (ae ‘poe! +f 28 w+ (Dg, (w)— 9) (0) (0) 


aN : (2—a) 


= SES a+ fx(Se +) 


where the accent in the sign of summation >’ is intended to signify that the 











term corresponding to a, = a, is omitted from the summation. 
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Here again we wish by a proper choice of g, ,(w) to rid ourselves of terms 
under the integral sign which involve (z — a,)’ in their denominator. 
For this it will be necessary that the expression 


(15) Siu) + — Dg) — 9%) Pr(%) 


be divisible by z — a,, after it has been reduced to the normal form in which x 
does not appear to an order higher than n — 1. Now if this expression in its 
reduced form is to be divisible by z — a, it must, as it stands, be equal to 0 for 
each of the n — 1 values 0, 6,, ---, 6%'~” of w corresponding to the value z = a,, 
and must therefore be divisible by 


p(w) = e,(u — b,)(u — 6.) --- (U— OY) = 
It follows then that 


CFA,» Ww) 


u—b, 


Su) + (r — 1)g,_s() 
also must be divisible by ¢,(w), and since the degree of this expression in w is 
nm — | we may write: 


Tw) + — 1)g,_s(e) = ebx(e) » 


where « is a constant which is yet to be determined. 
For our function g,_,(w) we must therefore have 


(16) g(a) = OSE 





and on substituting this in (15) we obtain: 
(17) Aw) + (7? Nga) = gale) d(u) = (# — ga) bx) 
1 
= llr — De — bile) + F)} 640) 


which expression in its reduced form must be divisible by z—a,. Now we 
have: 


(u — b,)b,(u) = ¢, F(a, uv) = {F'(a,, u) — F(z, u)}, 


which is evidently divisible by z —a,. Also in order that the expression in 
(17) should be divisible by (w — b,)¢,(w) it is only necessary that the factor 


(r — Ae — eb, (u) + f%(u) 
should be divisible by w — 6,, which will be the case if we choose « so as to 
satisfy the condition 


(18) {(r7 — 1) — $,(6,)}e + f(b) = 0. 


On so choosing « the expression in (17) may be put into a form which is 
divisible by z — a, and must therefore evidently also, in its reduced form, be 
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divisible by this factor. Such a choice of « is of course always possible, except- 
ing in the case where the coefficient of « in (18) is equal to 0. 
We have: 


(0,) — Cy [(u wy, by) ae (w faa oy) | u=by ==> 4¢,[ F(a 9 u) | u=by : 
It follows then that 
$i(b)=4 or 1, 


and that we therefore have: 


ae SF, (8) a. — f(y) or —SF/ (4) 
r—1—4\(6,) r—3 eh 





ie 


according as (a@,, 5,) is a branch or double point. The one case here excepted 
is evidently that in which we have to do with a double point (a,, 5.) and where 
at the same time r = 2, in which case the coefficient of « in (18) is 0. Sub- 
stituting the values just obtained for « in the expression already given above for 
g,_,(%) we obtain : 





4f’(d,) - Py(w) SF (u) 
g(t) = — | gee + 


oe 4 aD Pa, wu) - F(u) 
(2r — 2)(2r — 3) (a, 5) w— by r—1 
FiO) PM) FLY) 
10) =—| Ged) teat | 


= | 2 F(x) BGs &) is SAv) 
(7 —1)(r — 2) FY (a, 5) w—d, 9 r—l1l’ 





or 


(19) 








according as (@,, 6,) is a branch point or a double point, the exceptional case 
being here of course excluded. 

The substitution of these expressions for g,_,(w) in (14) will enable us to rid 
ourselves of the 7-th power of z — a, in the denominator under the integral sign, 
the numerator 


Su) + (7 — Tg, (%) — 9, al) Px) 


in its reduced form being then divisible by z— a,. 
By applying the principle of partial fractions to the terms of form 


g,-(¥) j P,(u) 


(z aa a) "(@ — @,) . 


we may, as in the section preceding, separate the factors (z — a,)’~' and z — a, 





in the denominators, and on reducing the powers of wu occurring in the various 
numerators we may put (14) into the form: 
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fale a coe Fr") ee (=~. 4) a 
2— Ay (2—ay7 — 
+ d re (= u)de + [Sl u) dz, 


where J2)(1/(z —a,), uw) is a polynomial in 1/(z— a,), w of degree r—1 in 
1/(z—a,), S(1/(z—a,), uw) a polynomial in 1/(2—a), w of degree 1 in 
1(z—a,), and S{(z, w) a polynomial in z, w, the degrees in w of these 





several polynomials being not greater than n —1. 
By successive applications of the above process we shall evidently arrive at a 
reduced form, 


{ R,( =») dem 9,—1(¥) i Ira) eae. ge) 


z— Ay z—d,)*  (@— a) z— Ay 


+ [RR (== a -,u)ae+ > f8(—, u) dz + [Se u)dz , 


which is a form of the same type as that obtained in (13) for the case of the 
section preceding, excepting that here 1/(z — a.) may present itself to the sec- 
ond power in the polynomial /,(1/(2 — a,), uw) where to z = a, corresponds a 
double point. 





(20) 


We shall now consider more in detail the special case 7 = 2 in which we 
have failed to get rid of the power 1/(z — a,)’ under the sign of integration. 

The difficulty here arose in connection with the equation (18) which takes 
the form 


0-«+ f{(b,) =90, 
when 7 = 2 and when at the same time (a@,, 6,) is a double point. This equa- 
tion cannot be satisfied by any finite value of « unless we happen to have 
JF: (0,) = 9, in which case « may have any arbitrary value. Supposing then 
that we have to do with this case we shall take « = 0 when from (16) we obtain 

Su) 

7a ee 


and the expression in (17) becomes 





Ue 
ah 10 (w) ; p(w) ’ 


which is divisible by (w — 6,)¢,(w) and in its reduced form is therefore divis- 
ible by z — a. 

The numerator of (2 — a,)’ = (2 — a,)’ in (14) is then divisible by z — a, 
and 1/(z — a,) will therefore appear only to the first power under the sign of 
integration. 
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If however we have /;(b,) + 0, I shall define a function f,(w) by the equation 


SU) = Fe) + hG,(w), 
where h = f,(0,) . 
Since $,(d,) = 1, it follows then that /}(d,) =. 
On writing 7 = 2 in (11) we shall have: 


Jalsa )e~feliyas Patera) 
fi a ae “a ie 


peed: 
+ [x (= ie u)de. 


Apart from the second integral on the right the expression here appearing is of 





—, a 


the type just considered, in which we saw that we could get rid of the second 
power of 1/(z — a,) under the sign of integration. 

Hence in the case where to z = a, corresponds a double point we may evidently 
replace (20) by a formula of the type: 


: “i U 
J% (=. u)de = NOY at ENG La pea ea 
© Xr 


% — dl,)’ (2 — a,)"~ z— ay 





(21) 


felts Bay aes [8.0m 


and under this formula, on putting 0 for the constant coefficient 4,, may be 





supposed to be included that also for the case in which a branch point corre- 
sponds to z = a,, for in this case the integral 


{®, (; a : u)de 
ah ON 


in (20) may be supposed to be included under the summation 


= 1 
> fa, =o u) dz, 


the first power only of 1/(z — a,) here presenting itself under the sign of inte- 








gration. 
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§ 5. 


By the processes of the two preceding sections, therefore, we can reduce any 


1 
ile (5 5 u) dz 
2— a 


to the form given on the right of (21) or (18) respectively, according as a sin- 


integral 


gular point does or does not correspond to the valuez=a,. After the substi- 
tution of the reduced forms so obtained for the several integrals in the summa- 
tion to the right of (4) this equation will assume the form : 


| Be. u)dz = Plz, uv) + > ee = Ame 5 dz + Safe (= me uv) dz 


a, > s( ——— ow) de + fs (2, u)dz, 


where the first summation on the right-hand side is mer to extend to the 








double points (a, , 5,) only, the second summation to those values of a, for which 
negative powers of z— a, occur in F(z, w), from which however we may ex- 
clude elements corresponding to branch or double points, and the third sum- 
mation to those values a, to which correspond branch or double points. 

The last two summations we may fuse into one, reducing the above formula to 
the form : 


hF(a, u 
{ Re, u)dz=P(z, u) + Sale — . “0 oe dz 


(22) we = [sx(= rs u) dz + [se u)dz , 


where the first summation on the right still extends to the double points alone 








while the second summation extends to those values of a, to which correspond 
branch or double points and over and above these to all those values for which 
negative powers of the corresponding factor z — a, appear in the expression of 
the function F(z, w). 

The function E'(a,, u) 


(z— ay) (u _ b,) 


becomes infinite to the first order for each of the m — 1 points corresponding to 





the value z = a, and it is evident in fact that for a finite value of z none of the 
functions under the sign of integration to the right of (22) becomes infinite to 
an order greater than 1.* Apart from the points at o , therefore, the integrals 





* While employing the form of expression ‘‘ infinity of the first, second, etc., order ’’ in the ac- 
cepted sense of RIEMANN, I shall find it convenient for the temporary purpose of this paper to 
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on the right of (22) can only become infinite logarithmically. The residues cor- 
responding to the several infinities are immediately determinable and we may 
suppose the logarithmic portion of the expression in (22) to be represented by 
an integral of the third kind which we shall indicate by (III) and which is 
made up of a sum with constant coefficients of a number of elementary integrals 
of the third kind. 

Formula (22) may then be reduced to the form 


(23) [RE ,ujdz = Piz, uv) + U1+ (24s u)jdz, 


where the integral 46 H(z, w)dz does not become infinite for any finite value of 
z. The function /7(z, uv) itself will then not become infinite to an order as 
great as 1 for any finite value of the variable. What the form of our function 
H(z, wv) is would appear immediately from the forms of the expressions under 
the signs of integration to the right of (22). 

We shall find it convenient however to here determine directly once for all the 
general form of a rational function /7(z, wv) which does not become infinite to 
an order as great as 1 for a finite value of z. 

As in (3), by the application of the principle of partial fractions, we may 
suppose our function to be expressed as a sum in the form 





(24) He, w= DH 7.4) + Hew). 


The function /7(z, w) will or will not be infinite for a point corresponding 
to the value z = a, according as this,is or is not the case for the corresponding 
element H/,(1/(z2 — a@,), uw) on the right. Writing the element in the form 


(25) H,( : uv) = EAN ey ae o,_,(%) te o (w) 


2@— a,’ Z— a, (2 —a,)" © (2— a)’ 








where the numerators o(w) are polynomials in uw of degree n — 1, we see that 
it will become infinite to the order s for some point corresponding to the value 
z = a, unless we have 


g(u) = 0 


for each of the values w corresponding toz=a,. The number of these values 
therefore cannot be greater than n — 1. 

It follows then that in (24) the summation may be confined to values a, to 
which correspond branch or double points. Since for each of the n — 1 values 
of u corresponding to 2 = a, we have ou) = 0, we may write 


make use of the expression ‘‘ infinite to the order 3, 1, etc.,’’ to denote an infinity of the char- 
acter indicated by (2 —a)—3, (2—a)—1, etc. The two forms of expression then differ in their 
signification when employed relatively to a branch point, but it is hoped that this word of ex- 
planation will prevent any confusion from arising in the mind of the reader. 
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hF(a,, u) 
o(u) = ——— 
Att) u—b, ° 
where / is a constant. 
In the case of a branch point (a,, 5,) the function 


PAI AAW bn 
(2z—a,) (2—a,)(u— b,) 


and therewith the element H,, here in question also, would evidently be infinite 





to the order s —} so that we cannot have s>2. It follows therefore that 
s=1. 

In the case where a branch point corresponds to the value z = a, then we 
shall have for our element : 





a it , hF(a,, u) 
(20) ZAC — a,’ «) Tie tbe 


where 4 may have any arbitrary constant value. In the case where to z = a, 
corresponds a double point let us suppose, if possible, that we have s=2. In 
this ease the expression 

a _,(w) a (u) 


Fae oye Bom 
A A 


must evidently not be infinite to an order greater than s — 2, for then it would 





be infinite to the order 1 at least, and this would hold also in regard to the ele- 
ment on the left of (25). The expression 


o(w) hPa, U) 
o_j(w) + (2 — a) = o,_,(u) a3 (2 — ay) (w — b,) 





must therefore vanish for each of the » — 1 points corresponding to the value 
z= ad, and in particular for each of the branches through the double point 
CA tyke 

On indicating the directions of the tangents at the double point by m, and 
m, respectively, we must then have : 


g,_,(0,) ie ghm, BIACA ’ w)] u=b, e 0 ’ 
tao.) a shin, | Ba, 9 aw) | u=b» = 0 ’ 


and therefore 


him, — m,)[ P'"(a,. u)] 05 


u=byp Sey 


Since, however, m, + m, and [/"(a,, w)] 
have 4 = 0 and consequently o(w) = 0. 


.=>, + 9, this is impossible unless we 


It follows therefore that we cannot have s=2. 
For s = 1 we shall have 
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a(u) , AF(a,, u) 


2—a, (z—a,)(u—6,)’ 





a function which is finite for all the m — 1 points corresponding to z= a,. 

In the case where a double point corresponds to the value z = a, as in the 
case of a branch point, the element in (25) takes the form given in (26), and for 
our function f(z, w) in (24) we may write 


h Ea , u) 
(27) Mz,u)= 0 (z rs ai 0} + Az, u), 


where the summation is supposed to extend to all those values a, to which cor- 





respond branch or double points, where the coefficients h, may have any arbitrary 
constant values, and where //,(z, w) is an arbitrary polynomial inz,u. This 
then represents the most general function 7(z, wv) which does not become infinite 
to an order as great as 1 for any finite value of z. 

The most general function of z, uw which becomes infinite only at o we 
should evidently derive from (27) on equating to 0 therein all those coefficients 
h, corresponding to the branch points, or in other words, on supposing the sum- 
mation in (27) to be extended only to those values a, to which correspond double 
points. 

Returning now to formula (28) we may by (27) express the same in the form: 


h F(a.,u 
(28) { Re ,ujdz = P(z,u)+ WIl+ fix e = we os + Hz, wae : 


$6. 


We shall now occupy ourselves with the reduction of the integral 


[He , u)dz. 





Supposing the degree of the polynomial /Z(z, vw) in z, wu to be n+r—1 
where 7=0, we shall indicate this by the suffix n + r — 1 and write 


De Ad a CAN) 


We may evidently express 7’, |(z, w) in the form 


rr 


(29) Lees ’ u) ay tz ’ u) aR Ly geishe ’ w) ’ 


n 


where the function ¢(z, w) is a homogeneous polynomial in z, wu of degree n — 1 


and where 77, ,(z, w) 1s a polynomial in z, wu in general non-homogeneous and 


LE ig at? 
of degree n +r —2. 
It is evident that the function 7’, ¥(z, uv) cannot be infinite to an order 


n 


higher than n + 7 — 1 for any of the n branches at o, and that it must be in- 


finite to this order for one at least of these branches we may readily show. 
Trans. Am. Math. Soc. 5 
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Namely, on substituting in (29) for w in terms of z from the equation to a 
given one of the branches at o, the coefficient of 2"*"~' will be furnished by the 
element 2¢(z, uv) and will be the same as that obtained on substituting u = xz 
from the corresponding equation in (7). The term in 2"*’—" so obtained is 


He, Kepesig ea Leek). 


and the coefficient ¢(1, «) of 2**”-' will be different from 0 in the case of one at 
least of the n branches, as otherwise we should have 


e(1, k) = 0 


for each of the n values «,, x -, «, and this equation would therefore be an 


pace 
identity since its degree in « ism —1. It would follow then also that we must 


have 


t(z, u) = 0 


identically, which however is not consistent with our hypothesis that our func- 
tion 7’ _,(z, u) has the degreen +7—1. We conclude then that a poly- 
nomial 7’. _,(z, «) becomes infinite to the order n + r — 1, that is, to an order 
equal to re eee for ore or more of the branches at o. 

Now consider the integral 


Zt tz, w) ztNi(2, uw) 
"Hz, u'dz = "tz ee ——+ ———*, 
(30) fe t(z, u\dz fi t(z, w) ay ee |a: + ee 


The expression under the integral sign to the right of this identity evidently 








does not become infinite to the order » + r — 1 for any of the branches at o. 
It may be written in the form: 








r+1 -! a 1 
£t(2, ee t(z, uw) _ (n — 1)2’'t(z, u) “f @ at a 





dz n+r n+r n+r du dz 
_(n—ljetz,u) th (at f,(u) 
oF n+r n+r at lee): 


where for du/dz we have substituted its expression given in (5). From the last 
written form we immediately derive : 





d f*"t(z, u) AP apy 2 6 na 


rt 
AL dz n+r z— 4, 

where 7”’(z, wu) is a polynomial in (z, w) of degree in wu not greater than n — 1 
and where the functions @(w) are polynomials in wu alone whose degrees are equal 
to or less than n — 1. 
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Further, the expression to the left of the formula just written, as we have seen 
above, does not become infinite to the order » + 7 — 1 for any of the branches 
at co and as none of the elements in the summation 


> O,(u) 


72 a, 


on the right becomes infinite to an order which is greater than n — 2, it follows 
that the polynomial 7”(z, uw) also does not become infinite to the order n+ 7 —1 
and that its degree in z, wu therefore is not greater than n+r—2. Indicating 
this fact by the suffix n + 7 — 2, we may write: 


d 22, u) 
(31) UZ, U) — a ee pice aa Lees SO i a 


and substituting the form so obtained for the function under the aren sign 
to the right of (380) we derive : 


Z1t(2, u 
62) fee, wde= f [71.9 + Dd | ee OE, 


Combining this result with (29) we obtain : 


Tite, ude = =p br meri@@) + The, w+ DO; On | ae 


Ze, w) 
Rote p 7 


6 ee, 





and this we may more concisely write in the form 


[Dine ode = gle. +E [oS aes fT ae, wae, 


where 

2 i(z, u) 
n+r 
Repeated application of the above process of reduction gives rise to a succes- 

sion of integrals 


Inns w) a ’ Lee ’ w) = Lee (25 u) ay (hs Mae (z ’ w) se 


T ap a(2s waz, T..o(%5 U)dZ, +++, ij) T_(2, u)dz, 


and enables us to reduce our integral to an expression of the form 


(33) df ie (2 5 u)dz = Gi (2. w) or »D fee dz ay { 2, u)dz , 


where G', ee wu) and 7 _,(z, w) are polynomials in z, wu of degrees n + 7 and 
n — 2 respectively, and where the functions o (wu) are polynomials in u of degree 


eee BA 
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From the manner in which the functions 
o(u) 
z— a, 


arise in the process above it is further self-evident that they do not become in- 
finite to an order as great as 1 for the values a@,, so that their sum will consti- 
tute a function of the type represented in (27) and may be expressed in the form: 





where the coefficients a, are constants and the summation is supposed to extend 
to those values a, to which correspond branch or double points. 
For formula (88) we may therefore write : 
aa (9 Joa 
84) [Rarer em 8.0) 4B [eee sds f 2 des 


.and on substituting for [Ayes u)dz = [0 ir(25 U)dz in (28) the expression 
here obtained, we arrive at a reduced form for our original integral Hf) R(z, u)dz 





which may be written. 


i fga ee) 
(35) | Re, u)dz= G(z, wv) + Ill +f\z 5 Eas 25 SOE, fa: : 


where III is an integral of the third kind, G(z, w) a rational function of z, u, 
T(z, w) a polynomial in z, wu of degree n — 2 and the §.’s constants, the 
summation with regard to e being extended to all the branch and double points 





of our curve. 


Fg 


Our reductions of the integral i f(z, w)dz in the above have so far consisted 
in getting rid of various infinities of the function under the sign of integration 
and accounting for the same by a rational function G(z, wv), its logarithmic in- 
finities at the same time being separated from the main integral and incorporated 
in an integral of the third kind III. 

We shall now consider the remaining integral to the right of (35) with a view 
to a further reduction. The expression under the integral sign is of the type 
represented in (27), which for no finite value of z. becomes infinite to an order 
which is as great as 1. The integral itself, 


ae [SeeaGant a 


will therefore be finite for all finite values of z and for z =o will not become 
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infinite to an order which is greater than » — 1 since the function under the 
sign of integration is evidently not infinite to an order which is greater than 
n — 2 for any of the points at o. If now we would attempt a further elimi- 
nation of infinities from under the sign of integration by the aid of a ra- 
tional function of z, w and that without introducing any new infinities, the 
most general function at our disposal is included under the type (27) and will 
evidently have the form 


F'(a,, u 
(37) Do (z wee a,)( (u — ia T(Z5 %)s 


where 7’ _(z, u) is a polynomial in z, wu of degree n —1, the summation with 








regard to e being supposed to extend to all the double points and the coefficients 
y, having any arbitrary values; for this is the most general rational function 
whose infinities are all at co and which does not there become infinite to an 
order which is greater than n —1. 

The number of coefficients which the polynomial 7’ _,(z, uv) places at our dis- 
posal is dn(m + 1), or we may say }n(n + 1) — 1 on rejecting the constant term 
which could only serve to modify the arbitrary constant of integration in (86) , 
and the number of the coefficients y, in the expression (87) is d, the number 
of the double points of our curve. In all, then, the number of undetermined 
coefficients which the expression (87) places at our disposal is 


d+3n(n+1)—1. 


Now the integral in (86) will evidently in general become infinite to the order 
n — 1 for each of the n branches at oo, possessing therefore in all n(n — 1) in- 
finities all situated at co. If then each of these infinities requires an extra 
available constant in order to eliminate it from under the sign of integration, 
the number of available constants placed at our disposal by the expressions (37) 
will fall short of that requisite by at least 
n(n —1)—d—tnirn+1)4+1, 
that is, by at least 
p= z(n—lM)(r—2)-—d. 


In order to make good this deficit I shall introduce p more constants, introduc- 
ing however with each one of them at the same time a new infinity. Namely 
instead of (37) I shall consider the expression 


ene, LG w) 


@6 Fence) + ests) 


in which the summation is supposed to extend not only to the double points, 





but also to p additional points (a,, 6,) which do not coincide with double 
points but may otherwise be regarded as arbitrarily chosen. For these p points, 
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in case the corresponding coefficients y are not zero, the function in (88) will 
evidently become infinite to the first order. For all other finite points it will 
be finite and for the n points at c it will in general become infinite to the order. 
n—1l. 

In the sequel we shall find that the n(n — 1) constants placed at our disposal 
by the expression (38) are all available and none of them superfluous for the 
purpose of ridding ourselves of all the infinities at o of the general integral 
of the type (86). 


88. 


Consider the expression 


@9) [free +e. w | a 


d+p Fla u) 
Va Des ead 
- LG — ay) (u — b,) as Lael: ’ o} ’ 


obtained on subtracting the function in (38) from the integral in (86). Re- 
garding the function under the sign of integration as given and the coefficients 
in the subtracted function as undetermined, we shall attempt to determine the 
latter so that the expression in (389) may have no infinities at o. 

From the equation to our curve in (1) we have: 














F(a, 5 U) M F(a, - u) ae F(a, : b,) ~ Le, au — pa Kiki 
(2—a)(u—b) (—a)(u—b) ~—  (—a)(u—d,) 
e, ,a;(w? — by) 





a 6 =, i= De 
whence 
(ia 8h) 
10) aay TH De asus $y he $B) 





n 
= (2—a)" ditt Lae ia 
s= 








where 
s—l o 
{a ’ b,}, = age, Ch0, aus : 

WwW then write fate 

e may 2 

F(a, ’ w) ih ay ae ee n 
= 4- ae aiees f —8 
(2 a ay) (u ae b,) ] | t 22 “i te gnr—l =p “(zg aA dy) Leta ’ 6, } ju” 
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where P,(z, wv) is a rational function of z, wu which is equal to 0 for z = o. 
This we may evidently further reduce to the form: 


F(a, , v) n—1 n— 
a) (2 — Pale — b,) —S 3 amiia,, O he us + Pia, uw), 


s=1 r=1 





where P,(z, w) is a rational function of z, w which is equal to 0 for z= o. 
The second of the two summations in (89) may then be written in the form: 





dtp ry. a A u) d+p n—1 n—s Ae e 
> (2 a Ga = (ye ae > Do YA, {a, , 5}, 2-"u"* + Pe, u) 
n—1 n—8 = 
(42) = Cr, pare ak! aes + BG, w) 
s=f 7=1 


= Oey + Le, eh), 


where P(z, w) and P(z, uv) are rational functions of z, w which are finite for 
2 == co, the former function in particular having the value 0 for this value of the 
variable, and where for the coefficients c we have 


d+p 


Cr—s— r, N—8s Pa ee {a@, ed b},- 


For the suffixes of the coefficients c we shall find it convenient to choose, as we 
have done here, the sum of the exponents of z and wu and the exponent of wu re- 


spectively. 
On writing 
d+p ; 
(43) ee eiag: > Yr, A,0% 9 


we shall evidently have 


(44) Cr—s—r, n— —s — Sys €o,n— o Yr— a fea? Se 


ao=0 p=0 


Since the exponents of z which appear in the summation to the right of (42) 
are all negative whereas in the polynomial 7’_,(z, w) in (89) no such exponents 
make their appearance, it will not be inconsistent with the notation employed 
above if we write: 


(45) Dae ih > Se (Oe eae 
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Combining (42) and (45) we have: 





d+p bi, (a uw) m s—i 
Ya AO r 
Ti(@s &) + 2a ZEROS = yD De, Cn—str,n—s% UW" 


(46) 


n 


aut 4. Pe, a) 


n—1 8 
IE E Cn—s—r, n—8s 
f= 1 


, 





n s—1 dan 
— se Cn—s+r, n—s Zu" * =e P(z 3 u) C 
s=1 r=—(n—8) 
This again we may write in the form: 
ad+p TEE n—1 =~ 
YL (ay, u) . 
ce pe (z =— ay)(u = b,) r Ze i ) ay v=0 Z "Poles uy s LAG ; y 
n—2 


z"p,(2,u) + Plz, u), 
0 


Vv 


where 
. n 
i — s—1 od 
VAC : w) reel yD Cee ee u” si 


is a homogeneous polynomial in (z, w) of degree n — 1. 

The expression under the sign of integration in (39) we can evidently also re- 
duce to a form like that on the right of (47). In this form further we may here 
omit terms of degree n —1 since in the expression under the sign of integra- 
tion terms of order higher than n — 2 do not present themselves, 

We may then write 

E(a,, u 
2d aa BS ag Lee ’ w) aa 2"q,(2 ’ u) +h 2~"9,(2 ’ u) 
(48) 





a —1 4 
ae ded ot & " Giihes w) DF Q(z 3 w) ’ 
where 9¢,(2, %), --+, q,_,(2, wu) are homogeneous polynomials in z, wu of degree 
n—1 and where Q(z, w) is a rational function of z, u which becomes 0 for 
i ==" Coys : 


From (47) and (48) the expression (89) may be written in the form: 


Seales w+ ge, w+ +g. u) + Ue, W}de 
(49) 
— {pes 0) + pe, ts) + + + 2,2, u) + PO, wh. 


Supposing now that the expression under the sign of integration is given while 
the subtracted expression is as yet undetermined, we shall attempt to determine 
the coefficients ¢ of the polynomials p,(z, uv), p,(z, u) , +++, p,-.(%5 ¥) in such 
way that the expression in (49) may be finite at o. 
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89. 


We have seen in $6 that a function 2’¢(z, w), where ¢(z, w) is a homogeneous 
polynomial in z, uw of degree n —1, becomes infinite to the order n + r — 1 
but to no higher order, for one or more of the branches at «©. We had there 
assumed 7 = 0 but the same evidently holds also for negative values of 7. 

The only portion of the expression (49) which might possibly involve in- 
finities at co of order n — 1 is then evidently 


(50) feat , ujdz — p(z, U)- 


We can however so choose p,(z, wv) that the expression just written does not be- 
come infinite to an order higher than n — 2. For, on taking 


7] (2 ; u) 
Pe ’ u) nee herae 


we shall have: 


ioe. 
(51) fra, u)dz — pz, u) = irae ,u)— : gly BRE q,(25 U) | dz 


and the expression under the integral sign to the right evidently does not be- 
come infinite to the order n — 2 for any of the branches at «©. On substituting 
for du/dz its expression given in (5) we obtain the function 


ee (8/1) ae et 
roi ae ) he Lalas Ou dz 


1 d 1 | Oo”, 0q, du 


as a rational function of z, w which does not become infinite at o to an order 
higher than x — 2 nor elsewhere to an order as high as 1. It is then a func- 
tion of the type represented in (48) and may therefore be similarly represented. 
The total expression under the sign of integration to the right of (51) may then 
also be represented in that form which appears to the right of (48) and we may 
consequently write: 


1 d 
29 (2 ue pre an a x e—q"(2-* » 
eget) — 4 Sales) = 1G (ew) + V2, Ww) + 
+2" Mg, (2, u) + V2, 4); 
where ¢/(2, v), +++, 7,_,(2, &) are homogeneous polynomials in z, u of degree 
n — 1 and where Q(z, uv) is a rational function of z, uv which becomes 0 for 


z=. Further, since the expression here represented does not become infinite 
to the order n — 2 for any of the branches at o, we must have identically 


G2, 4) = 0. 
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From (51) we shall then have: 


fae, ujdz — pz, uv) = [eae U) oss: 
+ 2-@-Nq)_ (2, u) + Q(z, u)}dz, 


and with the aid of this formula we may write our expression in (49) in the form : 


(58) Jf {27g@, uw) + + OPP @, U) + QR, w)}de 
— {e"p(2, u) + 2-4 er) + Hemp (ea) Cae 


where 


Giles ¥) = gles ®) + Gler), 


P,r%s ) = J, y(% U) + Gals Y)5 
Q"(z, vu) = Q(z, u) + Uz, vu). 


The expression (58) evidently will not become infinite to an order greater than 
n — 2 for any of the branches at co and we may further so choose p,(z, w) that 
it will not become infinite even to this order. 

For the only portion of the expression (53) which might possibly involve infin- 
ities at o of order n — 2 is evidently 


[era a)jdz — 2"p(z, u), 


PACH 
De ae eae 


and on choosing 





we shall have: 





; sop . 2 g,(2, u 
(54) z*q,(2, u)dz — z"n,(z, u) = fiz 2g3(z, U) — ae hae, 


where, on substituting for wu in terms of z from the equation to a branch at a, 
the expression under the sign of integration on the right will evidently not be 
infinite to an order higher than n — 4 and the integral itself therefore to an 
order not higher than n — 3. 

This expression we may write in the form: 


Si ak d ” n—1 ew g-1 d¢(z, uw) 
2~"gu(%, U) — n—2de” 4 ie) Peat “Qal@> &) 2 ae F 











As in the case of dq,(z, u)/dz so here dq(z, u)/dz—and in fact'the derivative 
of any homogeneous polynomial in z, wu of degree n — 1—is of the type of 
function represented in (48), and the expression just written may therefore evi- 
dently be written in the form: 
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n—1 . z* dq (z,u Beat a 
ayy @9s(@ 4) — n— 2 ae = 2g, (2, U) + 2°Gs (2, U) - 


ur 


a. rea eas zy w) a Q” 2, u), 








where g)(z, Uv), ---, 7. ,(z, wu) are homogeneous polynomials in z, wu of degree 
n — 1 and where Q(z, wv) is a rational function of z, wu which becomes 0 for 
z=. Further, since the expression here represented does not become infinite 
to the order n — 3 for any of the branches at oo, we must have identically 


q,(2,u) = 9. 
From (54) we shall then have: 

(55) fergie, wde— ple, w= fieee true wt 

+ 2e Ne" (2, u) + Oz, u)} dz, 
and with the aid of this formula we may write the expression in (53) and there- 
fore that in (49) in the form 

fietaler to +O, w) + QE, Wide — (eple, w) 

(56) . f--- +2 (2,u)+ Pe, u)}, 


where 


Pe, u=qe,u)+ 72, u), 


PZ» U) = G_1(%5 U) + G7 (2, U)5 
Vez, u) =O, u) + Oz, u). 


The expression (56) will evidently not become infinite to an order greater than 
n —8 for any of the branches at o and we might so choose p,(z, uv) that it 
would not become infinite even to this order. Suppose now that by proper 
choice of the polynomials p,(z, vu), ---, p,_,(2, wv) we have reduced (56) and 
therewith (49) to the form 


{ePHDG2N (a, ws) fof OMEN, ts) + QOM@, u)} de 
— {e"ple, u) ++ +p, (2, 0)} + Pl, w), 


(67) J 


: or S 2 . . ; 
where g@(z, u), «++, g@%(z, w) are homogeneous polynomials in z, wu of 
degree n —1 and where Q°”(z, uw) is a rational function of 2, w which be- 
comes 0 forz =o. This expression will evidently not become infinite to an 
order greater than n —r—1 for any of the branches at o and we may so 


choose p,(z, w) that it will not become infinite to an order greater than n —r — 2. 
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For the only portion of the expression (57) which might possibly involve in- 
finities at o of order n — 7 — 1 is evidently 


fe O+Ng@P (2, ujdz —2 "p(z, u), 


and on choosing 


we shall have: 


feoreene , ujdz—2-"pl(z, w) 


d a Z, U) 
= grt De" (2, wu) — a dz 
f Pri ¥) dz n set ; 


where, on substituting for w in terms of z from the equation to a branch at o, 


(58) 





the expression under the sign of integration on the right will evidently not be 
infinite to an order higher than n — r — 8 and the integral itself therefore to 
an order not higher than n — r — 2. 

This expression we may write in the form: 


ih d 
g-0 I 2 g-" 2 
REA) Gee ea a 


n—1 g” dg le. u) 


ar 1) 2r le 
get DGAN (a, u) — 











ian ae Tim ft a] dz 


The derivative dq?!\(z, u)/(dz) is of the type of function represented in (48) 
and the expression with which we here have to do may evidently therefore be 


represented in the form : 
i — 1 gr den (2, w) 


ae ee gr+Dgf? (a, u) Pe 








g(t Dg2r+D) 
ee ee i dz ps (2, uv) 


fg t grt D(p, u) sh > bose gM —Ng@rt Viz, u) + Oe rNa, U) 


where qey P25) 132-9 QC Xe, wu) are homogeneous polynomials in z, u of degree 


nm — 1 and where Q2 +Y(z, u) is a rational function of z, uw which becomes 0 
forz=oo. Further since, as we have just seen, the expression here represented 
does not become infinite to an order higher than n —r—8 for any of the 
branches at co, we must have identically 


Ga Ne u) = 


From (58) we shall then have : 


Sorgen @, ude — pe, w) =f 2 PT MG, wi) 
(59) eae merge ras w) as Oe (ea u)} dz, 
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and with the aid of this formula we may write the expression in (57) and there- 
with that in (49) in the form 


fier ayers Nez, w) a eae ice & nat es w) ae Qe (2, u)} dz 
(60) 
} a any eel (CP w) Be ae ices: On (5 w) of Pte, w) 
where 


Fea) Se Ete tee (3 2s 


r+2 


(pai ’ U) = q ay a) w) 2s q, ee u); 
(Joe, w) we Pr, w) — 8 tui CF u). 


By induction then we see that a proper choice of the homogeneous polynomials 
Pil%s U)s PilZ, U5 +++5 p, (2, wv) will enable us to reduce (49) to the form 


(61) [Q?%@, u)dz — P(e, u), 


where Y°"~*(z, w) is a rational function of (2, w) which becomes equal to 0 for 
z= o. Since also P(z, wv) is finite for z= o it follows that the expression 
(61) cannot become algebraically infinite at o. That it cannot become loga- 
rithmically infinite is also evident, for the integral in the equivalent expression 
(49), being only another form for the integral in (89), does not become infinite 
logarithmically. 

We see then that the n(n — 1) coefficients in the n — 1 polynomials p,(z, «) 
DZ, U), +++, p,_.(%, vw) may be so chosen that the expression in (49) does not be. 
come infinite for z = o, and further we may show that there is only one way 
of so choosing them. For if we had two systems of functions p,(z, u), 
Piet) 4 7. (2,0), P(e, ujandp (2, u), p,(2, 4), ---, p,_(2, %). LP (2, uv) 


corresponding to two determinations of these coefficients, the expression 


Heat, U) + 27g {z,u) +--+ 2G, (2, u) + QZ, u)} dz 
— {pi@,W) + pie, w) t+ p!_@, w+ Pe, a}, 


and that in (49) would both be finite forz = w. The difference between these 
two expressions would then be finite for z = o and, since the functions P(z, uv) 
and P'(z, wu) are fini‘a for this value of z, this also would be the case for the 
difference, 


(pies 0) +2 "pe, uw) ++ +2 p,_(2, w)} 
— {piles u) + eipi(@, u) +--+ pl_fe, Wh, 


From this however evidently follows that we must have identically : 


Dies") = Pier ts PCW) = Pies Uy oy Ppa W) = Pale, W)- 
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We see then that there is one and only one determination of the coefficients in 
the n —1 polynomials p,(z, uv), p,(2, U),--++sp,-9(2, u), such that the expres- 
sion in (49) does not become infinite for z = o- 


$10. 


The n(n — 1) coefficients of the polynomials p,(z, vu), ---, p,_,(2, w) in (47) 
are those which have been indicated by 


Cn—1 ,n—1?9 Cn-1 sm—29 °°" 9 Cn—1 ,09 
Cn—2,n—1 ’ Cn—2,n—2 Se es Cn—2, 0° 
Cn—3,n—1 ’ Cn—3, n—2 Pee ba) Cn—3, 0% 


Cr e-# 5 SG eae oe ote 


To these coefficients we shall suppose to be assigned that system of values for 
which the expression (49) does not become infinite at o. 

With those coefficients in which the first suffix is equal to or greater than the 
second, we shall construct a polynomial 


m s—1 


(62) : wb (- 2 u) or Dy De Cn—s+r, n—8 wun, 


s=1 r=0 


in which the constant term c,, may have any arbitrary value. 
Corresponding to the } (n — 1)(n — 2) coefficients 


Cc 


. 
n—2,n—1 9 


C4 n—1? Cs n—2? 


(68) 


Cr kt hace keotes Cee tae 


in which the first suffix is smaller than the second, we shall have as many equa- 
tions of the type given in (44). They will be obtained on giving to r and s re- 
spectively in (44) the values 


(64) pol, 2,---,n—s—1; s=1,2,.-.,n—2. 


This system of 3(n — 1)(m — 2) equations we shall attempt to satisfy by a proper 
choice of the quantities y,, on the right. The number of these quantities 
which present themselves in the (mn —1)(n — 2) equations is just equal to the 
number of the equations as we may readily show. For the greatest value for 
the sum of the suffixes 7 and « in a term on the right of (44) is equal to r+ s 
—2, and r+ s—2, as we see from (64), cannot exceed n — 3 in value. It 
follows therefore that the sum of the suffixes in the quantities y,, which ap- 
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pear in our equations, is in no case greater than n — 3. Now the number of 
possible pairs of integers 7, « whose sum is equal to or less that n — 3 is 
3(n — 1)(m — 2), and that all the $(m — 1)(n — 2) corresponding quantities ¥, , 
actually present themselves in our system of equations is immediately apparent. 
In fact each one of them appears in some one of the equations (44) with e, as 
coefficient as we see on taking p= 0, o = 0 and substituting for 7, s in the 
corresponding term e, ,y,_,, ,_, the several pairs of values furnished by (64). 

The number of the undetermined quantities y,, which present themselves in the 
system of equations (44) is then just equal to }(m —1)(n — 2), the number of 
these equations. 

From the equations (44) we shall now seek to determine the quantities y;, in 


terms of the quantities c For this purpose we shall write our equations 


m—s—r,n—s ° 


in the form: 


(65) Cn—s—r, n—s — Co nVr-1, s—1 “1 ey, n—1Yr, s—2 oh C2 n—2Vr41, s—3 se 
— €,_2 | n—s+2¥r+s—3, 1 ta C51, n—s41Vr4+s—2, 0 + ee s—19 
where I’,_, ,_, depends only on quantities y;,, the sum of whose suffixes is less 
than fs — 2... ‘ 
The number of equations of the type (65) , in which the sum of the suffixes 


of the quantities y in evidence on the right has a given value r+s+2=0, 
is o + 1 and these o + 1 equations may evidently be written in the form: 


eee ey rh ee to eae) ods pale 1 ne Ve 171 ee, n—oVe;0 


as Cn—¢=—2,%—-o—1 = Dy, o 9 
CMe rete Clint lero ent oe Grong eo ttt Cel, not Ve,0 
— Cy go no: Lae eines ’ 


COM pees ri ey Oe eai ny oan) ett fT go) no 18 0, 0 


(66) = C ik 


N—o—2,n—o7+1 7 £4~ 2,0-2 9 
x : ° 5 : 


Creal eink fi ei Ve8 


= Cn_g-2, n—-2 aa Das 
Con Ya 0 
= Cn—g¢—2, n—1 ay beg: . 


If now we suppose that the quantities y,, in which the sum of the suffixes is less 
than c—and by consequence also the quantities I to the right of (66)—have 
been obtained in terms of the quantities c, the system of equations (66) will 
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determine in terms of these latter quantities the quantities y,;, also, in which the 
sum of the suffixes is equal too. For the determinant of the coefficients on the 
left of (66) is different from 0 and has in fact the value e7+' = 1, since in our 
original equation /’(z, wu) = 0 we assumed e, , = 1. 

More precisely still, on assuming that the quantities y;,, in which the sum of 
the suffixes is less than o , are linearly expressible in terms of the quantities c, 
it follows from the system of equations (66) that the quantities y,, in which the 
sum of the suffixes is equal to o are also so expressible, and these equations 
furnish us with their expressions in terms of the c’s . 

Consider now the case = 0. In this case the system of equations (66) re- 
duces to the single equation 


eo ) nVo »0 == Co. »n—1 ? 


a 


so that the quantity y,,, im accord with our hypothesis above, is linearly ex- 
pressible in terms of the quantities c and in fact is equal to one of them, namely 
C,-2,n-1+ At follows therefrom by our inductive reasoning above, that the quan- 
tities y,, and y,, corresponding to the case o = 1 are also linearly expressible 
in terms of the quantities c, and by successive induction we see that the quan- 
tities y;, for which o(=i-+«) has one of the values 2,3,---, n—8, are 
all linearly expressible in terms of the quantities c, the expressions for the same 
being furnished by the system of equations (44) supposed for that purpose to be 
grouped in a series of sets of the type given in (66). 

The values of the }(n — 1)(m — 2) quantities y,,, so obtained, we may suppose 
to be substituted on the left in the corresponding equations of the type (48) , 
when expressions for the d + p = }(n — 1) (nm — 2) quantities , in terms of 
our quantities y;, will be furnished by these equations in case we have 


(67) |a,%| + 0 (i+«=0, 1, 2, °:°, n—3), 





where by |a\d*| we indicate the determinant of the coefficients of the quantities 
y, to the right of our equations (43). That the determination so made of the 
quantities , is unique is self-evident. 

In the case where we have |a\b;; = 0 it will be impossible to satisfy the sys- 
tem of equations (43) by any set of values y, unless it happens that a certain re- 
lation exists between the quantities y;,. Such a relation however does not in 








general exist, as we shall show later on. 

Assuming then that our system of points (a,, 5,) has been so chosen that the 
determinant above has a value other than 0, or, what evidently amounts to the 
same thing, in such way that the points do not all lie on a curve of degree 
n +38, we shall suppose that the function 


GEO Ie ih) 


L@—a)u—D) + Maer") 
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in (39) has been constructed with the values of the d + p quantities y, furnished 
by the equations (43) and with the polynomial 7 ((z, wv) obtained in (62), 
Apart from the arbitrary constant in 7_,(z, uv) the expression (39) so deter- 
mined is unique. 

We have shown that if the expression (39) is to be finite for all the branches 
at oo it must be determined as just stated. Conversely in case it has the de- 
termination here in question it will be finite for z =o. 

For the coefficients y, in (89) have been derived through the equations (43) 
and (44) from certain of the coefficients ¢ in the polynomials p,(z, uv), p,(z, v) , 

+, P,_(%, v), these polynomials having been at the same time assumed by us 
to be those for which the expression (49) is finite at ©; and conversely, from 
the values thus obtained for the coefficients y, through the equations (48) and 
(44) in the reverse order, we should evidently arrive at the original coefficients 
cin question. Also the remaining coefficients c in the polynomials p,(z, w) , 
Piz, U), +++, Pp, (2%, v) are identical with those in 7’ _,(z, w)—the constant term 
¢), 1m the last named function being of course left out of consideration—so that 
the polynomials p,(z, uv), ---, p,_.(%, w) in (49), regarded as a reduced form 
of the expression (39), are those for which the expression (49) was originally 
assumed to be finite at o. It follows therefore that the uniquely determined 
expression (89) is finite forz =a. 

To recapitulate—we have proved in the above that in the expression (39) the 
coefficients , and the coefficients in the polynomial 7’ _,(z, w) can be chosen, 
and that uniquely, in such way that this expression does not become infinite for 
2 == co in case we have so selected our d + p points (a,, 6,) that they do not 
lie on a curve of degree n.-— 3, and we have furnished a method for determin- 
ing the coefficients in question. 

We have assumed from the outset that the d double points are included un- 
der the d + p points (a, , 6,) in the expression (39). It might however be re- 
marked in this connection that all our reasoning above in regard to this ex- 
pression holds good for any d + p arbitrary points. That we can choose d + p 
points (a, , 6,) which do not lie on a curve of degree. n — 3 is self-evident, for 
d + p= 4(n — 1) (m — 2) is the number of coefficients in the general equation 
to a curve of degree n — 38. 

That however, among d+ p points so chosen we may include the d double 
points is not self-evident. It may however be proved that the passage through 
the double points imposes d conditions on our curve, or in other words that the 
conditions of adjointness are independent of one another. 

I shall not stop here to prove the theorem in question but merely remark that 
the methods of the present paper furnish an extremely simple algebraic proof of 
it, which I propose to give in another paper at an early date. Meantime I shall 


accept the principle of the independence of the conditions of adjointness as 
Trans. Am. Math. Soc. 6 
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demonstrated, and we may therefore assume that the d double points are in- 
cluded among the d + p points (a, , 6,); and in (89), whatever the values of the 
constants in the expression under the sign of integration, we may regard the 
coefficients y, and the coefficients in the polynomial 7) _(z, w) in the subtracted 
function as so determined that the difference does not become infinite for z =o. 


Slit 


Instead of (89) I shall now consider the expression 


8) ffx ae i + Doe, 0) | de 


— {2 (gaya ay tls 8) + ae ], 


where by II(a,, 6,) we indicate an elementary integral of the second kind pos- 








sessing a single infinity of the first order at the point (a,, 6,), and where the 
coefficients m, may be supposed to be so determined that the expressions 


L(G w) 
(2 — a,)(u — 6,) 


do not become infinite at the points (a, , 6,). 





+ mII(a,, 6,) 


The residues of the integrals II(a,, 6,) we may assume to have the value 1, 
and the coefficients m, will then evidently be determined by the equations 


PF (G 5) +m = 0. 


In the case of the double points the coefficients m, will of course have the 
value 0. 

The expression (68) does not possess infinities other than those of (89) and 
it does not possess even these, for the infinities of the latter expression are all to 
be found among the points (a,, 5,), for all of which (68) is finite. The expres- 
sion (68) is then everywhere finite and must therefore be an integral of the first 
kind. On Sy this integral by I and on supposing (@,.,, 5.1) (Gio O,42)5 
-+, (@,, 4, 5,,,) to denote the d double points we may write (68) in the form: 


6%) [\ree cbt censor 


7,2, w)| — YmI(a,, 2) = 1. 


Returning now to formula (85) and substituting therein for the integral 


i! Payee Z 5) + Tle wae 
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the expression derived from (69), we obtain : 





= SER ry Ma w) 
o— ip) > » ? } re | 
| Re, u)dz a Gz, wu) il (2 — a, )(U — by) Fae, : 


Pp 
+ >) m,II(a,, 6,) + IIL. 
AS 


Indicating the aggregate rational portion of this expression by G(z, wv) we have: 


(70) [R@, wde= Ge, u)+1+ Ym lla, 6,) + I. 
A=l 


Our original Abelian integral | 2(z, w)dz is herewith reduced to the sum of 
a rational function, an integral of the first kind, a linear function of p elemen- 
tary integrals of the second kind and an integral of the third kind, the several 
steps in the process thereto employed being all of algebraic character. From a 
glance at the process also, it is plain that the coefficients m, and the function 
G(z, wv), apart from the arbitrary constant of integration, are completely de- 
termined when the system of points (a,, 5,), ---, (a, b.,) is given. 


§ 12. 


We have effected the reduction of the general Abelian integral indicated in 
(70), on the hypothesis that the p points (a,, 5,),---, a,» 6.) do not lie on an 
adjoint curve of degree —38. In the case where they do lie on an adjoint 
curve of degree n — 3 it may readily be shown that such a reduction is not in 
general possible. 

For suppose that we have a system of p points 


(a,, 6), ae (a, 0.) 


lying on an adjoint curve of degree xn — 3 and that the p points 


(@,, 5), +++, (a, 6.) 


do not all lie on such a curve. 

Referring now to the expression in (39), which we sought to render finite at 
co by proper choice of the coefficients y, and of the polynomial 7’ _,(z, w) and 
regarding in particular the formule in (43), (44), (49), we remark that the 
constants c are independent of our choice of the p points (a,, 0,), ---, (@,, 4,). 
From the form in (49), namely, we see that they depend for their values on the 
integral 


{ 


JUG ¥) + 72 Uw) +o $2", ew) + QE, u)}de 
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alone, or what is the same thing, on the integral 


JIE ayy t Re fe 


in (89), gee of what our choice of the system of p ial (agn0s 
, (a,, 6,) may happen to be. 

tien the equations (44) again the quantities y,, depend upon the quantities 
c alone and are therefore also independent of the choice of our system of points 
Che) eons 

In our system of equations (438), then, the quantities y,,, on the left have the 
same values whatever the p points (a,, 6,), ---, (a, 6,) may be and depend 
solely on the integral in (39). 

To prove that we cannot employ the system of p points (a, , 5,), «++, (a, 5,) for 
the reduction of the general Abelian integral it will suffice to show in some par- 
ticular case that the quantities y,, corresponding to an integral of the type of 
that in (39) are such that the system of equations 





d-+-p 


(71) en ae ae NDB; 


cannot be satisfied. The d double points for convenience I shall designate in- 


differently by (Fos ’ bo+1) tebe) (G44 boy) or (a ‘pti? thea Nis ry (Gigs b+) ; 
Consider now in particular the function 


pt+d 9H (a, ; w) ® 
2 (2 — a)(u — 6,) a 2 m,1T (a, 5 &,), 





where we suppose the coefficients m, to be so determined that the function does 
not become infinite for any of the points (a,, 6,). The derivative of this 
function with regard to z will not become infinite to an order as high as 1 for 
any finite point, and for the points at o it will evidently not become infinite to 
an order higher than m — 3 or, what is sufficient for our purpose, it will not be- 
come infinite at o to an order higher than n— 2. This derivative therefore 
will plainly be of that type of function which appears under the sign of in- 
tegration in (39). 

On properly determining the coefficients 8 and the polynomial 7)_,(z, u), 
then, we may write : 


BF(a,, v) tae YL (ay, Uv) 
~ (2— a) (u— diya ee is ‘| £1 (2 — a) (u — 4) 


p 
+ >> mIT(a,, b, | : 
A=1 
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The difference 


BE (a, u) . eke Yl" (a, w) 
2) fLgraer yt Reo} e+ Eee 








is then evidently an expression of the type (89) which does not become infinite 
TOr Z == ©: 
Here the quantities y,, corresponding to the integral in (72) are given by the 


system of equations : 
d+p 


Vin = > Wane 
A=1 


and on starting out from a properly chosen set of values for the quantities y, we 
could arrive at any arbitrarily assigned system of values for the quantities y;,5 
since for the determinant of the coefficients of the quantities y, to the right of 
these equations we have |ajbs| + 0. To this assigned system of values for the 
quantities y;, will correspond a certain set of values y, and therewith a certain 
integral of the type in (72). 

Now for the reduction of this integral the system of p points (a,, 5,),---, 
(a,, 5,) will not serve if values have been assigned to the quantities y,, for which 
the equations (71) cannot be solved. Such values, however, it is always possible 
to assign to these quantities since for the determinant of the coefficients of the 
quantities y to the right of these equations we have ja, b*| = 0. It follows 
then that a system of p points (aesDs garay (a,, b ) which lie on an adjoint 
curve of degree » — 3 cannot serve for the reduction of the general Abelian 
integral. 

It will be remembered that in obtaining the reduced form on the right of (70), 
we assumed that no one of the p points (a,, 6,), ---, (@,, 4,) was a double point. 
The only limitation otherwise placed upon our choice of these points was that 
they should not all be zeros of one and the same adjoint curve of degree (n — 3). 

It may however be remarked that in obtaining the reduced form in ques- 
tion, we might also have included under the p elementary integrals of the 
second kind integrals corresponding to the double points, or more accurately 
speaking, to certain of the branches through the double points. 

To have done this it would have been necessary to introduce some modifica 
tions into our reasoning which would have added to the length of the same. 
The modifications in question however offer no special difficulty and we may in 
all cases make the general statement that any Abelian integal can be reduced to 
the sum of a rational function of (z, wv), of an integral of the first kind, of an 
expression linear in p elementary integrals of the second kind, and of an inte- 
gral of the third kind, where in our choice of the p elementary integrals of the 
second kind we are subject to this one limitation only, that an adjoint curve of 
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degree n — 3 shall not exist which—over and above the zeros already implied in 
the fact of adjointness—possesses zeros corresponding to the several points 
(a, , 6.) (and more precisely in the case of double points, corresponding to the 
individual branches), for which our p elementary integrals have been respec- 
tively constructed. 

To cover all cases we should have to modify the notation employed in the 
formula (70) to designate an elementary integral of the second kind, as the no- 
tation II (a, , ,) in the case of a double point does not distinguish between the 
elementary integrals corresponding to the separate branches, either or both of 
which may happen to be included in our system of p elementary integrals of the 
second kind. 


CuHIcaGo, November 27, 1900. 


UEBER FLACHEN VON CONSTANTER GAUSSSCHER KRUMMUNG* 


VON 


DAVID HILBERT 


Ueber Flichen von negativer constanter Kriimmung. 


Nach BEtTRAmrI} verwirklicht eine Flache von negativer constanter Krimmung 
ein Stick einer LOBATSCHEFSKIschen (nicht-KUKLIDischen) Ebene, wenn man 
als Gerade der LopatTscHErskiJschen Ebene die geodatischen Linien der 
Flache von constanter Kriimmung betrachtet und als Langen und Winkel in der 
LOBATSCHEFSKIJschen Ebene die wirklichen Langen und Winkel auf der 
Flache nimmt. Unter den bisher untersuchten Flachen negativer constanter 
Krimmung finden wir keine, die sich stetig und mit stetiger Aenderung ihrer 
Tangentialebene in der Umgebung jeder Stelle iiberall hin ausdehnt; vielmehr 
besitzen die bekannten Flichen negativer constanter Kriimmung singulire 
Linien, tiber die hinaus eine stetige Fortsetzung mit stetiger Aenderung der 
Tangentialebene nicht moglich ist. Aus diesem Grunde gelingt es mittelst kei- 
ner der bisher bekannten Flichen negativer constanter Krimmung, die ganze 
LosaTscHErskiJsche Ebene zu verwirklichen, und es erscheint uns die Frage 
von principiellem Interesse, 0b die GANZE LoxBaTscHErsklsche Ebene iiber- 
haupt nicht durch eine analytische I’ lache negativer constanter Krummung auf 
die BELTRAMIsche Weise zur Darstellung gebracht werden kann. 

Um diese Frage zu beantworten, gehen wir von der Annahme einer analytischen 
Fliche der negativen constanten Krimmung —1 aus, die im Endlichen uberall 
sich regulir verhilt und keine singuliren Stellen aufweist; wir werden dann 
zeigen, dass diese Annahme auf einen Widerspruch ftihrt. Eine solche Fliche, 
wie wir sie annehmen wollen, ist durch folgende Aussagen vollstandig charak- 
terisirt : 

Jede im Endlichen gelegene Verdichtungstelle von Punkten der Flache 
ist ebenfalls ein Punkt der Flache. 

Bedeutet O irgend einen Punkt der Fliche, so ist es stets moglich, das recht- 
winklige Coordinatenkreuz x, y, z so zu legen, dass O der Anfangspunkt des 
Coordinatensystems wird und die Gleichung der Fliche in der Umgebung dieses 
Punktes O wie folgt lautet : 





* Presented to the Society, October 27, 1900. Received for publication October 9, 1900. 
t+ Giornale di Matematiche, Bd. 6, 1868. 
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2 = ae? + dy? + BOY), 
wo die Constanten a, 6 die Relation 
4ab = —1 


befriedigen und die Potenzreihe (x, y) nur Glieder dritter oder hoherer Dimen- 
sion in x, y enthalt. Offenbar ist dann die z-Axe die Normale der Fliche und 
die «- und y-Axe geben die Richtungen an, die durch die Hauptkrimmungen 
der Flache bestimmt sind. 


Die Gleichung 
ac’ + by? = 0 


bestimmt die beiden Haupttangenten der Flache durch den Punkt O in der 
wy-Ebene; dieselben sind daher stets von einander getrennt und geben die Rich- 
tungen an, in denen die beiden Asymptotencurven der Flache durch den belie- 
bigen Punkt O verlaufen. Jede dieser Asymptotencurven gehort einer ein- 
fachen Schaar von Asymptotencurven an, die die ganze Umgebung des Punktes 
O auf der Flaiche regular und liickenlos tiberdecken. Verstehen wir daher un- 
ter u, v geniigend kleine Werthe, so konnen wir gewiss folgende Construktion 
ausfiihren. Wir tragen auf einer der beiden durch O gehenden Asymptoten- 
curven den Parameterwerth w von O als Lange ab, ziehen durch den erhaltenen 
Endpunkt die andere mogliche Asymptotencurve und tragen auf dieser den 
Parameterwerth » ab: der nun erhaltene Endpunkt ist ein Punkt der Flache, 
der durch die Parameterwerthe w, v eindeutig bestimmt ist. Fassen wir demge- 
miss die rechtwinkligen Coordinaten , y, z der Flache als Functionen von wu, v 
auf, indem wir setzen : 


== (Vy Y= Yl. Ue cieaae (e (1) 


so sind diese jedenfalls fiir gentigend kleine Werthe von w, v regulare analy- 
tische Functionen von 2, v. 

Die bekannte Theorie der Flachen von der constanten Krimmung — 1 liefert 
uns ferner die folgenden Thatsachen : 

Bedeutet g den Winkel zwischen den beiden Asymptotencurven durch den 
Punkt w, v, so erhalten die drei Fundamentalgrossen der Flache die Werthe : 


on? dy\? dz\? 
= (5) + (on) +(e) =1 


_ Cede  dydy oz o% 
i Ou Ov dx dv § Ou dv 


Ox\? dy\?* Ges 
PAG ea eae 





= COS 9, 
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und mithin wird das Quadrat der Ableitung der Bogenlinge einer beliebigen 





Fia. 1. 


Curve auf der Flache nach einem Parameter ¢ von der Form: 


9 ds\? du\? 9 du dv dv\? 
~) (3:) = (%) + 08? att 7) 


Der Winkel ¢ geniigt als Function von wu, v der partiellen Differentialgleichung 





o : 
(3) 5 Sailer 
Die Formel (2) beweist den bekannten Satz :* 
In jedem Vierecke, das von vier Asymptotencurven unserer Fliche ge- 
bildet wird, sind die gegeniiberliegenden Bogen einander gleich. 

Die Formel (8) gestattet die Berechnung des Flicheninhaltes eines von 
Asymptotencurven gebildeten Viereckes mittelst seiner Winkel; Darsovux + ist 
auf diesem Wege zu dem folgenden Satze gelangt : 

Der Flicheninhalt eines aus Asymptotencurven gebildeten Viereckes auf 
unserer Flache ist gleich der Summe der Winkel des Viereckes vermindert 
um 2 7. 

Die Formeln (1) liefern eine Parameterdarstellung unserer Flache, bei welcher 

die Coordinatenlinien 
w= const., wv = const. 


die Asymptotencurven sind. Nach den obigen Ausfiihrungen erweisen sich die 
rechtwinkligen Coordinaten x, y, z gewiss fiir gentigend kleine Werthe von wu, v 
als umkehrbar eindeutige Functionen der Variabeln w, v d. h. die Formeln (1) 
vermitteln jedenfalls die umkehrbar eindeutige Abbildung eines Stitches der 
uv-Ebene in der Umgebung des Punktes w = 0, v = 0 auf ein Stick unserer 
Fliche in der Umgebung des Punktes O. Unsere Aufgabe besteht darin, die 





* Dini, Annalidi Mathematica, Bd. 4, 1870, S. 175. 
DarRBoux, Lecons sur la théorie générale des surfaces, Bd. 3, No. 773. 
BIANCHI, Lezioni di geometria differenziale, § 67. 

+ loc. cit., Bd. 3, No. 773. 
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gesammte Abbildung der w-Ebene auf unsere Flaiche zu untersuchen, welche 
durch die analytische Fortsetzung der Formeln (1) erhalten wird. 

Fassen wir irgend eine Asymptotencurve unserer Flache ins Auge, so erken- 
nen wir sofort, dass dieselbe im Endlichen keinen singuliiren Punkt haben und 
daher auch nirgends aufhoren darf; denn bei Annahme einer solchen singularen 
Stelle konnten wir in dieselbe den Punkt O verlegen und dies gabe einen Wider- 
spruch mit unseren fritheren Ausfuhrungen, wonach durch O stets zwei regulare 
Asymptotencurven hindurchlaufen und eine genugend kleine Umgebung des 
Punktes O auf unserer Flaiche durch regular verlaufende Asymptotencurven 
luckenlos erfullt wird. 

Aus diesem Umstande entnehmen wir die analytische Thatsache, dass die 
Functionen 2, y, z fiir alle reellen w, v eindeutig und unbegrenzt fortsetzbar sind. 
Um dies sicher zu erkennen, tragen wir vom Punkte O aus auf der Asymptoten- 
curve v = 0 die Lange w nach der einen oder anderen Richtung hin, je nachdem w 
positiv oder negativ ist, ab, ziehen durch den erhaltenen Endpunkt die andere 
Asymptotencurve, tragen dann auf dieser die Linge v nach der einen oder ande- 
ren Richtung hin, je nachdem vw positiv oder negativ ausfallt, ab und ertheilen 
endlich dem so erhaltenen Endpunkte, der die rechtwinkligen Coordinaten a, y, z 
haben moge, die Parameterwerthe uw, v. Auf diese Weise ist jedem Punkte der 
uv-Ebene jedenfalls ein bestimmter Punkt unserer Flache zugeordnet und die 
Funktionen a, y, z die diese Zuordnung vermitteln sind eindeutige fir alle reellen 
Variabeln w, v definirte und regulire analytische Functionen. 

Auch zeigt sich sofort, dass umgekehrt jedem Punkte unserer Flache min- 
destens ein Werthepaar w, v entspricht. Um dies einzusehen, bezeichnen wir 
diejenigen Punkte, deren Coordinaten durch Functionswerthe 


w(u,v), y(u,v), z(u,v) 


dargestellt werden, mit P, dagegen die Punkte der Flache, die durch unsere Ab- 
bildung (1) nicht betroffen werden, mit Q. Wiirden nun im Endlichen ein oder 
mehrere Punkte @ vorhanden sein, so miisste es gewiss mindestens einen Punkt 
A auf der Fliche geben, in dessen beliebiger Nahe sowohl Punkte P als auch 
Punkte Q gelegen sind. 

Nach den fritheren Ausfiihrungen existiren nun fiir die Umgebung des Punk- 
tes A zwei Schaaren von Asymptotencurven, deren jede diese Umgebung einfach 
und luckenlos uberdeckt. Unter diesen Asymptotencurven muss nothwendig 
mindestens eine soleche vorhanden sein, die sowohl einen Punkt P als auch einen 
Punkt @ enthalt. In der That, fassen wir eine der beiden durch A hin durch- 
gehenden Asymptotencurven ins Auge und nehmen wir an dieselbe bestiinde aus 
lauter Punkten P (bez. Q), so wiirden die Asymptotencurven derjenigen Schaar, 
zu welcher jene erstere Asymptotencurve nicht gehort, mindestens je einen Punkt 
P (bez. Y) namlich den Schnittpunkt mit der ersteren Asymptotencurve enthal- 
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ten. Die simmtlichen Curven dieser Schaar kénnen aber gewiss nicht aus lauter 
Punkten P (bez. @) bestehen, da sonst die ganze Umgebung von A nur Punkte 
P (bez. Q) enthielte. 

Es sei nun 7 die Lange eines Stiickes einer Asymptotencurve, deren Anfangs- 
punkt ein Punkt P und deren Endpunkt ein Punkt Q sein moge. Fassen wir 
die beiden durch den Anfangspunkt P laufenden Asymptotencurven der Flaiche 
ins Auge, so ist jenes Sttick von der Linge / nothwendig die Fortsetzung einer 
dieser beiden Asymptotencurven, und wenn daher w, v die Coordinaten des An- 
fangspunktes P sind, so wird der Endpunkt jenes Curvenstiickes entweder 
durch die Parameterwerthe u + /, v oder u, v + J dargestellt — entgegen unserer 
Annahme derzufolge der Endpunkt Q nicht durch die Formeln (1) darstellbar 
sein sollte. 

Damit ist bewiesen worden, dass durch die Formeln (1) die ganze Flache zur 
Darstellung gebracht wird, wenn w, v alle reellen Zahlenwerthe durchlauft. 

Endlich ist es fir unsere Untersuchung nothwendig einzusehen, dass die 
Formeln (1) jeden Punkt der Flache nur durch ein Werthepaar wu, v darstellen, 
d. h. dass die gefundene Abbildung (1) unserer Flache auf die wv-Ebene nicht 
blos fiir gentigend kleine Gebiete sondern im Ganzen genommen eine wmkehr- 
bar-eindeutige sein muss. 

Wir beweisen zu dem Zwecke der Reihe nach folgende Sitze: 

1. Hs giebt auf unserer Plache keine geschlossene, d. h. in sich zurtickkeh- 
rende Asymptotencurve. 

Zum Beweise nehmen wir im Gegentheil an, es sei eine solehe Asymptoten- 
curve auf unserer Flache vorhanden. Wir construire durch jeden Punkt 


H 
Fig. 2. 


derselben die andere Asymptotencurve und tragen auf diesen Curven stets ein 
Stiick s nach derselben Seite hin. Die erhaltenen Endpunkte werden dann 
entweder eine in sich zuriicklaufende Asymptotencurve bilden, oder die Endpunkte 
des Stiickes s beschreiben erst nach zweimaligem Durchlaufen der Grundcurve 
eine in sich zurtickkehrende Asymptotencurve—ein Fall, der eintreten konnte, 
wenn unsere Fliche eine sogenannte Doppelfliche wire. Fassen wir nun eine 
derjenigen Asymptotencurven von der Liinge s ins Auge, die uns vorhin zur 
Construction der neuen geschlossenen Asymptotencurve diente, so bildet dieselbe 
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doppelt gerechnet zusammen mit den beiden geschlossenen Asymptotencurven 
ein Asymptotenviereck, dessen Winkelsumme offenbar genau gleich 27 ist. 
Diese Thatsache aber steht im Widerspruch zu dem vorhin angeftihrten Satze, 
wonach der Inhalt eines Asymptotencurvenvierecks stets gleich dem Ueberschuss 
der Summe seiner Winkel iiber 27 ist und dieser Ueberschuss daher nothwen- 
dig positiv sein muss. 

2. Irgend zwei durch einen Punkt gehende Asymptotencurven schneiden 
sich in keinem anderen Punkt unserer Fliche. 

Wir denken uns eine Asymptotencurve a nach beiden Richtungen hin ins 
Unendliche verlangert und dann durch einen Punkt P, derselben nach einer 
Seite die andere Asymptotencurve b gezogen. Nehmen wir dann im Gegensatz 
zu unserer Behauptung an, dass diese Asymptotencurve 6 die ursprtingliche @ 
zum ersten Mal im Punkt P, schnitte, so sind die folgenden zwei Fille denkbar : 

Erstens: die Asymptotencurve 6 konnte so verlaufen, dass sie in P, von 
derselben Seite der Asymptotencurve a her eintritt, als sie dieselbe verlassen 
hat ; 

Zweitens: die Asymptotencurve b konnte derart verlaufen, dass sie von der 
anderen Seite der urspriinglichen Asymptotencurve a herkommt und mithin 
nach Verlassen des Schnittpunktes P, nach der namlichen Seite der Asympto- 
tencurve a gerichtet ist, wie anfianglich, als sie vom Punkte P, ausging. 

Wir wollen zeigen, dass beide Falle unmoglich sind. Was den ersten Fall 
betrifft, so bezeichnen wir die Linge der Strecke P,P, auf a mit 7 und die 
Mitte dieser Strecke mit @. Sodann denken wir uns durch jeden Punkt der 





Fia. 3. 


Asymptotencurve a die andere Asymptotencurve gezogen und nach der Seite, 
nach welcher hin die fragliche Strecke P,P, auf 6 liegt, die Lange 1/ abgetra- 
gen. Aus den Punkten P, und P, der Curve a erhalten wir auf diese Weise 
den namlichen Punkt Q als Endpunkt. Die simmtlichen erhaltenen Endpunkte 
bilden mithin eine Asymptotencurve, welche durch den Punkt Q geht und zu 
demselben Punkte @ in der nimlichen Richtung zuriickkehrt. Dies ist unmoég- 
lich, da es nach 1. auf unserer Flache keine geschlossene Asymptotencurve giebt. 
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Damit ist gezeigt, dass der erste Fall nicht stattfinden kann. Aber auch der 
zweite Fall ist unmoglich. Verliefe namlich die Asymptotencurve in der- 
Weise, dass sie nach Ueberschreitung des Schnittpunktes P, die namliche Rich- 
tung aufweist, wie friher in P,, so konnten wir die Fortsetzung dieses Stiickes 
P,P, der Asymptotencurve 6 tiber P, hinaus offenbar dadurch erhalten, dass 
wir von P, ausgehend durch jeden Punkt des Sttickes P, P, von 6 die andere 
Asymptotencurve construiren und auf allen diesen Asymptotencurven nach der 
betreffenden Seite hin das gleiche Stick P,P, der Asymptotencurve a abtra- 
gen. Die erhaltenen Endpunkte bilden die Fortsetzung der Asymptotencurve 
b von P, bis zu einem Punkte P, auf a. Aus diesem Sticke P, P, der 
Asymptotencurve 6 konnen wir in gleicher Weise ein neues Stiick der Asymp- 
totencurve 6 construiren, welches tiber P, hinaus geht und bis zu einem Punkte 
P, auf a reicht u.s.f. Auch ist klar, wie wir die Asymptotencurve 0 nach der 
anderen Richtung hin tber P, hinaus durch die entsprechende Construction 
fortsetzen konnen und so der Reihe nach zu den Curvenstiicken P, P_,, 
P_,P_,,:-+: gelangen. Die Asymptotencurve 6 schneidet also die Asympto- 
tencurve @ in den unendlich vielen gleich weit von einander entfernten Punkten : 


ee ee laa oe ge bres ke eiube 2, 





Fig. 4. 


Die Winkel, die die Asymptotencurve } mit a in bestimmten Sinne in jenen 
Schnittpunkten bildet, bezeichnen wir bez. mit 


Gx? el a Ha TE hed ng a hd 


Wir betrachten nun das Asymptotencurvenviereck P,P,P,P,P,, welches 
von den zwei Stucken P,P,, P,P, auf a und den zwei Curvenstiicken P,P,, 
P,P, auf 6 gebildet wird. Die vier Winkel dieses Vierecks sind 


aj, T—a,,a,, T—Q,, 


und da nach dem angefiihrten Satze iiber das Asymptotencurvenviereck der In- 
halt desselben gleich dem Ueberschuss der Summe seiner Winkel iiber 27 ist 
und dieser Ueberschuss daher positiv sein muss, so folgt 
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a a,t@am—a,+a,+7—a,> 27, 
d. h. 


(4) a,—a,>a,—4,. 
Ebenso folgt allgemein 
(5) oP meg a ea ad NOB Ns 8 (kK=0, +1, +2, --:). 


Wegen der obigen Ungleichung (4) konnen jedenfalls a, — a, und a, — a, nicht 
zugleich 0 sein; wir durfen die Annahme 


a,—a,+0 


treffen. Aus (5) folgen die Ungleichungen : 


(6) A» —Ay»,, > @, — a, (p=1, 2, 3, ---), 
a at = Ay — Ay) 

oder 

(7) Api, — & > a, — a, (p=-1, (20s sae) 


Bilden wir die Ungleichungen (6) und (7) fiir p = 1, 2, 3, ---, m, so folgt durch 
Addition derselben leicht 
a_, >a +n(a,—4a), 


Ce Are (a, is ay) 


Fallt nun a, — a, > 0 aus, so ist fiir geniigend grosse Werthe von n jedenfalls die 
erstere dieser beiden Gleichungen unmoglich, da die Winkel a, sammtlich klei- 
ner als 7 sind; fillt dagegen a, — a, > 0 aus, so folgt aus demselben Grunde 
fiir geniigend grosse Werthe von n die Unmoglichkeit der letzteren Gleichung. 

Die Asymptotencurve 6 darf daher auf keine der beiden angenommenen Arten 
verlaufen und mithin ist der Beweis fiir 2. vollstandig erbracht. 

3. Hine Asymptotencurve unserer EF liche durchsetzt sich selbst an keiner 
Stelle, d. h. sie besitzt keinen Doppelpunkt. 

Zum Beweise nehmen wir im Gegentheil an, es existire eine Asymptotencurve 
mit einem Doppelpunkt; dann verlegen wir den Anfangspunkt der krummlinigen 
Coordinaten uw, v in diesen Doppelpunkt und wahlen die beiden Zweige der 
Curvenschleife zu Coordinatenlinien, nach der Schleife hin den positiven Sinn 
gerechnet. 

Wir ziehen jetzt vom Doppelpunkte (0, 0) oder vom Punkte (— s, 0) begin- 
nend auf der w-Coordinate durch jeden Punkt der Schleife die andere Asymp- 
totencurve und tragen auf dieser nach der positiven Seite hin eine Strecke s ab: 
wahlen wir diese Strecke s gentigend klein, so werden die simmtlichen erhaltenen 
Endpunkte nach einem oben angeftihrten Satze tber das Asymptotencurvenvier- 
eck wiederum eine Asymptotencurve bilden. Diese Asymptotencurve geht vom 
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Punkte (0, s) bez. (—s, s) aus, durchsetzt sich selbst im Punkte (s, s) bez. 
(— s, s) und endigt im Punkte (s, 0) bez. (— s, 0). Wir sehen also, dass die 
eben construirte Asymptotencurve die urspriingliche Asymptotencurve in zwei 





— > U 
Fia. 5. 


verschiedenen Punkten (0, s) und (s, 0) bez. (0, s) und (— s, 0) schneidet ; dies 
ist nach 2. unmoglich. 

4. Wenn wir durch jeden Punkt einer Asymptotencurve a die andere Asymp- 
totencurve ziehen und auf dieser nach der namlichen Seite hin eine bestimmte 
Strecke s abtragen, so bilden die erhaltenen Endpunkte eine neue Asymptoten- 
curve b, die die urspriingliche Asymptotencurve a an keiner Stelle schneidet. 

Denn ware P ein Schnittpunkt der Asymptotencurve } mit der urspriinglichen 
a, und tragen wir von P aus auf der Asymptotencurve } die Strecke s nach der 
betreffenden Seite von a hin ab, so mtisste der weitere durch den entstehenden 
Endpunkt Q hindurchgehende Asymptotencurvenzweig ebenfalls zur Asympto- 


b 


a 


Fia. 6. 


tencurve } gehoren und mithin ware Q ein Doppelpunkt der Asymptotencurve 
b; das Auftreten eines Doppelpunktes ist aber nach 3. unmoglich. 

Aus den Sitzen 1. bis 4. konnen wir sofort diese Schlussfolgerungen ziehen : 

Die simmtlichen Asymptotencurven unserer Hliche zerfallen in zwei Schaaren. 
Irgend zwei derselben Schaar angehorende Asymptotencurven schneiden sich 
nicht; dagegen schneiden sich je zwei Asymptotencurven, die verschiedenen 
Schaaren angehoren, stets in einem und nur einem Punkte der Fiche. 

Die Coordinatenlinien w = 0, v = 0 sind zwei Asymptotencurven die verschie- 
denen Schaaren angehoren. Wegen der Bedeutung der Coordinaten wu, v als 
Langen gewisser Coordinatenabschnitte entnehmen wir aus den eben ausge- 
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sprochenen Thatsachen zugleich, dass zu bestimmt gegebenen Werthen von wu, v 
stets nur ein Punkt unserer Flache gehort d. h. die zu wuntersuchende Ab- 
bildung (1) unserer Fiche auf die. uv-Hbene ist nothwendig eine umkehrbar 
eindeutige. Insbesondere folgt hieraus, dass unsere Fliche einen einfachen 
Zusammenhang besitzt und keine Doppelflache ist. 

Nachdem wir zu dieser wichtigen Einsicht gelangt sind, berechnen wir den 
gesammten Inhalt unserer Flache auf zwei Wegen; wir werden dadurch zu ei- 
nem Widerspruch gelangen. 

Der erstere Weg ist der folgende. Wir betrachten auf unserer Fliche das- 
jenige aus Asymptotencurven gebildete Viereck, dessen Ecken durch die Coor- 
dinaten 

Us 03 —U, V3 —U, —Y U, —Vv 

bestimmt sind. Da jeder Winkel dieses Vierecks < 7 sein muss, so ist die 
Summe der Winkel des Viereckes jedenfalls < 47 und der Inhalt des Vier- 
eckes d. h. der Ueberschuss der Summe seiner Windel tiber 27 ist mithin noth- 
wendig < 27. Lassen wir nun die Werthe von u, v unbegrenzt wachsen, so 
kommt jeder bestimmte Punkt der Flache sicher einmal im Inneren eines Vier- 
eckes zu liegen und bleibt dann im Inneren aller weiteren Vierecke, so dass das 
unbegrenzt wachsende Viereck schliesslich die ganze Oberfliche umfasst. Wir 
entnehmen daraus, dass der Gesammtinhalt unserer Flache = 27 sein muss. 

Andrerseits betrachten wir die geodatischen Linien auf unserer Flache. 
Wegen der negativen Krviimmung unserer Flache ist jede geoditische Linie zwi- 
schen irgend zweien ihrer Punkte gewiss kurzeste Linie, d. h. von kleinerer 
Lange als jede andere Linie, die auf der Flache zwischen den namlichen zwei 
Punkten verlauft und sich durch stetige Aenderung in die geoditische Linie 
uberfiihren lisst. Wir fassen nun irgend zwei vom Punkt O ausgehende geo- 
datische Linien auf unserer Flache ins Auge und nehmen an, dieselben schnitten 
sich noch in einem anderen Punkt P der Flache. Da nach dem oben Bewiese- 
nen unsere Flache einen einfachen Zusammenhang besitzt, so lasst sich jede die- 
ser beiden geodatischen Linien O P in die andere durch stetige Veranderung 
iiberftihren ; es mtisste also nach dem eben Ausgeftihrten jede derselben kiirzer 
sein als die andere, was nicht moglich ist. Unsere Annahme der Existenz eines 
Schnittpunktes P ist also zu verwerfen. Durch die namlichen Schliisse erken- 
nen wir auch, dass eine geodatische Linie unserer Flache weder sich durchsetzen 
noch in sich selbst zuriicklaufen darf. 

Denken wir uns nun auf allen von O ausgehenden geodatischen Linien die 
gleiche Linge 7 abgetragen, so bilden die erhaltenen Endpunkte eine geschlos- 
sene doppelpunktslose Curve auf unserer Flache. Das von dieser Curve um- 
spannte Gebiet besitzt nach den bekannten Formeln der LoBATSCHEFSKIJschen 
Geometrie den Flaicheninhalt 

r r\2 
uy (2 —¢e 3) : 
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Da dieser Ausdruck fiir unendlich wachsende Werthe von-r selbst tiber alle 
Grenzen wichst, so entnehmen wir hieraus, dass auch der Gesammtinhalt unse- 
rer Fliche unendlich gross sein miisste. Diese Folgerung steht im Wieder- 
spruch mit der vorhin bewiesenen Thatsache, wonach jener Inhalt stets = 27 
ausfallen sollte. Wir sind daher gezwungen, unsere Grundannahme zu verwer- 
fen, d. h. wir erkennen, diss es cine singularitatenfreie und tiberall regular ana- 
lytische Flache von constanter negativer Kriummung nicht giebt. Inbeson- 
dere ist daher auch die zw Anfang aufgeworfene Frage zu verneinen, ob auf 
die BELTRAMIsche Weise die GANZE LOBATSCHEFSKIJsche Hbene durch eine 
regular analytische Lliche im Raume sich verwirklichen lasst. 


Ueber Flichen von positiver constanter Kriimmung. 


Wir gingen zu Anfang dieser Untersuchung aus von der Frage nach einer 
Fliche der negativen constanten Kriimmung, die tiberall im Endlichen regulir 
analytisch verliuft, und gelangten zu dem Resultate, dass es eine solehe Fliche 
nicht giebt. Wir wollen nunmehr mittelst der entsprechenden Methode die 
gleiche Frage fiir die positive constante Kriimmung behandeln. Offenbar ist 
die Kugel eine geschlossene singularititenfreie Flache der positiven constan- 
ten Kriimmung, und nach dem von H. LieBMann * geftihrten Beweise giebt es 
auch keine andere geschlossene Fliiche von derselben Eigenschaft. Diese That- 
sache nun wollen wir aus einem Satze herleiten der von einem beliebigen singu- 
laritatenfreien Stiicke einer Fliche der positiven constanten Kriimmung gilt und 
folgendermassen lautet. 

Auf einer analytischen Fliche der positiven constanten Kriimmung + 1 sei 
ein singularititenfreies einfach oder mehrfach zusammenhiingendes Gebiet im 
Endlichen abgegrenzt : denken wir uns dann in jedem Punkte dieses Gebietes 
sowie in den Randpunkten desselben die beiden Hauptkriimmungsradien der 
Piiche construirt, so wird das Maximum der grosseren und folglich auch das 
Minimum der kleineren der beiden Hauptkriimmungsradien gewiss in keinem 
Punkte angenommen, der im Inneren des Gebietes liegt —es sei denn unsere 
Hliache ein Stiick der Kugel mit dem Radius 1. 

Zum Beweise bedenken wir zuniichst, dass wegen unserer Voraussetzung das 
Product der beiden Hauptkrummungsradien tiberall = 1 und daher der grossere 
der beiden Hauptkriimmungsradien stets = 1 sein muss. Aus diesem Grunde 
ist das Maximum der grosseren Hauptkriimmungsradien offenbar nur dann 
= 1, wenn beide Hauptkriimmungsradien in jedem Punkte unseres Flachen- 
stiickes = 1 sind. In diesem besonderen Falle ist jeder Punkt des Flachen- 
stiickes ein Nabelpunkt, und man schliesst dann leicht in bekannter Weise, dass 
das Flichenstiick ein Stiick der Kugel mit dem Radius 1 sein muss. 





*Gottinger Nachrichten, 1899, S. 44, 
Trans. Am. Math. Soc. 7 
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Nunmehr sei das Maximum der grosseren der beiden Hauptkriimmungsradien 
unserer Fliche > 1; dann nehmen wir im Gegensatz zu der Behauptung an, es 
gibe im Inneren des Flichenstiickes einen Punkt O, in welchem jenes Maximum 
stattfinde. Da dieser Punkt O gewiss kein Nabelpunkt sein kann und tberdies 
ein regulirer Punkt unserer Fliche ist, so wird die Umgebung dieses Punktes 
liickenlos und einfach von jeder der beiden Schaaren von Kriimmungslinien der 
beiden Flichen bedeckt. Benutzen wir diese Kriimmungslinien als Coordina- 
tenlinien und den Punkt O selbst als Anfangspunkt des krummlinigen Coordi- 
natensystems, so gelten nach der bekannten Theorie der Flachen positiver con- 
stanter Kriimmung die folgenden Thatsachen.* 

Es bedeute 7, den grosseren der beiden Hauptkriimmungsradien fur den 
Punkt (w, v) in der Umgebung des Anfangspunktes O = (0, 0); es ist in dieser 
Umgebung 7, > 1. Man setze 
pkey 1b 
Sy al 
dann geniigt die positive reelle Grosse p als Function von w, v der partiellen 


Differentialgleichung 
O’p Op e-2P aes e7P 
(8) aut + Gt = 


Da bei abnehmendem 7, die Function p nothwendig wachst, so muss p als 
Function von w,v an der Stelle w = 0, v = 0 einen Minimalwerth aufweisen, 
und demnach hat die Entwickelung von p nach Potenzen der Variabeln wu, v 
nothwendig die Gestalt 


p=ataw’ + 2Buv+y'?4+---, 
wo a, a, 8B, y Constante bedeuten und dabei die quadratische Form 
au? + 2Buv + yo", 


fir reelle w,v niemals negative \Verthe annehmen darf. Aus letzterem Um- 
stande folgen fiir die Constanten a und y nothwendig die Ungleichungen : 


(9) a=0 und y=0. 


Andrerseits wollen wir die Entwicklung fiir p in die Differentialgleichung (8) 
einsetzen: fiir w= 0, v = 0 erhalten wir dann 


—2a e24 


Peat a eerie Gaara 


Da die Constante a den Werth von p im Punkte O = (0, 0) darstellt und mithin 


*DARBOUX, Legons sur la theorie générale des surfaces, Bd. 3, No. 776. 
BIANCHI, Lezioni di geometria differenziale, § 264. 
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positiv ausfallt, so ist hier der Ausdruck rechter Hand jedenfalls < 0; die 
letztere Gleichung fiihrt desshalb zu der Ungleichung 


aty<0, 


welche mit den Ungleichungen (9) in Widerspruch steht. Damit ist unsere ur- 
spriingliche Annahme, wonach die Stelle des Maximums im Inneren des Flichen- 
stiickes liege als unzutreffend und mithin der oben aufgestellte Satz als richtig 
erkannt. 

Der eben bewiesene Satz lehrt offenbar folgende Thatsache. Wenn wir aus 
der Kugeloberflache ein beliebiges Stick ausgeschnitten denken und dann dieses 
Stiick beliebig verbiegen, so findet sich das Maximum aller grosseren vorkom- 
menden Hauptkriimmungsradien stets auf dem Rande des Flachenstiickes. Eine 
geschlossene Flache besitzt keinen Rand und daraus folgt, wie bereits oben be- 
merkt, sofort der Satz, das eine geschlossene analytische singularitatenfreie 
Fiche mit der positiven constanten Kriimmung 1 stets die Kugel mit dem 
Radius 1 sein muss. Dieses Resultat driickt zugleich aus, dass man die Kugel 
als Ganzes nicht verbiegen kann, ohne den regular analytischen Charakter der 
Flache irgendwo zu storen. 

GOTTINGEN, 1900. 





NOTE ON THE FUNCTIONS OF THE FORM 


ST x) = $(w) + aw! + aw"? +--+ +4, 
WHICH IN A GIVEN INTERVAL DIFFER 


THE LEAST POSSIBLE FROM ZERO’ 


BY 


H. F. BLICHFELDT 


TscHEBYCHEFF has considered the following problem: f(«) is a given fune- 
tion of w and of n arbitrary constants a,, a,,---, a, , and is, together with its 
partial derivatives with respect tow, a,, a,, +--+, @,, continuous in the interval 
a=x =D); to determine the constants a,, a,,---, a, so that the greatest value 
of [ f(«)]’, in the same interval, shall differ as little as possible from zero. + 

His solution is as follows: 

For any given set of values of the constants a,, a,,---,@,, let w,, @,,---, &, 
be all the different values of « for which [ /(x)]’, in the interval a=u=b, 
reaches its greatest value L*. Then must #,, ”,,---,@, evidently satisfy the 
two equations 


(I) [Any —L2=0, (w—a)(w—b)f'(@) = 0. 


If it is now possible to satisfy the ~ equations 


2 af(a,) ; - 
(1) i Ne ee (=1,10; “ae 
k=1 k 


by finite, determinate values of the m quantities 1V,,.--, V,, then it will be pos- 


sible to give to the constants a,,---, a, such small increments, proportional to 


NV,, -::, WV, that the greatest absolute value of f(x), for a =x =b, becomes 


less than Z, which is taken positive. 





* Presented to the Society (Chicago) April 14, 1900, under a slightly different title. Re- 
ceived for publication November 21, 1900. 

ft Sur les questions de minima qui se rattachent & la représentation approximative des fonctions, 
Pétersbourg Mémoires, series 6, vol. 7. The above statement of TSCHEBYCHEFE’S results 
is taken from J. BERTRAND, Calcul Différentiel, p. 512. 
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Consequently, the set of constants a,,---,a,, for which the greatest abso- 
lute value of (x) in the given interval is the least possible, must be such that the 
w equations (II) are inconsistent for finite values of the constants V,,---, WV, - 


This requires, in many eases, that w >, only. In particular, if 
| ) J ’ td » ON) } ) 
oy ieee nl n—2 
J(e) = e+ aw paw +--+a, 


and the interval is —h=x”=+h, the necessary and sufficient condition im- 
posed upon ,, ---+, a, is that the equations (1), 


[Ao]? — i= 0) Gh — fe) = 0, 


possess x + 1 different, common solutions. These solutions are therefore — i, 
+h, and all the n —1 roots of f’(@) = 0, which last are obviously double roots 
of [ f(w)|/?— L°=0. Hence, as f'(w) = na” + ete., we must have identically 


‘ay 4 
[Ae Tt =o + ote. =r (TOY, 


and therefore 


f(x) n 


i = all mee 


from which we get by integration, 


s 


A” i 1 a — 
re gn=1 COS cos”! (5) =o {e+ Var—h?]"+ [w — Va — ey; 


the values of Z and the constant of integration being readily determined. The 
result just given is in accord with that of BERTRAND obtained (loc. cit., pp. 514— 
518) by lengthy considerations involving the theory of continued fractions. * 

In general, several sets of constants a,,---,a, can be found to satisfy 
TSCHEBYCHEFF’S conditions. If the function /(~) involves the constants in the 


following manner : 
f(@) = $(@) i aoe at aco" fe oe hs eet 1.3 


the labor of selecting the required set is much simplified by the following con- 
siderations. 
Let us by the “maxima” of [f(«)]? in the interval a=a=6 understand 


those only which are equal to LZ’, the greatest value of [ f(«)]’ in the given in- 








terval. If we classify these maxima as positive or negative according as the 
corresponding value of f(v) is + Z or — LZ, and plot the curve y = f(a), we 





*In Liouville’s Journal, ser. 2, vol. 19 (1874), pp. 319-347, TSCHEBYCHEFF has solved 
this problem with the additional condition imposed upon f(«#), that it either never decreases or 
never increases in the given interval. 
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shall find at least n alternations of the two kinds of maxima in the given in- 
terval.* 

The curve 7’ = Bx" + Bw"? + +--+ 8) is continuous and can be made to 
cross the axis of Y at n—1 given points. If the curve y= f(x) = $(x) + 
a," + ao" + ++. + a, whose maxima are assumed to have their least pos- 
sible absolute value, had less than n alternations of the two kinds of maxima, 
we could construct a curve 7 = 8,2" + By"? + ---+ 8 which would have 
positive ordinates whenever y = f(x) possessed negative maxima, and vice versa, 
at the same time making the largest of its ordinates in the given interval as 
small as we please. ‘The maxima of the curve 


Y = f(x) = y = p(x) ch: (a, an Bee i (a, ae B,)a"~? ape em (a, ota B,) 


would thus be less in absolute value than those of y =/(«), contrary to hypoth- 
esis. 

For instance, the nearest approximation to sin w of the form a,x + a, in the 
interval 0 =a =h =7/2 must be such that the curve y = sin x — a,x — a, shall 
have two positive maxima including one negative, or vice versa; there being 
just three maxima in the given interval, namely, for «= 0, cos-'a,, h. These 
maxima, being given by 

—a,, +vV1—ai—a,cosa,—a,, snh—ah—a,, 
must therefore satisfy the relations : 
(— a,)+ (+ V1 —aj —a, cosa, —a,)=0, 
—(—a,)+(sinh—ah—a,)=0, 
so that 


ipa ; snh\? sink _| (sinh 
a,=,sinh, a,=+4,{1— ay ed ee ye Se AE. 


The approximation is, therefore, 


sinh — _ sink\*? sink _,fsink 
Oh ANT Nh) cae ei er a 


STANFORD UNIVERSITY, CAL. 














* The writer has not access to the original memoirs of TSCHEBYCHEFF, in which this property 
may have been indicated. 
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CANONICAL FORMS OF QUATERNARY ABELIAN 
SUBSTITUTIONS IN AN ARBITRARY GALOIS FIELD * 


BY 


LEONARD EUGENE DICKSON 


§1. Introduction. 


For application to the problem of the distribution of the substitutions of a 
given group into complete sets of conjugates within the group, a set of canon- 
ical forms for its substitutions should have the property that two substitutions 
are conjugate within the group if, and only if, they are reducible to the same 
canonical form according to a definite scheme of reduction. In particular, if the 
canonical form belongs to a higher field than the initial GZ’[ p"] , the new in- 
dices introduced must be conjugate with respect to the initial field. 

In the present paper is given a set of canonical forms of quaternary abelian 
substitutions in the G/’[ p”] such that the canonical forms likewise belong to 
the special abelian group SA(4, p”), the reduction being effected within the 
group. From them are derived the ultimate canonical forms, not all belonging 
to the given abelian group. In the former case, the canonical forms depend 
on the coefficients of the characteristic equation, in the latter case upon its roots. 

When the given group is the general linear homogeneous group on m indices 
with coefficients in the G/'[ p"], a set of ultimate canonical forms is furnished 
by a theorem due (for the case n = 1) to JorDAN.+ Likewise for the group of 
ternary linear homogeneous substitutions of determinant unity in the G/T p"] , 
a complete set of ultimate canonical forms has been determined. + The problem 
has also been solved for the corresponding binary group. The corresponding 
problem for a linear group of special character (i. e., not directly related to the 
general linear group) has not been previously solved so far as is known to the 
writer. The simplicity of the canonical substitutions for the quaternary abelian 
group makes comparatively easy the classification of abelian substitutions into 





* Presented to the Society (Chicago) December 28, 1900. Received for publication January 
5, 1901. 

+ Traité des substitutions, pp. 114-126. A simple proof by induction of the general theorem 
has been given by the writer in the American Journal of Mathematics, vol. 22, p. 121, 
1900. 

t Dickson, American Journal of Mathematics, vol. 22, p. 231, 1900. 
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sets of conjugates within the abelian group (§ 23). The analogous problem is 
then solved (§ 25) for the simple quotient-group A(4, p") and the results are dis- 
cussed for the case p" = 3, which leads to a simple group of order 25920 of fre- 
quent occurrence in geometrical problems ($§ 26-27). In addition to the checks 
mentioned in $$ 23, 24 upon the calculations of the paper, it may be stated that 
the results for the case p" = 3 were previously derived by methods independent of 
those employed in this paper.* 
Frequent use will be made of the theorem + that the equation 


af’ + Br? =1 


has in the GFT p"] (p > 2), p” —v solutions (€, 7), where v denotes + 1 or 
— 1 according as — af is a square or a not-square in the field. 


§ 2. Definition of the abelian group. 


The quaternary special abelian group S.A(4, p”) is composed of the linear 
substitutions 

Piatt te LG. 

f= Oi) Van “p Baae eis 

(1) a us aan Pa Oy B,, 61, 

f= GM Yor %2 Yo0 


My = By, on Bo 6,. 





~ 


b 





with coefficients in the G#'[ p”] which satisfy the relations $ 





a Vu ap Vp | a Yn | Qo Yo9 | 
(2) Peal =1, hard =1, 
Ca o, Bi» ou | | PA 8, | cP On, 
Foc Fee sn | a, Vip | By 8, | at O. | 
(3) | +) j= 0, Pal =O, 
boot EN 120 Yoo | Pa 85, | Boe O55 | 
; | Ba Ni Qe Vie | By, 8, | | ete O» 
\+) | fap) i= 0, a = 0, 
Pa 8 eS ony A, Yn | %,o — Yo9 




















and equivalent relations (2’), (3’), (4’), formed from the columns of (1) as the 
former were formed from its rows. 


* An account of these elementary methods, sufficient for the case p"—3, was presented Jan- 
uary 7, 1901, to the London Mathematical Society. 

{Compare American Journal of Mathematics, vol. 21, p. 195, 1899. 

{ Forn=1, the abelian group was studied by JORDAN, Traité des substitutions, pp. 171-179 ; 
for general n, it was investigated by the writer, Quarterly Journal of Mathematics, 
vol. 29, pp. 169-178, 1897 ; vol. 31, pp. 383-4, 1899. 
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Of the simplest substitutions satisfying these relations, the following are fre- 
quently employed in this paper, the notations being standard : + 


Mame & Sea Ny aE: 
Ly: §&=& +9; 
Lint n= 0, t€5 
Fin: & = dE, 9, =r "0,5 
Py: =6) 1=%, &=&s = 1,3 
OR ee a eee 

The order WV of SA(4, p") is p*(p™ — 1) (p" —1). 

Since the general substitution (1) may be derived from the generators L,, , 


M, and N;;,, its determinant is unity. 
The reciprocal of S, given by (1), is 


Oy anes 6, — Yor 
(5) gc ai By, a a Pa >) 
of me thy: o,5 — Yo9 
se Bi, on am By, 9 


It follows that the first minors (taken without prefixed sign) of a,.,6,,6,,, 7, 
are respectively O45 Ars Vyo By 


$8. Characteristic equation of an abelian substitution. 


By definition, the characteristic determinant of S is 


“aber bee ener Qi» ver 

By 6,—« Ps oF 
A(x) = a, Yor Genny 

By, 8, Boy 5,,—« 








The constant term A(0) of A(x) expanded according to powers of « is unity, 
being the determinant of the substitution. The coefficient of — « is 


a Vu GX 
iste 8 By. 


an You G9 


| 8, By, 8,4 Sgt) G19 Ne | | cat Yu Yi2 
| 
| 








Yor %2 Yoo} | %1 2 Yoo | + B,, 6, 82) + 
18 By 8,5 | [Ba Bap 8, By 8x 85, 
5 by mis ea 6, + Gy: 


+ If an index is not altered, it is not written in the formula. 
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The coefficient of x? is the sum of six determinants of the second order. In 
particular, A(x) has the form 


Ke cs (a, a Oy te Q9 ae 6,)K° i ()«° ore (a, at Oy a Qo9 ay 6,9)K ae 1 < 
Hence the reciprocal of any root of A(«) = 0 is itself a root. The character- 
istic equation of a special abelian substitution is a reciprocal equation.* 


§ 4. Substitutions whose characteristic equations have all their 
roots in the GE'[ p"], no root being +1. 


Suppose first that all the roots of A(«) = 0 belong to the GF p"]. Desig- 
nate them by «, x~', X, A~! and consider first the case in which no root is +1. 
The root « leads to a linear function » = a&, + bn, + c&, + dyn, which S mul- 
tiplies by x. But SA(4, p”) contains a substitution V which replaces & by o. 
Then V-'SV = S, replaces &, by «&,. Likewise the root «~', which is also 
a root of the characteristic equation for S_, leads to a linear function 


ey = ag, ae bn, ik 0, €, io dn, ’ 
which S, multiplies by «~’. . 
If 6, + 0, the group contains the abelian substitution 


Ure 11) RanO ame) | 
: b d 
Bd 0 oe 
| G UU See eae | 
Then U-'S,U, being abelian, takes the form 
hice DOP AD eens 


i m0 a 
0 10% aa 
Lo 0 So Tienes) 


From the assumption concerning A(«), the equation 


a C 


1 1 1 


UV= 








la—Kk ¥ | 
| 


aie 8 ee 


has as its roots the distinct marks 1, X—' of the GF[p"]. Hence the given 
substitution S is conjugate with the canonical form . 


= 0 





* The theorem is true for any number 2m of indices. For proof, the direct method of the 
text may be employed ; another proof may be based upon the canonical forms of linear substi- 
tutions in a Galois field. In a subsequent paper the writer intends to extend the present inves- 
tigation to the case 2m > 4. 


1901] ABELIAN SUBSTITUTIONS IN A GALOIS FIELD 107 


(6) £’ = KE, 5 n, = Re wl & = r€, “ n; = An, k 


We take X + « or «', the contrary cases leading to the type (7) below. Here 
« has p" — 8 and 2X has p” — 5 values if p > 2; while, for p = 2, « has 2"— 2 
and X has 2"— 4 values. But the substitution (6) is transformed by J/, into a 
similar one with « and «~ interchanged ; by JZ, into one with > and A~™ inter- 
changed; by P,, into one with « and A, «~' and A interchanged. The eight 
resulting combinations give all the substitutions of the type (6) with the distinct 
roots «,«~',rX,A~'. The number of types of canonical forms is therefore 


1(p"— 8)(p"— 5), for p>2; 1(2"—2)(2"—4), for p=2. 


The most general substitution of SA(4, p”) commutative with a given substitu- 
tion (6) has the form 


S306, en ys b= 05, ; 7, = O~'n,» 


Their number being (p"— 1)’, it follows that each substitution (6) is one of 
N+ (p"—1)P = p(p" + 1)(p" +1) conjugates within SA(4, p”). 

If, however, 6, = 0 in o,, we may suppose that c,+ 0. For, if c=0, 
d, + 0, then M>'S MM, multiplies a, + d,&, by «'. With c, + 0, the group 
contains the abelian substitution 


| J. 0 0 0 

, 0 TP >. 0 S ex| 

ee | G0 1 | . 
0 0 0 oy | 


Hence VS, V belongs to the group and has the form 
| Cpe er & U5) 
eh Ko Pi 0 


Bo, = «73,.). 
c foes (Bor = "°B,2) 


L By, 0 Bs, Ms 
Transforming by ZZ, and taking 
B,t(K—K«")=0, 8, +o0(«'—«)=0, 


we find a substitution of the same form, having 8,,= 8,,=0. If 8,,=0, we 
have the canonical form 


(7) coe Re ee ere = Koc, ! == ky, 


If 8,, + 0, we transform by 7,, ,, and obtain the type 
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K 0 0 0 } 

0 PK Sa | 
®) Me ee. 

K 0 0 K | 


| 


The number of non-conjugate substitutions (7) with «° + 1 is 3(p" — 3) if 
p> 2 and 34(2"— 2) if p=2. A substitution commutative with (7) has the 
form 








a 0.0 p 
0a b 0 
0c d 0 
ly 0 0 8] 


The abelian relations give 
aa—Bb=1, ac—Bd=0, —yat+db=0, —ye4+dd—=1. 
Letting A = ad — bc, we have, as the solution of these relations, 
a= d/A 5 B = c/A yi b/A 9 o= a/A . 

The number of the commutative substitutions is therefore (p*" — 1)(p™ — p"), 
so that each substitution (7) is conjugate within SA(4, p") with exactly 
p"'(p™ + 1) (p" + 1) substitutions. 

The substitution (8) is transformed by P,, into a similar one with «~" in place 


of «. Hence there are 3(p” — 8) or 3(2" — 2) non-conjugate substitutions (8) 
with «+1. A linear substitution commutative with (8) has the form 


Exec 
Perey 
Peat: |: 
Baro: 


The abelian relations give ac = 1, — be + ad=0, whence 
ec=a', d=be’. 
The number of such substitutions is therefore p"(p” — 1): Hence each substitu- 


tion (8) is one of p*"(p*” — 1)( p" +1) conjugates. 


§ 5. Roots in the field, two of them being +1. 


Suppose next that the roots are x, «~', +1, +1, where « isa mark + 0 
or +1 of the G/’[ p"]. The canonical form is 
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Pye ech. «Obes 0 
§ eu 0 © "0 
(9) 
0 9 +1 01 
lo 0 6 +1: 


For 8 = 0 there are p" — 3 or 3(2” — 2) types each commutative with 


ie 0 O . 
i |0 ¢ 0 0 
(ad —be=1), 
( Ge da cee? eas 








| 0 0 C d | 


giving (p"—1)p"(p —1) substitutions. Hence each type yields a set of 
p'(p™ + 1)(p” + 1) conjugate substitutions of SA(4, p"). 

For 8 + 0, the substitutions with 8 a square are transformed into each other 
by abelian substitutions 7, , and likewise those with 6 a not-square. The two 
sets are seen to be not conjugate within SA(4, p"). The number of types is 
therefore 2(p” — 3) or 3(2" — 2) according as p> 2o0rp=2. A substitution 
commutative with (9) for 6 +0, «* +1 has the form (10) with 6=0 and 
a@=d. Each type is therefore commutative with 2p"(p"—1) or 22" — 1) 
substitutions and thus conjugate with exactly dp*"(p”"—1)(p"+1) or 
2°"(2 — 1)(2” + 1) substitutions within SA(4, p”). 


§ 6. Two roots each +1 and two roots each +1. 
If the roots are +1, +1, +1, + 1, the canonical form is 
foe 1 0 0 0} 


| a +1 0 0 | 
| Gene Geert 0 Or 
| 0 0 pf $1] 


One may chose the lower sign, transforming if necessary by P,,. 


For a= 8=0, the substitution becomes 7, _, and, for p> 2, is commuta- 


tive only with the [ p"(p™" — 1)] 2 substitutions 


(11) 





| GG 0f 0 | 

ed 0 0! 
(12) (ad —be=1, a,d,—b,c,=1). 

Cie Omen. O 

| G, e-0aro: 20 
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For a + 0, we may suppose that a = 1 or v, where v is a particular not- 
square in the GF'[ p"] ; indeed, a is replaced by ac~ upon transforming (11) 
by 7,,. Similarly, we may assume that 8 =0, l orv. The resulting eight 
types are: ; 
Li ese dan Lae Ob ee ea Lge SBR ge Eee 


where «4 =1or v. The number of conjugates to each may be determined 
directly or more simply by the method of §§ 9-10. 


$7. Four equal roots each +1. 


If the roots be 1, +1, +1, +1, the canonical form is either 





(#1 0 0 07 f 41 00) ee 

| aoe 0 ‘ | Oates 1 ise 5_| 
as AUN oo ea) a ee Neem sehr es 

0 Dante ts ea ra) tj, ed 


according as the linear function w, determined by the second root + 1 contains 
n, or does not. If 6,,=—6),,=0; 2 is of ‘the form De Ih 6 0= 0778 aoe 
the transform of # by 7. 4B 4 is of the form # with 8,,=1,6,=0. The 
abelian relations give a, =0,8,,=1. Then, for 8,, + 0, we transform by 
the abelian substitution 


2 a es oF Bi Sa» 1) re ale Brn, ’ 
and reach a substitution of the form Z. A similar result follows if 6,,=0, 


a,, + 0, since the transform of 2 by P,, then has 8B, +0. Finally, if 
8,, = 4,, = 0, we have the substitution 


(eas | 0 0 0 
oe aa Aaa 
So | 0.4 0° Sees | 
| if 0 0 a 
For p > 2, this is transformed into Z (witha =1, B= — 1) by 
i 0 A 01 
0 i 0 1 | 
—1 0 4 0 | 
0 —4t 0 1 
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For p = 2, substitution (13) will be seen to furnish a new type. A substitu- 
tion (1) commutative with (18) must have the form 


a 0 a 0 


ll 12 
B,, 5, By, ie 
O., 0 6, 0 ; 


| Ba G1 B a, | 


4 


subject to the abelian conditions 
a9) an A,r. =1 ’ By. ot Ona ots a8, = OP es =0. 


By the former, a,, and a,, are not both zero, so that the latter determines one of 
the 8;, in terms of the other three, which may be chosen arbitrarily in the 
GF [2"|. Hence there are 2"(2” — 1)2°" substitutions of S.A(4, 2") commuta- 
tive with (13). A substitution ZL is conjugate with the identity or L,, or 
Lf, By §10, £,,L,, is commutative with exactly 2” substitutions of 
SA(4, 2”), so that L,,£,, and (18) are not conjugate within the group. A 
different argument is necessary for the case of L,, and (18); but the latter are 
readily shown to be not conjugate under abelian transformation. 

It remains to consider “ when 6,, +0. The transformed of f by 7) ,— is 
of the form #2 with 6 
substitution 


,»=1. The latter is transformed by L,,,, into the 


1 


fe Cage at 0) 

25 Desi et ana 
R, = | 

oll Mody etre 50 

leer 0 a Sy 


Suppose first thatp=2. Ifa=0, the transform of FR, by JZ, is of the form 
R with 6,,=0, a case previously considered. If a+ 0, the transform of 
R, by 7,7, is of the form &, with «~*a in place of a. Choosing « = a?, we 


obtain a substitution 


eee 
Bete t 
ey es | 

Here | 


of period 4. Transforming /?, by the abelian substitution 


ois n=, +77,+ 7°, f= &— té,; n= 9, +76, . 


we obtain, for p = 2, the substitution 2,, where b= 8+7+47°. In order 
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that the G/’[2”] shall contain a mark 7 for which 6 = 0, it is necessary and 
sufficient that 


B=B+@+ B+---+ Ph" =0. 


Since @ belongs to the field, B? = B. Inversely, there are 2”—' marks 8 mak- 
ing B= 0 and as many making B=1. The 2" substitutions A, for which 
B = 0 are therefore conjugate within SA(4, 2”). Likewise the 2"~’ substitu- 
tions #, for which L = 1 are all conjugate; indeed, &, is conjugate with , 
and 6 = 8 +7-+ 7° takes 2"~' distinct values when 7 runs through the series of 
2” marks, while 


b+ B+ pes rey line == ep She R PCE ES TB Pe pele EE IEC riieish 


That the substitutions #, for which B = 1 are not conjugate with A, may be 
shown by considering the condition &,S = SR,, S being of the general form 
(1). We find that S must have the form 


0D BD i 

chee! , eae = | 

oie Paes | ae) 
ee 


The latter conditions require that 8 + B,, + 83, = 0 (mod 2). 
For p = 2, the only substitutions of SA(4, 2") commutative with f, are of 
the form (14) subject, however, to the conditions 


By = By+ Be» By = By + Ba 
Hence 8,, = 0 or 1, while @,, and 8,, are arbitrary; thus there are 2-2” sub- 
stitutions. . 
For p > 2, &, is transformed into a similar substitution A’ having 8,, = 0 
by the following abelian substitution 


1, = + 3B & » uP = 7, + EP ino) . 


For a= 0, the transform of £’ by I, is of the form (18). 
For a+ 0, the transform of 2’ by 7, 


cives the substitutions 


== We) 
L007 2 San ee 
A) sac Le) ged | 
A,= ’ <2 ae pee eae 
ali = A02 Le 





4 0 a it 


Transforming A, by 7,,7,, we obtain A,,.-2. Hence, if p > 2, there are only 
four canonical types, v being a particular not-square : 
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(15) di ho A ‘ Pike i ot bas 


v 


1? Patel caod bebeg. 


The substitutions A, and 4, 7\_,7,_, are not conjugate, if p > 2, their char- 
acteristic equations having different roots. But every substitution commutative 
with one is commutative with the other, 7_,7,_, being commutative with every 
quaternary linear substitution. The period of A, is readily seen to be p if 
Tee fee, OF 4 if a= 2." ethan Al 7 17, is of period 2p if 
p> 83, 18 if p=3, or4if p=2. 

If S be the general substitution (1), the identity A,S = SA,, requires that 


iis tints lot for Fg = 8, = 0, Bon = An» Oo = 8, ’ Be = ao, ’ 
/ , 
Pa "Py Pa ae ao, ’ a0, = a'a,, » — a4, + 4a, =— oe 7 a0,, C 


The second abelian relation (2) then gives a,,6,, = 1, whence 


, 


ao.=a. 


Hence A, and A,, are conjugate within S.A(4, p”) only when a and a’ are both 


squares or both not-squares in the G'/’[p"]. To determine the substitutions S 
commutative with A,, seta’ =a. Then 





ing) = a (uea0 0 | 

a 8, Coe cre cr, ) 
| tO eek Uist eae 0 | 
poierad 08 Goh Ga: 


subject to the abelian relations 


=. 


9 
a 


— 9 2 
Leth a 1, 24,815 =e aa,,945 vanes ao; 


For each of the two values of a,,, 
there are 2p” substitutions commutative with A,. Hence each of the substitu- 
tions (15) is conjugate with exactly dp?"(p — 1)(p™" —1) substitutions within 
SA(4, p"), while no two of the four canonical types are conjugate. 


the second relation determines 64,,. Hence 


§8. Study of the abelian substitutions of type L. 


Upon transforming LZ by 7,,7,,, we obtain a substitution of the form Z 
with a, 8 replaced by ao~*, 8x~*. Hence the substitutions LZ are conjugate 
with one of the following : 





* For example, by introducing the new indices 
XA=—§,, Y=s, 2—f,—a47,, W=—a "1, —o,+-0'm, 
A, takes the standard canonical form (not abelian): 
XraX, Yaeyrtx, G=Z+Y, W=wW+Z. 
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DL, Ly, Dilek a (4, 7=0, 1, v). 


Of these, Z,,Z,, is transformed into Z,,Z,, by P,,, and L,,Z,, is trans- 
formed into L,,/,, by the abelian substitution 


vo 0 vo 01 
i aaa 
bee 0 vo i 

Oper ent 4 


Te 


subject only to the condition »(6’+ o*)=1, which has solutions in every 
GE [p"]. The identity and 7,_,7,_, are conjugate only with themselves. 
Hence the types Z remaining for consideration are: 

LR ae Srp ee ieee Te Eee L,,L,,7,,7,-. (¢=1,»). 
The characteristic equations for the second and fourth substitutions have the 


roots — 1 and hence are not conjugate with the first or third. 

The substitutions L,, and L,,, v being a not-square in the G/’[p"], p> 2, 
are not conjugate within the SA(4, p”). In fact, SZ,,=L,,S gives the 
conditions : 

By, = 0, oy = aie By. = B,, Se j= 0. 


Thus S does not satisfy the abelian relation (2) : 


l= a0, — Buty + 44,615 — Buty = Yai, 

The fact that Z,,L,, and L,,L,, are not conjugate with each other and that 
neither is conjugate with either Z,, or L,, within SA(4, p”) follows inciden- 
tally from the following determination of the number of abelian substitutions 
conjugate with each of the four. To determine the number of substitutions of 
SA(4, p") conjugate with Z,,L,,, let S denote the general substitution (1) 
commutative with it. The conditions for the identity 

SL, ,L,, = L,,L,,8 (4 + 0) 


are found at once to be the following: 


Bui=9, By=90, By=0, a,=6,, TR, =9, 


For r= 0, S has the form 
| iy Vu G2 Viz 1 
See ‘ap aU 





ee c pen eee | 


L 0 6, B 22 }, 2 


1901] ABELIAN SUBSTITUTIONS IN A GALOIS FIELD E16 


In particular, an abelian relation gives aj, = 1. Hence S= VY or 7,_,¥’, where 


ome = 
Y is the most general substitution of S.A(4, p") which leaves », fixed. The 
number of substitutions VY’ is p*"p"(p’” —1), being equal to the number of 


substitutions of SA(4, p") which leave fixed the index &,.* According as 
p>2orp=2, Ly, is one of 4(p”—1) or 2 —1 conjugate substitutions 
within S'A(4, p”). 
For 7 =1, a substitution S commutative with Z,,,, has the form 
oat Vu HO, he | 
Mig See 0 6. 








(17) ; 
Gy Voy Qo Y22 
0 pa, 9 Oy | 
subject to the abelian relations ; 
a?, + wot, =1, a3, + wa, =1, ai, + way, = 1, 
Bip) a 8.4» = 0 9% Yo. — V11%o1 =F Ooo — V12%. = 0. 
Hence 
a =f: y= = Gi» Ay, (Go oe oe) = 0. 


Suppose first that w is a not-square vin the GF[p"], p>2. Then a,, 
+ 0 anda, = +6,, a,,=+a,,. For any one of the p” + ¢ sets of solutions 
of at, + v7, =1, ¢ being +1 according as p"= 4/41, a, and a,, are de- 
termined except in sign ; while y,, is determined in terms of y,,, ¥,,5 %.- Hence 
there are 2p°"(p” + e) substitutions of SA(4, p") commutative with L,,Z,,. 

Suppose next that 4 = 1. Whether a,, be zero or not, we may set a,, = + a,,, 
a, == 6,,. For any one of the p” — « sets of solutions of aj, + 6;, = 1 in the 
GE p"], p> 2, 4, and a,, are determined except in sign, and one of the y, , 
is determined in terms of the remaining three. Hence there are 2p°"( p"— e) 
substitutions of S.A(4, p"), p> 2, commutative with Z,,L0,,. For p=2, 
we get a, =a,,, 0,,=4,,, @, +5, —=1, so that SA(4, 2") contains exactly 
2 substitutions commutative with L,,L,,. 


$9. Study of the substitutions L,,7,_, and L,,T,_,(u#=1 or v). 


If v be a not-square in the GF |p"], p > 2, no two of the substitutions 
qth (eee ato 5, y are conjugate within SA(4,-p").. The 
first two are not conjugate and the last two are not conjugate since their 
(p+1)-th powers are Z,, and L,, and are not conjugate by §8. Fiaally, a 
relation SL, , 7,_,= L,,7,_,S is proved impossible by forming the respective 
products. 





*Quarterly Journal of Mathematics, vol. 29, pp. 171-173, 1897. 
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Within SA(4, p"), p > 2, each of the four substitutions is one of a complete 


*” — 1) conjugate substitutions. In proof, let S be an abelian sub- 


set of Lp°"(p 
stitution commutative with L,,,7,_,. Then S is commutative with the p-th and 
(p + 1)-th powers of the latter, which are 7,_, and L,, respectively. Hence S 


is at the same time of the forms (12) and (16). Hence 


Orcued Ti 0 0 
Re Oe) eae 
| 0 Goo Yo9 
0 By» Oo» J 


subject to the abelian relations 
“ee =< uh 3 re —_ Bas Yoo = ] : 


The number of substitutions S is therefore 2p"p"(p™" — 1). 

A substitution S’ commutative with Z, 7, _, will be commutative with 
L, Ty 4:1, 17,1 = £,,7;,-, and vice versa. Hence every S’ is an S and 
vice versa. Hence the final theorem: 

Within SA(4, p"), p> 2, the substitutions L,,7,_,, L,,7,_,, 1,,7, ,and 
L,, T,_,, where v is a not-square in the field, are not conjugate and each gives 


ae 


2n 


rise to a complete set of tp — 1) conjugate substitutions. 


$10. Study of the substitutions L,,7,_,L,, (u,tT=1orv). 


The substitutions L,,7,_,/,., and Z,,7,_,Z,, are not conjugate within 
SA(4, p"),p>2. Indeed, their p + 1-th powers, L,,L,, and L,,L,, are not 
conjugate by §8. Likewise Z,,7,_,L,, and L,,7,_,L,, are not conjugate 
within S'A(4, p"). Finally, Z,,7,_,£,, is not conjugate with L,,7,_,l2, 3 
for, if S transform the former into the latter, it is seen that S must replace &, 
by v6,,E, + Y97, and , by 5,,€,, where vd}, = 1. Combining the four non-con- 
jugate substitutions into the single type # = L,,7,_,L,,, where un, 7T=1, v, 
it will be shown that each /’ is commutative with exactly 4p" substitutions of 
SA(4, p"), p > 2, and hence is one of aset of $(p” — 1) (p™ — 1)p" conjugate 
substitutions. In proof, let S be commutative with #. Then S must be com- 
mutative with #? = 7,_,, so that S must be of the form (12). Also S must 
be commutative with #?*’ = L,,L,, and hence have 8,, = 0, 8,,=0,a,,=6,,, 
a,, = 6,, ($8). Hence S has the form 

eet pe ie 

| Oeeea OA) ij 

0 0 A» Yoo 
pO geny = 00. fen 


Inversely, each of these substitutions is evidently commutative with Z’. 


(aes ai, == il); 
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In view of the number of the substitutions of SA(4, p") commutative with 
the substitutions / and the number commutative with the four of § 9, none of 
the latter are conjugate with a substitution /’. 


$11. Canonical form of a binary substitution of irreducible characteristic 
determinant. 


Theorem. A binary linear substitution in the GF p"] 


s=({ 4 (ad — By =1) 


whose characteristic determinant D(x) = x? — k(a + 6) + 1 is irreducible in the 
jield may be transformed into the canonical form 


a Ged 
Se( 4 ies 


by a linear substitution of determinant unity and belonging to the field. 
If Py=0, then D(«)=(« —a)(« — 6), contrary to hypothesis. Trans- 


; 1 0 0 
forming = by ee 1 ) , we obtain S = ( 248 i a ») . Ify bea square 


i 


in the field, the transform of S by 7),« gives =,. If y be a not-square, so 


1 
that p> 2, the transform of S by © a 


with c= y+ 7(a + 6)+ 7°y' in place of the coefficient y. Since 

ey =1+ ry-(a + 8) + (ty YP 
is irreducible in the field, c cannot vanish. Moreover, at most two values of 7 
give the same value to the expression c. Hence c has at least }(p" + 1) values 


+ 0, at least one of which is therefore a square in the field. By the earlier 
case, the substitution is conjugate with >, . 


) is a substitution of the form > 


By an analogous proof, = may be transformed into 
_,. {4#+6 —-1 
aie. ee: 1 0)° 


§ 12. Substitutions whose characteristic determinant is the product of two 
linear factors and an irreducible quadratic factor. 


4 


t 


Let the characteristic determinant A(«) of the abelian substitution S be 
the product of two linear factors and an irreducible quadratic factor each be- 
longing to the GZ’[ p"]. Denote the roots of the former by a, } and those of 
the latter by 2, 47". Then($3),6=a7", "= A771; hence W"41= 1, "141, 
the latter excluding only the two roots -- 1 of the former, so that >) may have 
p”" —1 or 2” distinct values, according as p > 2 or p= 2. 
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If at + a, S may be transformed by a substitution of SA(4, p") into a 
substitution S’ which replaces & by a&, and y, by a~'y,. On account of the 
abelian conditions, S’ is seen to affect €,, », according to a substitution of the 


form 
= (5 x) (ad — By=1). 


From the invariance of A(«), it follows that 2, X~* are the roots of 
ce —Ka+6)+1=0. 


In particular, the latter is irreducible in the G#’[p"]. By $11, there exists a 
substitution on &,, 7, with coefficients in the field and having determinant unity 


= (aa 
LAAs og eee 


A substitution S of the group SA[4, p"] whose characteristic determinant is 
— and an irreducible 


which transforms > into 


the product of two distinct linear factors k —a, K—4a 
quadratic factor n° — Ax + 1 is conjugate within the group with the canonical 
substitution 

f 0 

| fh RO 

| 0 8: 0 SF 20 apes: 


If a~-'=a, S may be transformed by a substitution of the group into a sub- 
stitution S| which replaces &, by a&, and 7, by an, + 0&, and therefore &,, 7, by 
linear functions of &,, 7, only. If 6 + 0, we transform S, by 7), and obtain 
a substitution of the form S, with c~*d in place of 5, so that b may be restricted 
to unity and (for p > 2) a particular not-square v of the field. The canonical 
forms within SA(4, p") of substitutions whose characteristic determinant is — 
the product of two equal linear factors « == 1 and an irreducible quadratic 


factor x» — Ax + 1 are 


2 


So 


(18’) 


+ 0 0 0} 


eee aL 0 0 

(19°) (i= 0 orn )e 
0 0 0 1 

| 


fe OO ord ea a 


To obtain ultimate canonical forms, we introduce the new indices, conjugate 
with respect to the GF p"], 


X=— E, ar AN, » Y= — = Se A—'n, C 
Then (18’) and (19’) each replace XY by 
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— ré, + A —- 1)n, —_ — rE; + Nn, = u— & + X15) ; 
Hence (18’) and (19°) are reducible to the canonical forms 


(18) E = ag, 5 n, = a—'n, 5 Pes — MX De =< AW ie (a= Ze 1% 


1 


(19) E =o E 9 vs = + n, + bE, : va as 7. 5 hd ier ly). 


1 


Two substitutions of S.A(4, p") reducible in this manner to the same canon- 
ical form (18) or (19) are conjugate within the group and inversely. 

There are }(p" —1)(p” — 3) or $2°(2" — 2) non-conjugate canonical types 
(18). Indeed, JZ, transforms (18) into a like substitution with @ and a inter- 
changed ; J, transforms (18) into a like substitution with X and )— inter- 
changed. A substitution of S.A(4, p") commutative with one having the canon- 
ical form (18) has simultaneously the canonical form 


Ee — c&, ’ n, — i ’ Ai TX , Y= kes 


where ¢ is any mark + 0 of the G/’[p”"] and 7 any root of 7?"*1=1, giving 
(p" —1)(p” + 1) substitutions. Hence each type (18) represents a complete 
set of p*"(p*” — 1) conjugate substitutions of SA(4, p"). 

For b = 0, there are p” — 1 or 2""'non-conjugate types (19). A substitution 
of SA(4, p”) commutative with one having the canonical form (19) with b = 0 
has simultaneously the canonical form 


See sh 7 1, +n, Ao tX, Y= rl, 


where ru — st = 1, giving p"(p” —1)(p" +1) substitutions. Each type thus 
represents p*"(p™” + 1)(p" — 1) conjugate substitutions of SA(4, p"). 

For 6 = 1 or a not-square v, there are altogether 2(p” — 1) or 2”~' non-con- 
jugate types (19). The commutative substitutions have the canonical form (20) 
with s=0,r=u=+1, giving 2p"(p” + 1) or 2"(2" + 1) substitutions. Hence 
each type represents a set of £p*"(p” — 1)(p" —1) or 2°"(2" — 1)(2"— 1) con- 
jugate substitutions. 


$18. Substitutions whose characteristic equations have no root in the GF p"). 


THEOREM. Within SA(4, p") any substitution S, whose characteristic 
equation A(x) = 0 has no root in the GFT p"], is conjugate with a substitu- 
tion replacing —, by yn,. 

Let S replace &, by o = a,,& + 9,7, + 4,& + ¥.7,- Suppose first that y,, 
+0. There exists in SA(4, p”) a substitution Z which replaces &, by y/7€, 
and 7, by » [compare §4]. Then 7-'S7 replaces &, by y7'n,. The same 
result will follow if S be conjugate within S.A(4, p") with a substitution having 
%1 +9. In the contrary case ¥,, = B,, = Y.. = 8» = 9 in S and all its con- 
jugates ; indeed, by transforming S by J/,, P,, or P,,J/,, we may bring the 

Trans. Am. Math. Soe. 9 - 
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coefficient £,,, ¥,, or 8,, in the place of the former y,,. By an earlier trans- 
formation, we can make 8,,= 7,,=9.* The resulting substitution is 


a 0 a 0 


1 


co) 


a 


r 
| 1 
| é 
Tete = | 
| a Ya Gp 0 
| Bay 6 


B, by, 0 22 


The transform of S’ by n| = 7, + ,, & = &,— &, has £,, as the coefficient of 
£ in n|. Hence 8,=0. Similarly y,=—0. Next Z,, transforms S’ into 
a substitution with 6,, —a,, as the coefficient of », in &. Hence 6,, = a,, and 
- similarly 6,,=a,,. . The transform of S’ by W,,,: €, =, + »,, €,—=€ + 
has 6,,—a,, as the coefficient of », in &. Hence a,,=6,, and similarly _ 
a, =6,,. Nowa, or6,, is not zero, since otherwise the characteristic equation 
has a root a,, or 6,, in the field. The transformed of S’ by 








ie ee ore 7, =, — 7, (a, + 752=0), 
has the form 
ie th eee | 
: | OueeU 0 apa 
Feary oy 
lo Ga, 0 0 | 


It is transformed by 7,,’, into P,, whose characteristic determinant is (1 — x)’, 
contrary to the hypothesis concerning the roots of A(x) = 0. 


$14. 
The further discussion of the resulting substitution 
| Ue Ih Kh =)! 
1) Bi 0 teas Pee | 
Oo ye es 
(0 B,, B,, 805 | 


is separated into the cases @,,=6,,=9, when the substitution has the form 
(12), and £,,, 6,, not both zero. In the latter case we may take 8,, + 0, first 
transforming by M/Z, if 6,,+ 0. Transforming by Dy 615 we have a similar 
substitution with 8,,=1. Then the transform by Z, $4 becomes 


bo 





~ 


22 |} 





* Quarterly Journal of Mathematics, vol. 32, pp. 42-63, 25, 1900. 
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pOraam Prat me Og} 
aie Samal | 
Ss =— i li (Bava ——l1, rome a ast Dieta: =1), 
0 Vue, %.2 Yoo . 
0 Y11922 B 22 6, 


It has the characteristic determinant 

(22) «c— «(6,4 a,,4+ 6,,) + «(2 + 6,,4,,4 8,,6,,— V1 %o2) — K(8,, + 4+ 6,,) + 1. 

It is the product of two factors x? —o« + 1 and x’ — rx 4-1 if, and only if, 
ot+r=a,4+6,,4+6,, cA=(a,,4 6,,)0,, — W4%r 

may be satisfied by marks o, of the G/[p"]. For p> 2, the necessary and 


sufficient condition is that (a,, + 6,,—6,,)? + 4y,,7,, be zero or a square in the 
field, viz.. (a — 2)’. In particular, if y,, = 0, we have 


A(x) = (x? a OK + 1) [« a K( ay, fe 8,.) sie 1]. 


§ 15. 
We seek the conditions under which new indices 
X= a6 + bn, + 6,=dn,, Ysa’ +n, +8, + dyn, 


may be introduced so that S, will replace X by Y and Y by —XY+AYT, 
where A, a, b, c,d, a,,---, are marks of the GF’[ p"] satisfying the equation 








(23) a Resi? d if 
| gen bs | Creat, 
In order that S, shall replace XY by VY and Y by —X + AY, we must have 
| @—00F 5; b, = ay,, + 08), + CY + F7;15.5 5 
c,=b+ca,+dB,,, d,=cy,., + d6,,, 
—a=—aA+)6,, —b=a,y7,,+ 0,(8,, — A) + 41% + UY 95 
| —c=b,+¢(a,—A)+d,8,,, —d=¢,y,, + d,(6,, — A). 


On substitution of the values of a,, b,, ¢,, d, into the second set of equations, 
we have the following equations : 


(24) b8,,(6,, — A) — ey,, — d6,, = 9, 
(25)  a(8,, — A)yy + O(% 1% + 87, — 8A) + CV V2 + 842 + 8, — A) 
+ dy,,(855 + Bys%o2 + 91,532 — A6,,) = 0, 
(26) ayy, + B(8,, + a, — A) + Cf V2 + Fo9(Gog + O52 — A)} 
+ diy, 8.5 + Byp(Go9 + 8.3 — A)} = 0, 
(27) bY 59 + CY o9(Ayy + 84, — A) + dB,,(a,, + 64, — A) = 0. 


122 L. E. DICKSON: CANONICAL FORMS OF [April 
Multiplying (24) by a,,-+ 6,,— A and adding to (27), we find 
(28) Yo + B,,(6,, — A) (a,, + 6,, —A) = 0. 
Indeed, if 6 = 0, then a4, =0, a=0; then (24) and (26) require 
a, + 6,,-A=0, 


whence (24) and (25) required =0,%,,c=0. Then d, = 0, so that (28) will 

not hold. If we calculate the determinant of the coefficients of (24), (25), (26), 

(27), we find y{, times the square of the left member of (28). Hence the latter is 

the condition that these equations have solutions other thanna=b=c=d=0. 
In order that A determined by (28), viz., 


A? — A(6,, + 9 0.) a 8) 1( Go ot 6.) wee ASL ee 0, 


shall belong to the G'#[ p"] it is necessary and sufficient that A(«) decomposes 
into quadratic factors «7 — Ax +1, x«*>— A’«e +1 [see $14]. 
For the case of +,, = 0, the decomposition is evident: 


A=6,, A’ =a, + oy. 
If these roots be equal, we have 
a,(A,, + 6,.—6,) = a3,— 6,4, +1=0, 


since a,,0,, = 1, so that «x —6,«-+ 1 would be reducible in the field. Hence 
if A(x) has equal irreducible quadratic factors, then y,, + 0. 

In case (28) is satisfied by a mark A, equation (27) may be dropped from 
consideration. Multiplying (24) by y,, and adding to (26), we find 


(26°) ay,, + ba,, + ca,,(a,. + 6,.— A) + dB,,(a,. + 6,,—A)=0. 
Multiplying (24) by ,,6,, and (27) by — y,,, and adding the resulting equations 
to (25), we find 
(25’) d= a(6,,— A). 
Using the relation 1 + £,,"y,. = a,,6,, and (28), we have from (26’) and (24) 
Ayy {UY 8, + 0 + C(a,, + 6,,— A)} = 0, 

(8,, — A) {a7,,6, + 6 + c(a,, + 6,,— A)} = 0. 
If 6,—A=0, then y,,=0 anda,,+0. Hence, in every case 
(29) b= — ay,,6,, — ¢(a,, + 6,, — A). 


Hence, if (28) be satisfied, equations (24), (25), (26), (27) are equivalent to the 
two (25’) and (29). 
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It remains to prove that the condition (23) may be satisfied. For y,, = 0, 
we may take A = 6,, sothatd=0,d,=0. Then 


& b | 
a 


}@, 8, 


=ay,,+ abd,,—o8,=1. 


1 
For p = 2, we may take b= 0, a=y74, every mark of the G/'[2”] being a 
square. For p > 2, the condition may be written 
(a — 4 08,8,,)' + 63,1 — 4.84) =—B,. 
It has solutions a, 6 in the G/’[p"], unless 6,, = +2. In the latter case 
«— 6,.«+ 1 =(« +1)’, contrary to hypothesis. Then c is determined by (29) 
since a,, + 6,, —6 + 0. 
For y,,=+ 0, we may suppose 6,,=0. Indeed the transform of S, by 
D7 s 855 + TY = 9, is of the form S, with 6,,=0,7,,+ 90. Then 
d= a(S, xy A) » b= — C49 a A) Ng se oe CBy(a55 eae 
beady Ala, —A), ¢ = a48,(0— A) ped,” d; = cy, . 
Hence the condition (23) becomes 
O11 % — B(%,, — 4)"} — acA(a,, + 6, — 2A) + c*{y, — B(a, —4)} = 1. 
Since = —1, 11%. = (6, — 4)(@,. — A), the condition may be written 
(2,, ct 8, ir 2A) {a'r}, Fe ACY, A (ayy a A) a; C*(Ay, ae A)’} — V1 (Mog a A) S 


Here a,,— A +0. Hence the equation is impossible if 24 = a,, + 6,,, whence 
4Y on + (Ay, — 9)? = 9. In this case A(x) is the square of a quadratic factor 
(see § 14). 

This case being excluded here the above condition may be satisfied, when 
p> 2, unless 1 —{A’= 0 [cf. $1]. Then ¥,,7,, = (6,, =F 2) (a,, = 2), so that 


Ah Vn ale (a5, es Cay, = (Ay = 8, ot a) ’ 
A(«) = [«’ — K(a,, + 6, 2) +1] [x= 2e 41], 


contrary to the hypothesis concerning the roots of A(c)=0. For p=2, the 
condition is satisfied by the values 


a= Vy A (a2, ae A)*(a, a on me a Yi (S29 ad Aas a Orage 


As a first conclusion of the preceding investigation it follows that if the char- 
acteristic determinant A(x) of a substitution S of SA(4, p") decomposes in the 
GI[ p"| into two distinct irreducible quadratic factors «’?— Ax +1 and 
«— A’e +1, then S is conjugate within SA(4, p”) with a substitution of 
the form (12) and therefore conjugate with 
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0 iI 0 01 
ine ay een 0 | 

(30) F 
0 0 0 1 | 
{ 0 tee ae 


If A(«) be the square of an irreducible quadratic factor, then S is either conju- 
gate with (21) for 6,, = 6,, = 0 and hence conjugate with (80), or else is conju- 
gate with S, with y,, + 0. In the latter case we transform by ZL), and make 
6,, = 0, obtaining the substitution 


0 y, 0 0 | 

—y 6 1 0 | 
S,= E 
0 "Y @ "| 

Oe 0 ney 


The characteristic determinant of S, is 
A(«) = k*— «(6 + a) 4+ «7°(2 4+ da—yy,) —K(6+a)41. 
In particular, A(x) is a perfect square * if, and only if, 
(31) — Ayy, = (a — 8)’. 
A second result of the investigation is that S is conjugate with a substitution 
of the form S, within SA(4, p”) when A(«) is irreducible in the G7 p”] or is 
the product of two factors x” — px + 7, T+ 1, belonging to and irreducible in 


the G/’[ p"]. The latter cases are treated in §17; the case in which (81) 
holds is considered in the next section. 


§16. Characteristic determinant the square of an irreducible quadratic. 

Consider the following substitution of the form S,: 

as be 1 0 0 | 

| —1 0 vi 0 

| 0 c a c at 
| 0 Do Pac e208 

It has the characteristictie determinant (whether p = 2 or p > 2) 


Ki — Ka + «(2 — ce) —Ka+1= [K?—(—c)*«e +1)’. 





*If p >2 and (31) is satisfied, A(«) = fx2—4(a+d)e+1}2. 
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A substitution S, satisfying (31) will have the same characteristic determinant 
as >, if, and only if, a= a-+6,and forp=2,c=a’—yy,. The latter are 
consequently necessary conditions for the conjugacy of S, and =, under linear 
transformation. We proceed to prove that, if S, satisfy the condition (31) and 
if «° —(— c)*« + 1 be irreducible in the GF p"], then a =a + 6, together 
with c= a’ — yy, if p= 2, are sufficient conditions for the conjugacy of S, and 
>, within SA(4, p"). Assuming these conditions satisfied, we may determine 
a substitution S of SA(4, p”) such that SS,==,S. We take for S the 
general substitution (1), the latter relation imposes a set of conditions which re- 
duce to the following upon applying a= a+6, —4c= @ and (31): 


M=— UB» y= VN%8 2 Ye = — VB» Fy, = 1815 
ca, = — 4, 4+ 9,95 cy, Bi. = — da, + a7,6,, + 6%, — Nod 
a, = Y,'a,,—56, —968,,, NY, = 8,8, + CY, — 844, — Nias 
98 = 8a, + Yo YN CB = Fy, — CY, — 2,8), 5 
Geo 60... YY 99 = CA, — AY ,y- 


It suffices to take a,, = 0. Setting p = y;'y,,, we have S in the form 


| 181 —78y 0 NP | 
| fhe oy, — 8, —cp 0 | 
| — 66, —66,—c8,—p 6, —a8,, — ac'p —cB,, | ; 
| 9788, +'p = 08, y "By CVO: an | 


The abelian relations (2), (3), (4) here reduce to the two: 
O11 + Bit Bp +o" = 
(33) 
— 60), — 687, — c6,,8,, — 26,,p + aB,,p + acmip? = 0. 
Multiplying the first by a and the second by — 1 and adding, we have 
(34) (a + 8) (81, + Bi) + CyB, + 28yp = ay’. 
If p> 2, we may eliminate p between (33) and (34) and find 
(35) 8, {—Bile + 4) + 8a ayy — 497") = (281, — (— 6) “ary }* 
We prove that there exists a mark §?, making the coefficient of 67, a square 
and the right member not zero. Let 
Tt = 8a 'ay,' — 477°. 
For p> 2, 7+ 0; since 2a~'a = 1 requires a = 6 and therefore yy, = 0. If 
7 be square, we may take 6,,= 0, when (35) determines 6,, + 0 and (34) de- 
termines p. Suppose finally that 7 is a not-square. Since «*—(—c)*«+1 
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is irreducible, — ¢ — 4 is a not-square. After we divide (85) by 7, the question 
is the possibility of finding a mark yw? such that uw? + 1 is a not-square. There 
are 1(p"=- 1) such squares pw’ + 0, according as p*= 4/+1.* Hence for 
p" > 5, there are at least two marks $7, making the coefficient of 67, in (85) a 
square, and hence at least one mark $7, making also the right member + 0. 
Then 6,, is determined different from zero, so that (34) gives p. 


For p" = 5, the right member of (85) vanishes only if 
fap =t1 5 (— Cy Bag = 2. 


Then 7 is a not-square only when yy'= +1 or —1. Since y, is a square, it 
may be taken to be +1 by an earlier transformation of S, by 7,,,7;,-1, @ 
being suitably chosen. With y,=1, then a'a=+1. But a'a =1 makes 
7 a square. Hence a'a=—1, so that 6= —2a, a=—26. Since 
—c—4 is a not-square, and —c = 6’, it follows that ?®=1, a®=—1- 
Since 87, was chosen to make the coefficient of 67, a square, and since 7 is now 
3, it follows that 67, = —1, and6,=0. Then (84) is an identity and (33) 
becomes (2p — £,,)” = 1 and may be satisfied. 

For p"= 3, c = 0 (mod 38), since — c — 4 is to be a not-square, necessarily 
—1. Hence the substitution =, cannot be employed. Since a + 6= 0, (31) 
gives yy, = — a> = —1(mod 3). Hence S, takes the form 


i) say 0 


01 
y —a dl, as 


fed lo =f a Y 


0 0 -y* 0 
But P,, 11M, transforms [a, y] into [—a, —y]. Hence [a, ] is conju- 
gate either with [1, — 1] or with [—1, —1]. The latter is transformed 
into the former by the special abelian substitution 


; fs 0S at D4 
| tp ik ea 

i age ee ai 4 

1} 


| ay ee 


For p= 2, we havea=0,a+6=0, c=a’—yy,, so that (34) becomes 
c6,,8,,=ay,;'. The latter together with (33) are to be satisfied by marks £,, , 
6,5 p of the GF[2"]. Letting p = cf,,r’ in (83), dividing by c8{, and ex- 
tracting the square root, we find 


—\4 5 
rtrsoc*t wu aE “~ (mod 2) 
11 








c# 4 Poulvs * = 811) 


* American Journal of Mathematics, vol. 21, p. 196. 
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upon eliminating 8,, and denoting the constant c%a~'y, by g. It remains to 
prove that a mark 6,, may be founded for which this equation has a root 7 be- 
longing to the field. But, by $7, 7? + 7 = 7 is irreducible if, and only if, 


Top gener ee = 1 
By hypothesis «? + c’*« + 1=0 and therefore uw? + w+ c~' = 0 is irreducible 
in the field, so that 


ct + (e*)? + (e*)F eee + (ef =1, 


If, for every mark 6,,, the equation in 7 be irreducible, then 


1M ited 


) gn—1 


9on(V, * + Oy) + {98(V7% + Oy}? + +--+ (98% + On)} = 0 
must be an identity modulo 2 in the variable 6,,. ‘This will be the case if, 
and only if, g=g’y;', whence g=y,. The latter requires c=a’. But 
c=a*—vyy,. Hence y= 0, which is impossible. 

In addition to the determination of the canonical form (82) and for p" = 38, 
[1, —1], we have derived the theorem: 

If two substitutions S, have as (common) characteristic determinant the square 
of an irreducible quadratic, they are conjugate within the group SA(4, p"). 


S17: 


It remains to consider the cases in which A(«) is irreducible in the 
GF'[p"| or is the product of two irreducible quadratic factors of the form 
Kk —pxe+7, 7+1. In either case the roots of A(x)=0 area, o", of; 
o-”" ; in the former case o””"+! =1, in the latter case o”"-!=1. Wemay 


write A(«) = 0 in the form 


(36) oryy, = (0? —oa+1)(0?— od +1). 
The substitution S, given at the end of $15, multiplies by o the function 


X, = — v&, + oyyn, + (0? — 6 + LE, + o'y(o? — od + 1)n,. 


Denote by Y,, X,, VY, the linear functions derived from X, upon replacing ¢ 
by o} , 7" respectively. If A(«) be irreducible, so that « belongs to the 
GF[p*], the functions X,, V,, X,, VY, are conjugate with respect to the 
GF p"]. In the second case, « belongs to the GF'[ p’"], so that XY, and X,, 
¥Y and ¥, are conjugate with respect to the G/’[p"]. Hence the four func- 
tions satisfy the requirements as to the conjugacy. In terms of these functions 
taken as new indices,* the substitution S, takes the canonical form 


ee ee eee ot X,,, Yo aot F,. 


1 


pn 
5 o 





*It may be verified by direct calculation that the determinant of the transformation of in- 
dices does not vanish ; but the result follows from the abelian character of the transformation. 
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The transformation of indices satisfies those abelian conditions specified by 
formule (3) and (4). In fact, 


—Yy o7Y, o—oad+1 a 'y(o? — ¢5 + 1) 








yy ot'yy, oP" — PS +1 oc P'y(a?" — o?"5 + 1) 


= y(o — 0") {yy + (0? — 8 + 1)(o?" — 0?" + 1)oP"} 
On elimination of yy, by (36), the quantity in brackets vanishes if 
o?"-1 (gga 4.1) 40%" —o" 841=0. 
The latter is derived by multiplying by o®” the identity 
opie et a? big = taro, 


which follows from the form of A(x) =,0, with the roots ¢, 0, ---. ‘In a 
similar manner, we find that 


—y¥ oY, o—ad+1 a—ly(o* — a6 + 1) 











- Y oP yy, on— = o?"d x 7 oP ya" a oP" ct 1) = 


Replacing « by o~' in the two identities just established, we obtain two new 
identities. The four embrace the relations (3) and (4). Consider next the left 
member of the first abelian relation (2) 


SY; Ope B tel eC a ee rae 








o%—a 841 oy(o*—o'd +1) | 
= y(¢ — oa") fyy, + o7(0? — 66 4 1)}. 


Denoting, for the moment, the quantity in brackets by C’, we observe that Co? 


—y oyy, 


may be written 


2(o? od +1) (ae 1) 


and hence does not vanish. If o—o-'=0, then o? —1= 0, contrary to hy- 
pothesis. The left member of the second abelian relation (2) is seen in like 
manner to be 


y(o?" a a") ce” ; 


If oc?" =<, it is only necesary that X, and X,, VY, and Y, be conjugate 
with respect to the G2[p"]. When we take wX, in place of Y, and w’"X, 
in place of X,, the canonical form (87) is preserved, as well as the abelian re- 
lations (3) and (4) just established. In case p is the reciprocal of y(o —o")C, 
the resulting transformation of indices satisfies also the abelian relations (2) and 
is therefore an abelian substitution in the G'/[p*"] on two pairs of conjugate 
indices. In this case it follows that two substitutions S, having the same char- 
acteristic equation are conjugate within SA(4, p"). 
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If A(x) = 0 be irreducible, so that o”°" = o-', the replacement of X, by 
wX, requires the replacement of FV, by w?’"¥,, X, by w?"X,, VY, by pw?" ¥,. 
The above expression y(¢ —o—')C is then multiplied by w?"*', a mark of 
the GFT p*"]; the product can not be made unity by choice of , since C’ be- 
longs to the G@F'[p™] , while c —o' does not. Hence S, is not reducible to 
the canonical form (87) by a special abelian substitution with conjugate indices. 
Nor is S, so reducible by a general abelian substitution ; for the product 

bye — 0 
differs from its (p")-th power; indeed, the product equals the negative of its 
(p*")-th power. By a suitable choice of w, “?"*+!yO=1, so that the left mem- 
bers of (2) become ¢ — a Hence if 7’ denote the transfor- 
mation of indices reducing S, to the canonical form (87), then 7’ replaces ¢ by 
gp , where 
ze | 17 


nv 


and ofan 





Es | on) Gum 
| a [S27 | ¢ = oreo +. ‘Cs en : 
|E, En, | om hea at 


when 7’ operates cogrediently upon the indices £,, », and £,, 7,. If 7’ denote 





the transformation of indices which reduces a second substitution S) to the can- 
onical form (37), the product A = 7” 7’ leaves ¢ absolutely invariant and 
transforms S} into S,. In view of the conjugacy of the indices X,, VY’, and 
the invariance of ¢ under A, the latter may be expressed as a special abelian 
substitution on &,, 7, with coefficients in the G/[p"]. Hence, if two substi- 
tutions S, have the same characteristic determinant and if the latter be irre- 
ducible or the product of two irreducible quadratic factors —pxe+7,7T+#1, 
they are conjugate within the group SA(4, p"). 


§ 18. 

Let S be an abelian substitution whose characteristic determinant is ir- 
reducible in the GF[p"], so that S may be reduced to the canonical form 
(37), where o”"*1=1. Of the solutions of the latter, only ¢ = + 1 satisfy 
also c”""-! — 1, so that there remain p” —1 or 2*" suitable values of ¢. Re- 
placing o by o~', we obtain from (37) a substitution which is transformed into 
(387) by IZ W,; replacingo by o~", we obtain the transform of (87) by P,,4/,. 
Replacing o by o”’, we obtain the transform of (387) by P,,J/,. Any new 
replacement of o leads to a substitution not conjugate with (37). Hence there 
are 1(p™ — 1) or 12” non-conjugate types (37). An abelian substitution S, 
commutative with an abelian substitution S having the canonical form (387) has 
simultaneously the canonical form 


sl - ra Sr oad n~r ry =» 7 2 
AX, = pX,, VY =p F, X, =p’ X,, Lo pee, (pp "+1=1), 


so that there are p™’ +1 such substitutions S,. Hence S is conjugate with 
p’'(p" — 1)’ substitutions within SA(4, p”). 
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$19. 


An abelian substitution S whose characteristic determinant is the product 
of two irreducible quadratic factors «*>—pxe+7, T+ 1, is reducible to 
the canonical form (87), where o?"—1 = 1, o? +a, o +o. The(p*—1) 
or 2°" — 2-2" suitable values of o give, in sets of four, conjugate substitutions. 

. ; Sean 2 pp 192/97 9 2 = c 
Hence there are +(p" — 1)’ or 42"(2" — 2) non-conjugate types. Hach is com- 
mutative with p*—1 substitutions and therefore conjugate with exactly 
p’(p" — 1) substitutions of SA(4, p”). 


§ 20. 


An abelian substitution S whose characteristic determinant is the prod- 
uct of two distinct irreducible factors of the form x? — Ax +1 is conjugate 
within SA(4, p") with a substitution (80) and therefore is reducible to the can- 
onical form 


(38) KUO) PL eh rece 


where AP t= 1, wht = 1, IS, weds, tA, wr". OF 
the p” + 1 solutions of X?"t'=1, 7X=-+1 are to be excluded; then of the 
p” +1 solutions of w?"+!=1, w=+1 and p=d, AW’ are to be excluded. 
Hence there are (p" — 1)(p" — 8) or 2"(2" — 2) pairs of suitable values A, pw. 
But » and A~" are interchanged upon transforming (88) by J/,; » and u~* upon 
transforming by J/,; X and w, A~' and w~' upon transforming by P,,. Hence 
eight of the pairs of values X, « lead 1o conjugate types, so that there are ex- 
actly }(p" — 1)(p" — 3) or 42"(2” — 2) non-conjugate types (38). Hach is com- 
mutative with exactly (p" + 1)’ substitutions having the canonical form 


Xfa7X,, Yai, See ee 


7 being a primitive root of the equation 7?"+! = 1 andZ and m being arbitrary in 
tegers. Each type represents a set of p*(p* +1)(p"—1)’ conjugate substi- 
tutions of SA(4, p"). 


$21. 


An abelian substitution S whose characteristic determinant is the square 
of an irreducible quadratic is either conjugate within SA(4, p”) with a substitu- 
tion (80) having A’ = A or else with a substitution S, satisfying (31). In the 
former case, S has the canonical form 


(39) aX te NA ee ae iy ek eA ge eee 
where A”"*'=1, %X+ +1. There are }(p"—1) or 2” types not conjugate 


within SA(4, p"). An abelian substitution S,, commutative with S has simul- 
taneously the canonical form 
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x, Hak plas A, = yA, + OX,, 
Vi sa"¥,+8"Y,, VYy=7 F485" Y,, 
subject to the abelian conditions * 


qe tt Brrt—1 : ent} se or thee. 1 ‘ ary” + Bd" =0. 


But these are the conditions that ( . ) shall be a binary hyperorthogonal sub- 


stitution, the number of which is (p" + 1)p"(p* —1). Hence each canonical 
form (39) represents a set of p*"(p*" + 1)(p"—1) conjugate substitutions of 
SA(4, p”). 

§ 22. 

A substitution S, satisfying (81) has the canonical form ; 
eee oe OP oe on A, Yoo lo X,, 
o being a root of A(«) = 0. As in $17, we employ new indices 

oes =-— vé, a OD Ae rd + (o° — 06 + ils a a *y(o" — 6 + US ae 


and X, obtained from X, by replacing o by o”" = o~'; but for VY, and Y, we 
now take the functions 


VY, = 7€, + (67 -1)€,4+ 7(6—20)n,, FY, = 76+ (CP — DE, + ¥(6 — 20")n,. 
The determinant of the transformation of indices is seen to be 

— 7°y,(¢ os are Oo 
Upon replacing o by o' in (40), we obtain the transform of (40) by P,,. 


Hence there are 1( p” — 1) or 2""' non-conjugate types (40). Each is commuta- 
tive only with the substitutions 


eet ee ie ed XX = oe er ok, + aX, 


2 2 
where a?+}=1, a?"d=ad*", so that d= ax, « a mark of the GF[p"], 
giving p"(p" + 1) commutative substitutions. Hence each type represents a set 
of p*"(p™ — 1)(p" — 1) conjugate substitutions within SA(4, p”). 


§23. Summary of the preceding results. 


The numerical results obtained in the preceding investigation are collected 
into the following table. The mark yw denotes 1 or a particular not-square v 
when p> 2; while »=1, if p=2. Also, 0 denotes 1 or 1 according as 


D> 20rp — 2) Hinally org > 2, ¢€—= - | according as yp =Al 1) By 
the “number of types” is meant the number of non-conjugate types of the speci- 





* Indeed, S given by (30) with A’—A may be reduced to its canonical form by an abelian 
substitution (not necessarily special), so that the canonical form of S, satisfies the conditions (2), 


(3), (4). 
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As a check upon the enumeration it was verified 


that the sum of the products of the number of conjugate substitutions of each 


type (fourth column) by the number of types (second or third column) gives the 
order V = p(p" — 1) (p” — 1) of the group. 


TABLE OF THE NON-CONJUGATE TYPES OF OPERATORS OF THE GROUP 
SA(4, p") OF ORDER JV. 














Number of types. 


Number of conjugate 

















Type. cE substitutions of each 
p>e2 p=2 type. 
(6) Av" 8) (p"— 5) QI 1) B= 1) p(y" +1) (p" + IY 
(7) 2(p" — 3) 2 — p(p" + 1) (p" + 1) 
(8) 4(p” = 3) Qr-l == 1 pipe as, 1) (yo ar 1) 
(9), B=0 | et 3 yatta | p'(p” + 1) (p" + 1) 
(9), B=p | 2(p" — 3) 27-1 _ 1 On*"(p™ —1)(p" +1) 
T, we 1 2 1 1 
Tap gga 2 1 O(p*" — 1) 
Dy lig Teale ai 2 4 p'(p*"— 15) (p"+ €) 
1 (2" ae, 1) (2 ele 1) 
1 Bree Sr I AN 2 pp" — 1) (p" — «) 
(13) i opin fades il 
Sie : Tvs 9 aes hes a 1) (2 = 1) 
Ay iM mel auf 4 Lp p— 1) (p"— 1) 
(18) a(p'—1) (p"— 8)) 5272" 1) p"(p™ —1) 
(19) 5 b = O p" —_ ii gQr-1 p™(p™ d- 1) (p” a. 1) 
(19), b=p 2(p" — 1) Qr-1 8n*"(p” — 1) (p" — 1) 
(37), ort Loa il t(p™ Bess 1) 92n—2 Pia G cnx aot YB: 
(37) : orl east 1 +(p" Pre 1) Sn ae we 1) p*(p™ — 1) 
(38) sip —1) (p°— 8) h 28-28 — 1) on 1) eye 
(39) 4(p” —_— 1) Qn p(n =. 1) (p" _s 1) 
(40) A(p" —1) Qr-1 pp —1) (p" — 1) 
Le ai if Vn @ ae 1) 
Ly, we —1 
1k J 7 a 4 3 p"(p™ —— 1) 
a abe 4 1 2a 4n 1)( Qn 1) 
) —_ ae 
Ln oly elig pe al cE Me 
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§ 24. The group SA(4, 2) and the symmetric group on six letters, 

A second check upon the above results is furnished by a consideration 
of the case p” = 2, when the group SA(4, 2) is holoedrically isomorphic with 
the symmetric group on six letters.* The isomorphism may be established by 
the correspondence of generators : \ 


(12)~ I, (28)~L,,, (84)~8, (45)~L,,, (66)~M, 





where 
c0e ies 1) te OOF 0 

| " 1 i bie si 

S=|, oo » Sal, DL SlyL,=|) 9 1 | ~ (5): 
iF Vi fl i] fie Oot th 121 


Since IV, transforms L,, into L,,, L,,~ (18), £,,~ (46). Then + 


‘1? 
RK, = L,,M,S' ML), ~ (2456), Rk, = ML, S'L,, ~ (18) (2456), 
[13] = LZ) £3, 8" ~ (18) (46) (25). 
By $12, there is a single type L,,/, given by (19’) for 6 = 0 and a single 
type LZ, L,, MM, given by (19’) for b =1, ‘The single type (89) may be rep- 


resented by Z,, IZL,,M,. The single types (40) and (87), pd Ae may be 
represented respectively by 


(0 


A} 
aye 


lo 


rivera! 
ra 
1 
0 


or eS ors 


"| 

0 

/ | = A086, 
| 

0 | 


eX S&S = & 


[37] = i 


lo 


= L' M[13]M,. 


| 
| 


0 
0 
1 
0} 


Sa ee et 


For p” = 2 the above table gives the following types of abelian substitutions: 





* Proceedings of the London Mathematical Society, vol. 31, p. 40, 1899. 
¢ The abelian substitution numbered (13) is now referred to as [13]. 
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| Corresponding substitution 
| 











Type. | Number of conjugates. Pree AES, 
identity : | i } identity 
De | 15 (28) 
Lael, 45 | (28) (45) 
[13] | Ms (18) (25) (46) 
170 | 90 (2456) 
R, | 90 | (13) (2456) 
Tein | 40 | (465) 
yd Saw ee 120 (18) (465) 
[37] 144 (16523) 
L, ML, ,M, | 40 | (123) (465) 
[40] | 120 (164523) 





The third column gives every type of substitution on six letters and the num- 
ber of conjugates to each type is given by the second column. In view of the 
independence of the two determinations of the types of substitutions of SA(4, 2), 
the check is a complete one. 


§ 25. Operators of the simple group A(4, p"), p> 2. 


For p=2, n>1, the group SA(4, p”) is simple; for p> 2, it has 
the maximal invariant subgroup composed of the identity and 7= 7,_,7,_,, 
the quotient-group A(4, p") being simple.* In view of the importance of the 
latter group, we proceed to determine, by means of the earlier results, the dis- 
tribution of its operators into complete sets of conjugate operators. 

In the table (§ 23) of the non-conjugate types of substitutions within SA(4, p"), 
p > 2, the types are grouped into sets (each set being exhibited in a single line 
of the table, except the last two sets) such that types S and S7’ always belong 
to the same set. If S be not conjugate with S7 within SA(4, p"), the 
number of conjugates with S within S.A(4 , p") equals the number of conjugates 
with S within A(4, p").t If, however, there exists a substitution V in 
SA(4, p") which transforms S into S7’, the number of conjugates with S in 
A(4, p") equals one-half the number of conjugates with S in SA(4, p"); in- 
deed, if W transforms S, into S, then WV W will transform S, into S,7’. 

A type S of the group SA(4, p"), p > 2, will be called special and denoted 





*Quarterly Journal of Mathematics, vol. 29, pp. 169-178, 1897; vol. 31, pp. 383-4, 
1899. 

Tt In the quotient-group, S and S7 become the same operator. It is convenient to denote the 
latter by S, the context sufficing to avoid confusion. 


1901] ABELIAN SUBSTITUTIONS IN A GALOIS FIELD 135 


S if S be conjugate with SZ’ within the group. For example, there is a 


single special type (7), , 

Seer, 7, =—™, & =— 2,, fo (#=—1), 
oceurring if and only if — 1 be a square in the G/’[p"], viz. if p" = 4/41. 
In general, a type can be special only when the negative of each root of the 
characteristic equation is also a root. 

For special types (6), three cases are to be examined. First, if —«=«"', 
so that —x«~!=x«, then must —A =A"; hence «? =—1, A?7>=—1, so that 
X= « or «~', contrary to the hypothesis for type (6). Second, if — «=X, we 
have the special type 


(6), Sh, m= hs Sg = — Meg, y= — © 

which may be transformed into (6),7’ by P,,. By the hypotheses for a type 
(6),« +0, «+1, «x +—1, the latter having solutions in the GF’ [ p"] if, and 
only if, p* = 47+ 1. Hence there are }(p” — 5) non-conjugate special types (6), 
if p" = 4/ + 1 and 4(p" — 8) such types if p* = 4/—1. Third, if —c«=aA”", 
the resulting special type is transformed into (6), by J/,. 

There is no special type (18), since a@ =—1, *=— 1 require that a and X 
belong to the same field, contrary to hypothesis. 

To show that type (87), ov*"+! = 1, is never special, we consider three cases. 
If —o =o", theno? =— 1, while p” + 1 isnotdivisible by4. Ii —c =o", 
then 6?” =— oo?” =o+o0-. Similarly, for —o =o", oP" =—o ™=o+0",~ 

109 determine the special types (37), oP Y= 1, oft 1, oP*t1 1, we 
examine the three cases. If —o =o", either o?"—! = 1 or o?"+! = 1, contrary 
to hypothesis. If — o = o", each solution of o?"-! =— 1, such that o? +—1 
and therefore o”"+1 -- 1, furnishes a special type; there are p” — 1 or p” — 38 
such values of o according as p*=4/+1. If —c=c~", each solution of 
op™+1 ——1, such that o? + —1 and therefore o”"-! + 1, furnishes a special 
type; there are p”=- 1 such values of o according as p"=4/+1. The two 
sets of values for o are wholly distinct since o? + 1. Hence there are 2p” — 2 
values o, whatever be the form of p", p>2. Hence there are 3(p"— 1) 
special types (87) when o?"-! = 1. 

Type (88) is not specialfor —A =A", — w= yp", since then p= dr orrA™", 
but is special for w= —A, viz.: 
eee oe A ele = Ng bee A — NAG, OE a NY, 
since P,, transforms it into (38) 7’. The number of solutions of "*!=1, 
V+1,V + —1, is p*—1 or p”— 838, according as p”"= 47 +1. 

Of the remaining types in the table of $23, it may be determined by inspec- 
tion what special types, if any, exist. Our results may be combined in the fol- 
lowing table: : 
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TABLE OF THE NON-CONJUGATE TYPES* 


OF OPERATORS OF THE SIMPLE GrouP A(4, p"), p> 2, 
OF ORDER 3 p*"(p" — 1)(p*™" —1). 








Number of distinct types. 





Number of operators conjugate 











he pr =4l+1, p"=Al—1 with each type. 
(6), ¢ PP) oe eee 2) 3P'(p™ + 1)(p" + 1Y 
(6) te P58), oP — 8) Pi pl) eee 
7), eee 0 4 p"(p™ + 1)(p" + 1) 
(7) EAD SO) i Pa) p(p™ + 1) (p" + J) 
(8), 1 ) 0 4 p(p” —1)(p"+ 1) 
(8) a (Da) Ae p'(p™ —1)(p" + 1) 
ONE aie G08 ae) peo 1) pee 
(9), B=h Pe. 3 p?"(p™ — 1) (p" +1) 
identity 1 1 
fin - 4(p™—1) 
L, ,L,, 1 3 p"( p" — 1) (p” + €) 
La ybigy 1 p'(p" — 1)(p" — 8) 
A, 5 2 P(p™ — 1) (p*—1) 
(18) BP) Ps) pp —1) 
Seni a Aare p*(p™ +1) (p"—1) 
Cons ais 7 4 p"(p" —1)(p"—1) 
QT), MH =1 43) p(y" — 1 
Ore athe 1 (p"—1) 1 p(p® = 1) 
(87) , ot = 1 | pe et BCE ae) p(p™ — 1) 
(38), (p* — 1) » £(p"—8)|  Ep*(p” +1) (o" —1 2 
(38) lte(P"—1)(p"—5), Fe(p"—3), pp" p™ + 1)(p"— 1) 
(39), ! Sues ap '(p™ + 1)(p"— 1) 
oe shee) (pt 8)} pip +1). Ge al 
), ; oe zp(p™ — 1)(p" — J) 
by: Pe) 2 eC — 8) pie ee 
gre : 3 P(p™ + 1) 
Pay Fi-s - gp (pd) 
Eqs, T -, 1 4 pp —1)(p*—1) 
Ly Ly, Ty 4 2 pp” — 1) (p™ —1) 





* A type marked s is special, otherwise a type is not special except for 7i_1 and L1,L2,7i-1. 
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In the table » denotes 1 or a particular not-square v; € denotes + 1 accord- 
ing asp" =4/+1. The total number of non-conjugate types in the simple 
group A(4, p"), p> 2, is the same function of p” in the two cases p" = 47 +1, 
Viz. 


+ (p” +1) + 3p"4 6. 


§ 26. The operators of the simple group A(4, 3) of order 25920. 

As proved by Jorpan, SA(4, 3) is the group of the equation for the trisection 
of the periods of a hyperelliptic function of four periods. Moreover, the group 
of the equation for the determination of the 27 lines on a general cubic surface 
of the third order is of the same order 51840 as SA(4, 3). After a certain 
square root has been adjoined to the realm of rationality, the group reduces to 
the quotient-group A(4, 8) of order 25920. Hence the above two problems 
are essentially the same. In view of the importance of the group A(4, 3), itis 
desirable to know the distribution of its operators into complete sets of conjugates 
and likewise for its cyclic subgroups. By § 25, there are exactly twenty types 
of non-conjugate operators in the group. It is desirable to have simple repre- 
sentatives in the group for each type. Type (89) may be represented by JZ JZ, ; 
type (19), d=, by ,;. type (19), 6=1, by ALL, sotype 19), 6= — 1, 
DY 1.1 type (a ).o- = — 1, by P.M: type (40) by £,.2,_,7)_,;, type 
ee Lew, 10t by = 8 a Liz 
0 1 0 0 
1 —1 1 0 
Cee ate 


eee Creme hire 71} 


of characteristic determinant ct —x«°+ «7—x +1. Of the preceding statements, 
I § 


f 

ie. 
K= | 

| 

L 


the only ones requiring further proof are those concerning the representatives 
Peel. Gis La. 
(«> + «—1)(x? —«—1), each factor being irreducible modulo 8, and hence 
has the canonical form (37), o* = 1; while the latter is reduced to the canonical 
form (40) by the abelian transformation 


X,=7,+ oN; =f OF — a) 5 A= 7 — 07), Yi,=§,+08,+ 07; 


where o? =—1 (mod 3). We have therefore, by § 25, the complete list of types 
of operators of A(4, 3) together with their periods and the number of their con- 


but the former has the characteristic determinant 


jugates within A(4, 5), as given on the following page. 


$27. Cyclic subgroups of the simple group A(A, 3). 
To determine the distinct types of cyclic subgroups of A(4, 3), it is nee- 
essary to find what powers of each type of substitution are conjugate with 
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Period. | Conjugates. Type. Period. | Conjugates. 
ya 3 40 identity 1 1 
o Ba 3 40 A 9 2880 
Lee 3 240 Ae 9 2880 
Wi a Ei 3 480 M, 4 540 
eee 2 45 Iie 12 2160 
i BS 6 360 SAE 12 2160 
Poa ae acs 6 360 Fae 5 5184 
i Bas PS ull ial 6 1440 Yah fd 6 4 3240 
HES OY bony log 6 720 MM, 2 270 
POT ER eae 6 720 ed mstis hal oY BR 6 2160 
that type. Thus, Z,, is not conjugate with its square L,_,; L,,,, is con- 
jugate with its square. A_, is transformed into Ay! by 7,_,Z3,. Since 


A*=JL_, and A} = L_, are not conjugate, A, is not conjugate with either 
A‘ or A}, so that the latter are conjugate with A>’. Hence their squares A‘, 
A, and A’ are conjugate. Hence A, generates a cyclic group self-conjugate 
only under a G,.. Again, MV, is transformed into JZ} by the abelian substitu- 
tion (modulo 8) €) = €,+,,7,=&—y7,. Hence 1/,L,, is conjugate with its 
seventh power JZ, ,, so that the fifth and eleventh powers are conjugate. The 
latter is J73Z, _, and is consequently conjugate with J/7,Z,_, and hence (by thé 
above table) not conjugate with JZ,Z,, itself. Hence J/,L,, is conjugate only 
with one other generator of the same cyclic group. The fact that P,,Z,_,7,_, 
is conjugate with its reciprocal within A(4, 3) may be simply verified by observ- 
ing that the canonical form (40) is transformed into its reciprocal by the abelian 
substitution P,, 7, _, on the indices X,, Y,. Ina similar way, P,,J/, is shown 
to be conjugate with its reciprocal. Finally, there being but a single type of 
substitutions of period 5, A” must be conjugate with A’, A*, A*. We have 


therefore the following complete list of the distinct types of cyclic subgroups 


of A(4, 38), together with the number of conjugates to each cyclic group. 








| Conjugate cyclic groups. 


Groups. 

















Type of generator. Generator. 
ae 40 ie ee 960 
SORES 120 | MM, 270 
ere 240 oe 1080 
av 45 He 1296 
Ge 360 P.M, 1620 
TAG Pee ie 720 MM, 270 
b, ,£,,7,, 720 Pgh TF, 4 1080 
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CERTAIN CASES IN WHICH THE VANISHING OF THE 
WRONSKIAN IS A SUFFICIENT CONDITION 
FOR LINEAR DEPENDENCE* 


sy 


MAXIME BOCHER 


Peano in Mathesis, vol. 9 (1889), p. 75 and p. 110 seems to have been the 
first to point out that the identical vanishing of the Wronskian of n functions of 
a single variable is not in all cases a sufficient condition for the linear dependence 
of these functions.; At the same time he indicated a case in which it is a suf- 
ficient condition, t and suggested the importance of finding other cases of the 
same sort. Without at first knowing of PEANO’s work, I was recently led to 
this same question, and found a case not included in PEANO’s in which the iden- 
tical vanishing of the Wronskian is a sufficient condition.§ It is my purpose 
in the present paper to consider these cases and others of a similar nature. 

By far the most important case in which the identical vanishing of the 
Wronskian is a sufficient condition for linear dependence is that in which the 
functions in question are at every point of a certain region analytic functions, 
whether of a real or complex variable is, of course, immaterial. This case re- 
quires no further treatment here. 

We shall therefore be concerned exclusively with the case in which the inde- 
pendent variable # is real. This variable we will suppose to be confined to an 
interval / which may be finite or infinite, and if limited in one or both direc- 
tions may or may not contain the end points. In some of the proofs we shall 
use a subinterval a=a=b of J; || this subinterval we call J’. 

Whether the functions are real or complex is immaterial. 

We use the symbol = to denote an identity, i. e., an equality which holds at 
every point of the interval we are considering. 





* Presented to the Society December 28, 1900. Received for publication December 28, 1900. 

y+ It is of course a necessary condition provided the functions have finite derivatives of the 
first 2» — 1 orders at every point of the region in question. 

tSee § 4 of the present paper. 

§See Bulletin of the American Mathematical Society, December, 1900, p. 120, 
and Annals of Mathematics, second series, vol. 2, p. 93. 

|| We suppose here that a and 0 are finite quantities. 
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$1. The Fundamental Theorem. 


We consider first the special case of two functions. 
TueorEM I. Let u,(w) and u,(«) be functions of x which at every point of 
I have finite first derivatives, while u, does not vanish in I ; then if 


(1) uu, — uu, =9, 


u, and u, are linearly dependent throughout I, and in particular 


(2) UW, = CU. 


For dividing (1) by wi we have: 


d (u, im 
HEN) 


Therefore : 


We pass now to the general case which includes the case just considered. 
THEOREM IT. Let w,(x), w(x), «++, w(x) be functions of « which at ever, 
1 9 2 b 9 n 4 Y 
point of I have finite derivatives of the first n — 1 orders, while the Wronskian 
Of Uys Us +++, U,_, does not vanish in I; then if the Wronskian W of u,, u,> 
--, uw, vanishes identically u,, u,, +++, u, are linearly dependent throughout I , 
and in particular : 
Ul, Ce Ure dL, tee Cae ana 
In the Wronskian : 








| w, u, oe) a 
/ / / 
| Us 1 U, 
ge 
W= : 
es uer—D apes arr} | 
2 wv } 
we denote by W,, W,, ---, W,, the minors corresponding to the elements of 
a cotacters 


the last row. We have then: 
Ww 4+WiuPt--+-+W,u?=0 G=0,1,---,n—1). 


Differentiating each of the first n — 1 of these identities and subtracting from 
it the one next following we get: 


Wu? t+ WouP +--+ Wiw=0 (G=0,1,---,n—2). 


Let us add these identities together after having multiplied the i-th of them 
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(¢=1,2,---,—1) by the first minor of W, corresponding to w,“-?. This 


gives : 


Wee ee Waa 0 


Now since by hypothesis JV does not vanish in J we have by theorem I: 


W,=-—<¢,VW,. 
In the same way: 
W, =-—c, W., 
as ea (ae Ci Vee r 


Therefore the identity 
Wu, + Wa, +--+ + Wu, =, 


nn 


can be written: 
tile Cu, —z CyUly es Cit ap w,) — 0 ’ 


and, since W, does not vanish, our theorem follows at once.* 


§2. <A Generalization for the Case of Two Functions. 


THEOREM IIL} Let wu, and u, be functions of « which at every point of I 
have finite derivatives of the first k orders (k=1), while u,, ui, wey se, uw 
do not all vanish at any one point of I; then if 


/ / 
uu, — uu, =, 
u, and u, are linearly dependent, and in particular : 


U, 


» = CU,- 

This theorem will evidently be established if we can prove it for every finite 
and perfect subinterval Z’ of J. We will therefore in our proof consider only 
the interval J’. 

There cannot be more than a finite number of points in /’ where vu, =0. 
For if there were these points would have at least one limiting point ~, in J’, 
and since w, is continuous it would vanish at «,. By Roie’s theorem there 
would also be an infinite number of points where w, = 0 and these points would 
have «, as limiting point, and owing to the continuity of w, we should have 
ui(w,)=9. Proceeding in the same way we see that w/, w7’, ---, uw” would 
all vanish at 2). That w{ would also vanish at x, must be shown in a slightly 





* This proof is merely a slight modification of the one given by FROBENIUS, Crelle, vol. 76 
(1873), p. 238. Cf. also HEFFTER, Lineare Differentialgleichungen, p. 233. 

+ The special case k—1 of this theorem was given by PEANO,1. c. Cf. also Annals of 
Mathematics, second series, vol. 2, p. 92. 
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(ke 
1 


would vanish in every neighborhood of 


different manner since we do not know that wv is continuous. This follows at 


(k—1) 
i 


x, We thus see that if w, vanished at an infinite number of points in J’ there 


would be a point #, where w,, w,,-+--, ui all vanish, and this is contrary to 


once, however, from the fact that 2 


hypothesis. 

The points at which wv, = 0 therefore divide the interval J’ into a finite number 
of pieces throughout each of which theorem I tells that uw, is a constant multiple 
of u,, and owing to the continuity of w, and w, this relation must also hold at 
the extremities of the piece in question. It remains to show that this constant 
is the same for all the pieces. It will evidently be sufficient to consider two 
adjacent pieces separated by the point ». Suppose that in the piece to the left 
of » we have 

ig ==, 
and in the piece to the right, 
eg = Oh . 


Since the derivatives of wv, and w, at p may be found either by differentiating to 
the right or to the left we have: 


(4) (7) 


Uy (p) = CR, Pp) ’ 


WP(p) = es(p) 
Therefore 
(c, —¢,)u\(p) = 0 (01,2). ores 


Now, since w,(p) = 0, there must be at least one of the derivatives w}, wv), «++, 


(ke) 


Uy 


which does not vanish at p. Therefore 


and our theorem is proved. . 


§3. Two Extensions to the case of n Functions. 


THEeorEM 1V.* Let u,,u,,---, uw, be functions of « which at every point 
of I have finite derivatives of the first n—2+k orders (k=1), while the 
Wronskian of u,, Uy, +++, U,_, and its first k derivatives do not all vanish at 
any one point of I; then if the Wronskian of u,,u,, +++, u, is identically 
ZETO Uys Uys +++, U, are linearly dependent, and in particular : 


Ue CCU = + iat Ue 


The proof of this theorem is, in the main, the same as that of theorem II. 
We will therefore only point out the two points of difference. 
1. We must use theorem III instead of theorem I to establish the relation : 





* The special case k —1 of this theorem was given by the writer, 1. c. 
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W,=-—c,VW,. 
2. From the identity : 


W (= et, — Cy + OU, $ U,) = 9, 
we can now infer only that at the points where W, + 0, : 
Oe nia 1 


In order to prove that this equation also holds at the points where W,=0, 
we notice first that these points in any finite and perfect subinterval 7’ of J are 
finite in number as otherwise there would be (cf. the proof of theorem III) a 
point of J’ where W,, W,,---, Wall vanish. All the points where W, 


vanishes are therefore isolated, and since the equation 
U,, a Cu, a 5C er Ci nat 


holds everywhere except at these points it must on account of the continuity of 
the w’s hold at these points also. Thus our theorem is proved. 

A little reflection on the results so far obtained will suggest the question 
whether the theorem of the last section might not be extended to the case of n 
functions by requiring, not as we have just done, that W,, W,,---, Wi, do 
not all vanish at any point of Z, but that w, and a certain number of its de- 
rivatives shall not all vanish at any point of Z. The following example shows, 
however, not only that the theorem thus suggested is not true, but that even 
when no one of the w’s vanishes at any point of I the identical vanishing of 
the Wronskian is not necessarily a sufficient condition for linear dependence 
when we have more than two functions. 

EXAMPLE. Consider the three functions : 


1 


eri) Tie @> 0), 
tes (2-0), ; 
= i soe Coes ie Cee Bi 
, Ce eye 2 (x <0) 


These three functions are obviously linearly independent in any interval includ- 
ing both positive and negative values of «. Moreover no one of them vanishes 
for any real value of « Yet the Wronskian of u,, w,, w, is identically zero. 

The following theorems V and VI, which run somewhat along the lines just 
indicated, are, however, true: 

THEOREM V. Let u,,u,,---, u, be functions of « which at every point of 
I have finite derivatives of the first n —1 orders, while no function (other 
than zero) of the form: 

Gi, HF Jha bo FIM, 
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(the g's being constants) vanishes together with its first n — 1 derivatives at any 
point of I; then if the Wronskian of u,, Us, +++, U, vanishes at any point p 
of I these functions are linearly dependent. 

From the fact that the Wronskian vanishes at p follows the existence of » con- 
stants c,, ¢c, -:-, ¢, not all zero and such that 


Up) + euS(p) +++ + eu p)=9 (i=0,1,-++,n—1), 


i. e., the function cw, + cw, +++: +6, vanishes together with its first n — 1 
derivatives at the point p, and must therefore be identically zero. Thus our 
theorem is proved. 

THEOREM VI. Let w,, u,, +++, u, be functions of x which at every point of 
LI have finite derivatives of the first k orders (k >n—1), while no function 
(other than zero) of the form 


J, TGs ts Uae 


(the q’s being constants) vanishes together with its first k derivatives at any 
point of I; then if the Wronskian of u,, u,, +++, u,, vanishes identically these 
Junctions are linearly dependent. 

We prove this theorem first on the supposition that the Wronskian of 
Uy, Uy, +++, U,_, does not vanish identically.* In this case there exists a point p 
of J where the Wronskian of w,, w,,---, w,_, does not vanish. Since this last 
named Wronskian is continuous it is different from zero throughout the neigh- 
borhood of p. We see then by applying II that there exist constants 


C15 Cys +++, ©, not all zero and such that the function 


C,U, a CU, SS CU, 


is zero throughout the neighborhood of p. Accordingly this fugtion vanishes 
together with its first / derivatives at p, and therefore vanishes identically, 
Thus our theorem is proved in this special case. 

In order to prove the theorem in general we first notice that if w, = 0 the w’s 
are surely linearly dependent. If w, is not identically zero, consider in succes- _ 
sion the Wronskians of w,, w,, of w,, W,, Uz, OF U,, U,, Us, U,, etc. Suppose the 
first of these which vanishes identically is the Wronskian of w,, w,, +--+, U, 
(m=n—1). Then since the Wronskian of w,, w,,---, u,,, does not vanish 
identically, the special case of our theorem which we have already proved shows 
that w,, w,, +--+, wu, are linearly dependent. Accordingly w,, w,,---, wu, are 
linearly dependent, and our theorem is proved. 

Theorems V and VI admit of immediate application to the theory of linear 


differential equations, as the following theorem shows. 





* The proof of this part of the theorem has been modified since the paper was presented to the & 
Society by making it depend on II instead of on the lemmas of $ 5. 
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THeoreM VII. Let p,,p,,---, p, be functions of « which at every point 
of I are continuous, and let Y,5 Yy5+++5 ¥,(kEn) be functions of « which at 
every point of I satisfy the differential equation : 


y + py? +--+ py = 9; 


then the identical vanishing of the Wronskian of y,5 Ys5 +++5 y,, (or in the case 
k =n the vanishing of this Wronskian at a single point of I) is a sufficient 
condition for the linear dependence of Y,5 Yos ++*5 Yq. 

This theorem follows at once from theorems V and VI when we recall the fact 
that a solution of the above written differential equation which vanishes together 
with its first n — 1 derivatives at a point of J is necessarily identically zero. 


§ 4. Discussion of Peano’s Theorems. * 


One of PEANO’s results, as has already been stated, is the special case 4 = 1 
of theorem III. Apart from this PEANO’s results cover no case which is not 
also covered by the fundamental theorem of §1. I propose to show this in the 
present section. 

For this purpose we first establish the following: 

Lemma. Let u, and u, be functions of « which at every point of I have 
jinite first derivatives, while 

uu, — uu, = 0; 


if a point p exists in I at which u,=90, while in every neighborhood of p lie 
points where u, + 0, thenu(p)=9. 

For if w,(p) + 0 we could, on account of the continuity of w,, mark off a 
neighborhood of p throughout which w, does not vanish, and throughout which 


therefore by theorem I 
Ue Ob as 


Since at p vw, + 0 and w,=0 we must have c= 0, but this would make w,_ 
vanish throughout the neighborhood of , and this is contrary to hypothesis. 

PEANO deduces the following theorem in the case of two functions. This 
theorem includes as a special case the theorem to which theorem III reduces 
when &£ = 1, and appears at first sight to go beyond it. 

Peano’s First THEoremM. Let wu, and u, be functions of « which at every 
point of I have finite first derivatives, while u,,u,, u,, ui do not all vanish 
at any point of I; then if 


, , 
uu, —uu, =, 


u, and u, are linearly dependent. 


1 


* See, besides the notes in Mathesis referred to at the beginning of this article, a paper by 
PrEANO: Rendiconti della Accademia dei Lincei, ser. 5, vol. 6, 1° sem. (1897), p. 413. 
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The truth of this theorem will be established, and at the same time it will be 
proved that it covers no case which is not also covered by the special case k = 1 
of theorem III, if we can show that either there is no point of J where wu, and 
w, both vanish, or there is no point of J where w, and uw) both vanish. Assume 
then that there is a point where w, and uw}; both vanish. Here we distinguish 
between two cases : 

(a) u,=9. Here vu, =u) = 0 at every point of 7, and therefore there can 
be no point in J where w,= wu, = 0. 

(6) w, is not identically zero. Then there exists a point p in J at which 
U, =u, = 0, but in whose every neighborhood lie points where w, + 0. 
Therefore by the above lemma u(y) = 9. We must therefore have wi(p) + 0. 
Accordingly there exists an € such that throughout the interval p<w<pt+e, 
and also throughout the interval p> «> p—e, wu, does not vanish. Let us 
choose that one of these intervals in which lie points where w,+ 0. By the- 
orem I we have at every point of this interval, and therefore on account of the 
continuity of wu, and w, also at p, 


Pits Tine 


where c + 0 as otherwise w, would vanish at every point of this interval. From 
this last equation we infer that 
ui(p) = eui(p) 

Therefore since w}(p) = 0 and c + 0 we get wi(p) = 0. We are thus led toa 
contradiction, and therefore the case (>) cannot occur. 

Peano’s SeconD THEOREM. Let u,,u,,---, u, be functions of x which at 
every point of -I have finite derivatives of the first n —1 orders, while the 

Wronskians of these functions taken n — 1 at a time donot all vanish at any 

point of I; then if the Wronskian of u,, u,, +++, wu, vanishes identically 
Uy 5 Uys +++, U, are linearly dependent. 

We will establish this theorem, and at the same time show that it covers no 
ease which is not also covered by the fundamental theorem II, by proving that 
there must be one of the Wronskians W,, W,,---, W, (to use the notation em- 
ployed in the proof of theorem I1) which does not vanish at any point of the 
interval Z. Suppose each of these W’s vanished in /. They cannot all vanish 
identically. Suppose that W, is one of those which does not vanish identically. 
Then there exists a point p at which JW, = 0 but in whose every neighborhood 
lie points where W, + 0. 

Now by the reasoning used in the proof of theorem II we see that: 


Wi W,—-W,W! =0 (i=sly seen 


Therefore, by our lemma, W, vanishes at p(i=1, 2,---,—1) and this is 
contrary to hypothesis since W, also vanishes at p. 
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§5. A Theorem concerning Wronskians. 


I have now completed what I have to say on the subject of linear dependence. 
There remains however a theorem concerning Wronskians which I have found 
useful in the course of my work, although in the form which I have finally given 
to this paper no use has been made of it. 

Before stating this theorem we will first establish two lemmas which we shall 
use in its proof. 

Consider a matrix J of n+ m rows and n columns. Denote by D, the n- 
rowed determinant obtained from JV by striking out all of its m + 1 last rows 
except the (x — 1+ 7)-th row. Denote by J’ the matrix obtained from M/ by 
striking out its last m-+ 1 rows. Denote by A, the (n — 1)-rowed determinant 
obtained from JZ’ by striking out its i-th column. 

Teen lee Dia 1) a ee Do 0, and uf Al, AS, --*, A are not 
all zero, then all the n-rowed determinants of M are zero. 

For denoting the element of J/ which stands in the 7-th row and j-th column 
by a,,, we have: 


/ n—1/, ° ¢ 
a,,A,— Aig. + i ws (— 1)" a, A, = 0 (i==1,2,---,n+m), 


and these form a set of n+ m homogeneous linear equations satisfied by the 
n A’s which by hypothesis are not all zero. 

Lemma II. Letu,,u,,---, u, be functions of x which at every point of I 
have finite derivatives of the first k orders (k=n), while their Wronskian 
vanishes identically ; then, except at points where the Wronskian of u,, u,; 
“++, u_, is zero, all the n-rowed determinants of the matrix : 


Ua ria Ue. 
/ / / 
ea 
| 
| 
Be RU Es ee AL 
“ Ww 








are zero. 

We first prove this lemma in the case kh =n. Here the determinant ob- 
tained from the above matrix by striking out the next to the last row is simply 
the derivative of the Wronskian of w,, u,,---, w,, and therefore also vanishes 
identically. The truth of our lemma thus follows at once from lemma I. 

In order to prove the lemma in the general case we use the method of mathe- 
matical induction, and assume that the lemma has been proved when k = k, —1. 
We wish to prove that the lemma also holds when k= k,. Let us denote by 
MM the above matrix when / has the value /,, and by WV the matrix obtained 
from MM by striking out its last row; and let p be any point of J where the 
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Wronskian of w,, v,, +++, w,_, does not vanish. If then we can prove that the 


n 


determinant : 








2, At, U, 
| A ’ 
uU wu. U, 
D =— | b) 
ue?) yr?) a, ye) 
UNO i cg 


vanishes at p, it will follow at once from lemma I that all the n-rowed deter- 
minants of J vanish at p, since this is true of all the n-rowed determinants of 
NV. In order to prove that D vanishes at p let us consider the (4, — n + 1)-th 
derivative of the Wronskian of u,, u,,---,u,. This derivative will of course 
vanish identically. If we compute its value we find that it consists of the sum 
of a number of »-rowed determinants of which D is one while the others are all 
determinants of the matrix JV, and therefore vanish at p. Thus we see that D 
vanishes at p, and our lemma is proved. 

THeorEM VIII. Let u,, u,, +--+, w,,, be functions of « which at every point 
of I have continuous derivatives of the first n orders; then if the Wronskian 
Of Uy, Uy, +++, u, vanishes identically the Wronskian of u,, Uz, +++) U,,, will 
vanish identically. 

Denote by JZ the matrix obtained from the Wronskian 


U, Uy Un) 
uu U, ‘ 
Wiis at ly oe Und 
ap afM 2. () 
Uy Us Un+1 








by striking out the last column. Then lemma II tells us that all the n- 
rowed determinants of JZ vanish except at the points where the Wronskians 
A,,A,, +--+, A, of the functions u,, u,, ---, wu, taken n — 1 at a time all vanish. 
Accordingly W=0 except at these points. Let p be any such point of J. 
Our theorem will be proved if we can show that W vanishes at p. 

We must distinguish two cases : 

(a) A,, A,, +--+, A, do not all vanish identically throughout the neighborhood 
of p. There are therefore points in every neighborhood of p where the A’s are 
not all zero, and where therefore W=0; accordingly W must also vanish at 
p since it is a continuous function of «.* 

(6) The A’s all vanish identically throughout the neighborhood of p. Before 


* This is the only point in the proof where use is made of the assumption that the nth deriva- 
tives of the w’s are continuous. Would not the theorem still be true without this assumption ? 
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proving in general that W=0 for points of class (b) we will prove it in the 
simple case n= 2. Here we have two A’s: A,=u,,A,=wu,. Since these 
vanish identically in the neighborhood of p all the elements of the first two 
columns of W vanish at p, and therefore W vanishes at p. 

We will now complete our proof by the method of mathematical induction by 
assuming that the theorem has been proved when we have less than n + 1 fune- 
tions. Since each of the A’s is the Wronskian of » — 1 of the functions w, , w,, 

--, uw, it follows that throughout the neighborhood of p the Wronskian of any 
n of the n +1 functions u,, uv,,---, w,,, must vanish. Accordingly W also 


2 “ntl 
vanishes at p, as we see by expanding it according to the elements of its last row. 


RAPALLO, ITALY, December 9, 1900. 





AN ELEMENTARY PROOF OF A THEOREM OF STURM" 
BY 


MAXIME BOCHER 


We shall have to deal with two real solutions y, and y, of the differential equa- 


tion : 
dy dy 
dat tP dg t= 


where p and g are throughout an interval a =a = 6 real and continuous functions 
of the real variable x. One of the most important of SturRm’s results (Liou- 
ville’s Journal, vol. 1 (1836), p. 106) is that, if y, and y, are linearly in- 
dependent, between two successive roots of one lies one and only one root of the 
other. 

The following generalization is (implicitly at least) contained in SturM’s paper, 
and from it what I have called Srurm’s theorems of comparison for a single 
equation + follow at once. It is my object in the present note to prove this 
theorem by a simple and elementary method which makes use only of a single 
property of y, and y,, namely that a necessary and sufficient condition for their 
linear dependence is that y,y; — y,y; should vanish at some point of the interval 
ab .§ 

The theorem in question may be stated as follows, and when it is so stated 
the method of proof is at once suggested : 

Suppose that y, vanishes neither at a nor at b, and that y,, if it does not 
vanish at a, satisfies the relation : 


Wile) Ce) 
yal) yl) 


and, if it does not vanish at b, satisfies the relation : 





* Presented to the Society February 23, 1901. Received for publication January 14, 1901.’ 

t+ We may, if we wish, allow p and q to have a finite number of discontinuities in this interval, 
provided that in the neighborhood of each discontinuity p and q remain finite, or, if they become 
infinite, do so in such a way that |p| and |q| can be integrated up to these points. See Bulletin 
of the American Mathematical Society, March, 1899, p. 276. 

{Bulletin of the American Mathematical Society, May, 1898, pp. 366-367. 

§$ In a slightly different form I applied this method four years ago to the simple case stated 
above. See Bulletin of the American Mathematical Society, March, 1897, p. 210. 
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Y() _ 9; (0) 
Y2 (0) y,(4) ; 


and finally that y, does not vanish in the interval a<u <b ; then y, vanishes 
once and only once in this interval.* 

We first prove that y, must vanish at least once. For if it did not the func- 
tion : 








\_ ¥@) _ ¥, (a) 
Ke) Yale) (2) 


would be continuous throughout the intervala <<a%<b. Moreover if y,(a) + 0 
we have f(a)>0, if y,(a)=0 we have f(a)= + o. In any case therefore 
J(&) is positive in the neighborhood of a. In the same way we see that /(«) is 
negative in the neighborhood of 6. Accordingly f(x) must vanish at some point 
between a and 6. Therefore at this point: 


WY2— YH, =9,; 


and hence y, and y¥, are linearly dependent. This however is clearly not the case. 

If now y, vanished more than once in the interval a<a <b, let «=a and 
«= be two successive points in this interval where y,=0. Then, inter- 
changing y, and y,, and applying the part of the theorem we have proved to 
the interval a <<a <8, we see that y, vanishes at least once between a and B, 
and this is contrary to hypothesis. 


RAPALLO, ITALY, December 31, 1900. 





* If y,(a) =y,(b) =0 this theorem reduces to the simple theorem stated above. 
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ON THE DETERMINATION OF SURFACES CAPABLE OF 
CONFORMAL REPRESENTATION UPON THE PLANE IN SUCH A 
MANNER THAT GEODETIC LINES ARE REPRESENTED BY 
ALGEBRAIC CURVES“ 


BY 


HENRY FREEMAN STECKER 


Introduction. 


BELTRAMI has shown + that surfaces of constant curvature can be built upon the 
plane in such a manner that the geodetic lines shall go over into straight lines, 
and that this result is true for no other surface. He considered this as the 
simplest case of building one surface upon another in such a manner that the 
geodetic lines of one surface shall go over into the geodetic lines of the other. 
The general question was later solved by Dini. ¢ It is an immediate consequence 
of BELTRAMI’s memoirs that surfaces of constant curvature are the only surfaces 
that can be built conformally upon the plane in such a manner that the geodetic 
lines shall go over into straight lines or ares of circles. § This latter fact sug- 
gests a generalization of BELTRAMI’s problem different from the one which he had 
in mind, i. e., to so build a surface conformally upon the plane in such a manner 
that the geodetic lines shall go over into algebraic curves. It is proposed to con- 
sider that question. 


Sale 
5 
We consider a doubly infinite system of algebraic curves in the plane : 
(1) P(e, y) +A (x,y) + Bia, y)=9, 


where A and & are the parameters of the system. 
We think of the surface as given by 


w= (MH, v) (i=1, 2,3), 





* Presented to the Society February 23, 1901. Received for publication November 20, 1900. 
tAnnali di Matematica, vol. 7, 1866. 

tAnnali di Matematica, ser. 2, vol. 3, 1870. 

§ For an independent proof of this proposition see F. BussE, Inaugural Dissertation, Berlin, 


1896. 
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where » and v are rectangular surface coordinates, i. e., such that the systems of 
curves “ = const., v = const., intersect orthogonally. 
Let the relation between the surface and the plane be given by 


ie: wh(e, v) oe Boe Wy(H ’ v). 
Then we write f(u, v) for H’(w,, y,) and equation (1) becomes 


(2) Sits ¥) + Af(e, v) + BAH, v) = 9, 
and from this we find: 
(3) S3(Hs ¥) + APH») + BPMs v) = 9, 
(4) Sls ¥) + Afa(ms v=) + BSH, ¥) = 9, 
where 
Files») = EE) ay 4 FE) ay, 
Fille, = 8 ut ¢ 2 dude 4 FEE) as 


FAY) FAs ¥) 
eee ne, 


From (2), (8) and (4) we obtain 








| 
(5 ; Wee, fa 
| 
wy wd vr | 
. hi dhs i 
We write 
_ Of, nd: ene a may. OE 
n= ont, N. = Ay 3 n, = ae Mo Bye? Mj. = CHES 


Making use of these abbreviations, substituting for f’ and /f.’ their values, and 
expanding in terms of the first row, we have from equation (5) : 


f inde + n,.dv m,du? + m,,dv? + 2m,,dudv + nd + n,,d°v | 
1 


2 2 2 2 
nde +n, dv m,du? + m,dv* + 2m,.dpdv + nb + Ns 0v 


2d + n,dv md? + m,,dv + 2m,,dpdv +2, 0p + n,d’v 
Bee 


mE 


ny de + Nyy dv md” + m,.dv* + 2m,.dudv + 2,07 w+ N3v 
nde + a mde + m,,dv* + 2m,,dudv + n,Pu + dv 


i ethe: ET! 
Js nde +n, ah m, dp” + m,,dv + 2m,,dudv + nd + 2,d°v 


F,9(28) — 7,0 (18) +.f,0(12) = 0, 








or 
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where 
| 25,7. | | 22.12. | i m N,N 
21 21 Ue Zieewe | 21 23 21 22 | 
6(23) = | | du® + | dudv? +2. dean ditty 
| Ng Me, | | MoM | Ngo Mei Noo 
NM, | | 2m | 12,92 | N,N 
22 ~— 21 | | 22 22 22-23 22°21 
| | dpidv +. \dv + 2| dudv* + dvd’ , 
| NoyMey | NggMao | | NggMoe Ngo Nay 








with corresponding expressions for 6(18), 0(12). Adding like terms, we have 
for terms in dp’: 


| %p19My, 
Sis ¥) | 


| 2%3)73) 


| 
| LET 
— So(Ps ¥) 


| 23,75, | 








n,,mM,, | 
- SAPs v) | FESS NF dus 


Ny Moy 








or 
PACE v) My, My, 


(6) Fels ¥) My My, | Op}. 


| Alt, 2) my my 


And we easily see that we have like determinants for the coefficients of the other 
terms. Indeed if we write [11] for the coefficient of du’, our differential equa- 
tion Is: 


[11] dy? + [22]dv? + {2[18] + [21] }dp2dy + {2[23] + [12]} dude’ 





= 


+ A(dud’v — dvd*p)=90, 


where A is the determinant | /\n,,7,.| . 


For shortness we write equation (7) in the form : 





(8) a,du’ + adv + a,dy*dv + a,dudv’ + a,(dud’v — dvd*p) =0. 


§ 2. 
The geodetic lines of our surface are given by the differential equation : 


p aE a 0 
1G ae dv — 3B — dus + |Z fe aes an | durdy 


(9) 
OE aG : ; 
+ |G aren pbs | dudv” + E'G(dud’y — dvd*p) = 0; 


we are to compare this with equation (8). This comparison gives the following 
system of partial differential equations : 


0G Of Of 0G 
te (yA OE EL BY A 
E at: G Dui Adee th ay 1B =e AG, 5 
(10) 
0G OF 
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Fromjthis system we eliminate X by means of the last equation and obtain: 








0G OK a 0H 0G a 
eee 1 fs bil cee fey lr ME sat 
f Op G Om Les) G Ov ee Ov cee 
(11) 
riyetMeaEy spots 2 | ky) 8! Naaigr feels 
a Op a, a” Ov a, 
From these we have: 
1 dle Ge eye 
; Op woe Ma.a. J 
9 dlog  ,elogG & 
Ov 2 Ov a. 
(12) 
3 Plog gh & 
ae eS 
4 Clog G@ 15a, 2 
Se ma Ce 


Integrating 1 and 2 we have: 


aly log G — i log #= log F’, + log V,, 
(13) 
log # — tlog G = — log F, + log U,, 
fae Jaw ; ° . 
where 7, =e’ % and =e * ; U, is a function of pw only and V, of pv 


only. Then (18) gives 


L es de 
(14) 
E 
2. Gi = de Oe 


Squaring each of these equations and multiplying it by the other we find 














i H= U:ViFiF;>, 
(15) 

2. G= UiVi lik}. 
From these last two equations we have the following values: 

E 
1 ae Cis Voaittk= 
0 log G 1 dU, a, log F, 
AS ea a Ae: ey ae fo) 2 

gee On = FBC Us dpe ae Gio 26a we. | 

3 @ log # eee or Ck Ee 

; poe Oy 


hie Oe ve Ov 
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We substitute these values in equations (8) and (4) of the system (12) and 
obtain : 





dU, a, 0Olog Ff, Qs, p-ap-aP-arst 
(17) at |2g-—s a i; UF. 


dV, a, _ 2 log 17 


a, 





The integrals of these are: 





u Gin OPMESME, + V), 
(19) 
U3 : 
2. pi = PPE, + 0D, 
where 


a, on a, 2 
F= { —S Fed, F.= [ora 


and U, and V, are functions of mw only and of v only respectively. 

These equations are sufficient to say whether or not a solution exists and to 
Jind such solutions if they do exist. It is proposed to illustrate this by an ex- 
ample (pp. 156-159) before going farther with the general theory. 


ExampLe. We take f,=f,(v) , a function of v only; also 
Si{Ps v= wv, fle, v) = wv. 
Then after some calculation we find the following values: 
d= 0; 
a, = prr*yB+™—In(n + 1)(B — m) f(r) , 


d 
(20) Cy = pr tyB+m—2 EG —m)(m + B —1)f,(v) — 2n(8 — m)v af (v eT, 





df. (v Joy 
a= ees as — Mm) | Bf) — (8 +m — 1)y ost a ro | ‘ 


a, = wb +"™—1n(B — m) f,(v) . 
From these we find: 














a, n+1 
a aa 
a, _m+8—-1 4 1 df,(v) 
Ca v Sv) dv ? 
ay 
ae 
a, 
a, Bm 1 1 df) 1 @&f,(v) m 
ee eee gay dv + £0) dv" [=£e0). 
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Then we have: 


a, ; dp o yrt+l 
[a= fot 1G = tog wm ; 


dv pr+B— 1 
ihe dv = fom eB met Le ie f aiog.f(0)dv = = log =~ 
NS 
Therefore 


Pap, Rea, Fe), 
ae) 
ae wa 


F,= {-< du = { — 6(o)e- 2(n-+1)+1 


Introducing these values into (19) we have: 











0 — 1 Dn? 
il. V3 OF aa Deer Dy sere NS) | (v)p + Nv =| 


2n? 
(22) 
2. ViAU BH Qe Dy H+ B—D £4) U7, . 
This requires either: 
(a) SOF (K =constant), 
or 


(b) Ov) =0. 
Case (a). If V,= KO(v), then we find: 
U3 aes Ap sere) ima aie ane IK | -. 


G3 a apart?) ep 9 


which require that 


> 


7 = - Tiga a Pipes = 2n7K | —1 ; 
therefore 
n—2 


iw 
tS [oA 1h 





And for V, we find: 
Vii = Nv" P-DFA(y)(v) , 


Ve a yiere fe (v)'« 
These require that: 
a’ p2(m+ B 1) 


SET)? 


Taking a’ = 0’, as we may do, and restoring the value of @(v) we have the fol- 
lowing differential equation to determine /,(v) : 
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(28) Eee — (8 +m—1)r TA) +. Bray if fv) = vm GE 
Before solving this differential equation we consider case (0). If 0) = 0 


we find: 
U8 rerio, 


U8 = ap U,, 


giving 
hee 
—2An-t-1), 
U, = : mn 2(n-+- ys 
also 
; Vi = dy Hert 8) FAV) V. 
Va ma hmre FH), 
giving 


a’ p2(m+ B—-1) 
DoS eG) 
And 7,(v) is given by 
af. (”) 


dy 


es —(B+m—1)r Mala ih 





(vy) = 0. 


It remains then to see if f,(v) can be determined algebraically. 

Since equation (24) is (28) with its right hand number put equal to zero we 
can consider them together. 

We put 


(m+ B )+ 2 


p sap Ry) eno 0=—. 





After some reduction equations (23) and (24) reduce to the forms: 








d0 (m— oe be 
(25) 7 cP 4 =f), 
ie d@ (m—B) 
(26) pads otter 


We consider the latter and simpler case first. 
It gives: 





6=tV(m — By + 4c, 


o=[- ada 2 
A (1 (m — — 2 4c° 
Therefore 


Beto E — B)’2 + 2(m — B)/(m — B)2? + lg Pores 
2(m — B)’2 — 2(m — B)/(m — PB)? + 4 


Hence 

















1 
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Remembering that % = log v and that z — f(v)/v <a , we find after some reduc- 
tion : 
4c.um™té 


si oe (m — BY? (we —c,)/— iW 





and for the equation of the curve: 


(m aie. fej (Cems wal C,)" se i }(Apry pm ae Byrv®)? aioe: 4cunt8 = 0 ‘ 
Hence 
vs = ie [ree pee Rete) ats (c2 oat 1p] 2 
UO, = Kp (K, and K, constant) ; 
these give: 
E = pp 2n+1) } 
G = q[v?-F + — 2cp™-B-! 4 (c2? — 1)y-"]?, 


where p and g are constant. 
In regard to the other integral : 








-/ Qzdz 
Aor v(m — Bye" may 


it appears that in order to keep the exponents rational and the coefficients real 
it is necessary to take c= 0. 
Then we-find finally : 
f 4 Ky 2B a pm 
NES ein Ay? 


_ where / is constant, and the curve is given by the equation : 


4K y’8 +. yp” = 2K(m — B)(Ap'y™ + Byrv®)?. 





To revert to the general theory, we may say that if a solution exists, the right 
hand member of equation 1 of (19) must be of the form 


O(v) 
O(n)’ 
Vi=K@(v), Ui= KO). 


and then 


The functions y,(“, v) and y,(“, v) are given by the equations: 


BY, » Wr) _ Aes v) Pv) V2) af, Ss v) 
Py ve) Allo)? Bi he) (> ») 


Since we desire a conformal representation we shall take 


Wi=H, Wh=?. 
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But it is plain that by such a choice certain conditions are imposed by equations 
(19) and we proceed to consider those conditions. 


§ 3. 
Calculation of V, and U,. 


If we represent the right hand members (19) by & and S respectively, then 
we must have : 





ie ES = 1, 
: Plog R 
( 27a: ae HE kant 
3. Flog S _ 
Omov 


From the second of these we find: 








da 0a, @log(F, + V,) 
cS ee, 3 Bo ee 
23) Sava, * dua, + Opmov ae 
Considering the last term of this equation we find 
Plog(F,+V,) 90 OF,/av 2 Chef, 
Odv maoY eae ree ey) 
GG a, a a, a 
= — ie = 8 4 f7'—2 Bag WE EOS ie. 
ss ce rise | Ov a, ee a, me ae a, O, 


since 


OF. 
Saat? and 4 F (RF, 4 V)(F+ 0) =1. 
5 


Whence from (28) we find : 








22% 149% spel! 
3 Ou a 3 Ova a, a 
=o bot 5 Di. 2s 
(29) 2F; (f+ 0,) = 4% % a4, 2 
a, a Ov a, 
and from 8 of (27) we find in like manner: 
0a oad a, a 
A hs, NTS Oe pale 
2 ° OM a, Sha, t aa, 
(80) EG Ae VAY em rere 
4 2D 
a, ds Op a, 


If we represent the right hand members of (29) and (30) by A, and A, respec- 
tively, then equations (19) become: 
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ie ries 

Ui = F-iF-iA,, 
(31) 

7s : 

Vi a PP BA, . 


§ 4. 
Partial differential equations satisfied by f(m, v). 
As a first condition we have 


A Aare 


Differentiating (29) with respect to v, and using (19) we have 


bg 2s 2, OA, 2 & 
as Pps Fp 5 +2 A 


or 
ea are PL aI shee 


we nl 
Ov ee a 


lI 
bo 


and in like manner from (30) we find 








Hence we have the system : 








faeg ay oa hep 
OA a a 
2 eal Roig eisai ea 
(32) Ov aia Gaz 
oA, a, a, 
ig 2 e pal ae 


These are the necessary, and, as is easily seen, sufficient conditions to impose 
upon f(“, v) in order that a solution may exist for the rectangular coordinate 
system (“, v). 


8 5. 


We consider next a somewhat general solution of our problem. We have 
written 


ie es ye 
ie du =log Ff, ie dv = log F’,. 


We consider one case where these integrals actually yield logarithms, i. e., da,/Oph 
= a, and da,/0v = aa,. To simplify the expressions for a, we divide equation 
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(2) through by f,(#, v) and then consider fy =1, 7 =fi/f,, fy =A /f,- This 
amounts to putting f, = 1 in our formulas. We find: 
ERCAL isa OS, ote 
On Op Ov Ov Om Ov 
a= A > A= 5 — 3 
Of, of; of, oF; Of, fs 
Om Op Ov ov Om ov 
Oferta |g mers Temes IM alae 
Om Opmov Ov Op" Ov Opdv Om «OO 
Co ayer i SS 2 A ie Bhi 
Of, FFs) |e OSs af, FF.) (Af, FFs 
Om  Opov ov Op Ov Opdv Op «OOP 























The case to be considered is found by taking 0°f,/0ndv = 0 and 0°f,/Ondv = 0, 


that is, f, = $,(v) + $,(v) and f, = ¥,(#) + y,(v). Then we shall have: 
a,= >(H) Hiv) — Wi) b(7), 
a, = $(H) Wile) — Vi(#) Pi) » 


a, = $v) Wi) — 
a, = #0) Wu) — 


V(r) $2(%) 
Wo) Pi)» 








a, = $(H) Wi") — Wi) $2(¥)- 
Hence 
(40) [2am = = dog (6:10) KO) — KO) &O) 
(41) [Bae bog (6:6) HO) — KW) 4:0}, 
Therefore 
_, |8@ #O\_1 |e #0) 
H aa) i) Ku) v7) 


$Y)  2(r) 


a ?,(#) f,(v) 
Fi,= | —-[Fpdu=—a, | adp=— ees 
ieccraa ae Ki(—) (0) 
: d(H) , (H) | 


W(H) W(v) 
F,= |2 Fid=a, | a,dv= ? 
ic af ne) 1H) 


$i(H)  ,() 
In order to separate the variables it is necessary that either 


Wie) v7) 
(a) >(4) = H,(#) (db) $,(¥) = W), 




















or 
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and since the equations and expressions are symmetrical in yw and v it will only 
be necessary to consider case (a) and afterwards interchange m and v in the 
result. 

First of all we have: 


1 1 meaty, . 
f,=9, M= f (mw) Wi(v) — $3(r)’ FF, = (H) (viv) — b:(%)} 


$(v) $5(r) 
ee Vv) Wwelv »)| 





P= — $4) (v(%) — $.(07)) 
Then from (19) we have: 


ES HINO) — FO) 20, 
(42) aa ee ese PO) SHAE) — 60) 
{v%) — $,(v)} bk) wv ) 











As JV, must vanish and U, = $,'(v)/46(u) , we find 


1 6%) 


1/8 $i(H) ” 


80) | _ . 
Ke) yo) 7 SO 8 


or, if we write w for W(v) and y for $)() , 


Also 


dy da j 
Ig Ea 


Put « — y = ¢ and our differential equation is: 


dx dq : 
Tie emg e 
or 
d « 
dvq 2 
Therefore 
x 
q re fa = Wr) — p(Y) + C3 
hence 


ame 
SEEMED (rv) + 1? 


and integrating this we have: 


Wr) = & a) — $.2)]? + al) + $.)] + &- 
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Remembering that ¢,(v) = f(v)/7,(v) and ¢(u) = /(#)/A,(#) we have, after some 


reduction : 


BLES) + KL LO)L A) 
= (KB +VAY)L(H + (A+ BILAL) tAHOLOD 


(48) 


for the equation of our curve. Here the /, of » and of v are any algebraic 
Junctions whatever. As mentioned above we find a solution for case (b) by in- 
terchanging mw and v in (48). 


§ 6. 
Conditions for the equality of HE and G. 


The work thus far is for #’= 0, i. e., uw and v are rectangular surface coordi- 
nates. It remains to consider the case H’ = CG’. 

From our system of partial differential equations (10) we find that a, must be 
equal to a, and a, to a,. It remains to consider the system of equations (82) 
which were the necessary and sufficient conditions to impose on the f(, v). 
First we consider the values of /,and #’,. We recall that 


Cs @ a2 
F,={-2 dp, B= | ee, dv, 


gone a, 
log F, -{2 dv, log F, - {+ dv. 
5 Es 


Hence also 





pied, Of, a, RP 
Op QF ues aes 
We have then 
Dixon a eae Bs eg 
r= {-2F, d= = Faiea du= | — FoF dv =F, ‘ 


Also 
OF. 
Coes aay a 


Hence the right hand members of (29) and (80) become respectively , 








2 fa] ys Vey 0 a, 442 os 
3 Ou a 3 ov a a, @ 
2FO GH: + U,)=14 28 U, =A, = 4 a es 
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oe a 49 Ge ah ge Me 
30u a, 3 dv a, ig 
oFLF-? 4+ V;) =142F?V,=A,— Mh a, Vv a, a, a 
2 3 4 a, Gs 49 0 Gz 
a, Os Om a; 
We consider the first of equations (8), i.e, AA,=1. 
We write 
Ea peepee ect) 
Si Scar image Oh 
and also 
teed ol a) 
aan (el ee Go cae 
Therefore 
2(a+b) 2(a+ b) 4(a + bY 
— Cee ee en a 9\ 
etreta ih ae c — 2b e+2a (c+ 2a)(c — 26) 
a(a +b) é 
=—=1+ (e+ 2a)(e — 2b) [e+ 2a —c + 26 — 2(a+4 B)] 
Eset 8(a + b) 





(e+ 2a)(¢ — 2b) 
Hence we must have a + 6 = 0 and therefore 


da, 0G, 
ie a eae 

Hence A, =1 and A,=1. Then the other two equations of (32) are satisfied 

and we may conclude that 


a, = 4, , 


C= On. 
(44) 
0a 04, 


dua, t ova,” 


are the necessary and sufficient conditions that = G’. 

The next question will be the study of these surfaces, their existence and prop- 
erties. In particular I have already finished part of the work for the curve 
y? = ax’ + bx’? +cx+d, i. e., for surfaces whose geodetic lines go into cubics 
upon the plane by a conformal transformation. The straight line and circle lead 
to the surfaces of constant curvature with their interesting properties. Here is 
a much wider and more interesting field. 

GOTTINGEN, November 3, 1900. 


ON THE EXISTENCE OF A MINIMUM OF THE INTEGRAL 
[ Fe, y,y') de 


WHEN «x AND #, ARE CONJUGATE POINTS, 
AND THE GEODESICS ON AN ELLIPSOID OF REVOLUTION: 
A REVISION. OF A THEOREM OF KNESER’S* 


BY 
W. F. OSGOOD 


Ina paper entitled Zur Variationsrechnung KNESER enunciates the theorem + 
that the integral . 
zt 
Teel F(e, Y¥,y ) de 
*0 
ceases to be a minimum, not only when the interval («,, x,) contains a point a’ 
conjugate ¢ to ,, but when «, coincides with w’. This theorem is true in gen- 
eral, but not in all cases, and it is the object of this paper to correct and extend 
the theorem and to give a complete solution of the problem that KNEsER pro- 
posed to himself. The geodesics on an ellipsoid of revolution afford an example 
of a case in which the theorem as enunciated by KNESER is not correct. 
The methods and results of this paper admit of extension to multiple integrals. 
The contents are as follows: $$ 1, 2 are introductory; §3 gives an account 
of KNESER’S memoir and obtains his results in a simple manner; $$ 4—6 contain 
the new material of the paper. 


§1. Necessary Conditions. 
A necessary condition that the integral J be made a minimum by the function 
y is that y satisfy LAGRANGE’S equation 





* Presented to the Society December 28, 1900. Received for publication January 30, 1901. 

+Mathematische Annalen, vol. 50 (1897), p. 50. Cf. also §6 of this paper. This 
theorem had however been stated and proved for the general case twenty years earlier by ERD- 
MANN: Zeitschrift fiir Mathematik und Physik, vol. 22 (1877), p. 324, who showed 
that, when dy—ey(a, Y)) (in the notation of the present paper ) the second variation of the in- 
tegral J vanishes while 


/ 
037] —=— ¢3 ( Fyy’ )a=x! oy Ee Yo) Pyy (fe vas 
and this is not in general zero. For this reference I am indebted to Professor BOLZA. 
{ The meaning of the word conjugate will appear below, 2 3. 
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(1) eet ean (B=; eto) 


»” dx y 
or 


/ ” 
#, oE: ie pete 4 Py more Py = 0, 


and furthermore fulfill the boundary conditions 


y (@,) =Yo> y (,) = es 


where y,, y, are fixed quantities.* Here the function /’ (a, y, p), regarded as 
a function of the three independent variables (a, y, p), is to be continuous, to- 
gether with its partial derivatives of the first and second orders, throughout a 
region 2: 








Baie ce. 4, GAL ee emo Ds 





and A,=x,<«,=£,. For simplicity we will assume 4, = —o, B, = +o-, 
and require that /”,,(v,y,p) shall vanish at no point of &. The function 
F’ Ae, Y¥» p) will, then, not change sign in Lf. 

The functions y admitted to consideration are single valued and continuous 
throughout the interval «,=« =, and assume the prescribed boundary values, 
and they have a first derivative which, at least within the interval x, <«#<~2,, 
is finite and continuous. 

We will denote with Knesrr f any solution of (1), or the curve that repre- 


sents such a function, as an extremal. 


: § 2. Sufficient Conditions. 


WEIERSTRASS’S sufficient condition that such a function y, represented by a 
curve C’, actually makes / a minimum consists (a) in the existence of a field of 
extremals surrounding C’, and (6) in the relation /’,,,,(~7, y, p) > 9, where 
(w, y) is any point of C and p may have any value. The notion of the field 
was first published by ScHwarz.§ That which is essential may be embraced in 
the following requirements : 





* We confine ourselves for simplicity to the case of integrals with fixed limits ; but the method 
here set forth applies equally well to integrals with variable limits. In fact, one of the first ex- 
amples that I formed was the following. Reversing the usual order of the processes, I started 
with the envelope, which I assumed as the semicubical parabola y? = «, and took then as ex- 
tremals the right lines that envelop it. I then constructed a problem of the calculus of varia- 
tions, of which these elements afford the solution and which, since the above family of right 
lines is cut orthogunally by a certain parabola P (y?—=ax-+ 3), may be formulated as follows : 
To find the shortest line that can be drawn from the point x—=0, y=: 0 to the parabola P. 

ft Lehrbuch der Variationsrechnung, Braunschweig, 1900, p. 24. 

t For an exposition of WEIERSTRASS'S sufficient condition for a minimum, together with 
KNESER’S and HILBERT’s proofs of its validity, cf. an article by the writer, Annals of Math- 
ematics, ser. 2, vol. 2, no 3 (1901), p. 105. 

§ Festschrift on the occasion of WEIERSTRASS’S seventieth birthday : Ueber ein die Flichen 
kleinsten Inhalis betreffendes Problem der Variationsrechnung, Acta soc. sci. Fennicae, vol. 
15 (1885), p. 315 = Werke, vol. 1, p. 223. Cf. also KNESER, Variationsrechnung, chap. 3. 

Trans. Am, Math. Soc. 12 
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(1) Through each point (w, y) of the neighborhood S of the extremal C 
there passes one and only one extremal 


y= (x, 7), 
y being a parameter. The function ¢, regarded as a function of the 
two independent variables (w, y), is together with its partial deriva- 
tives 6, = $', $,, $., = ¢, continuous at each point («, ) correspond- 
ing to an interior point (w, y) of S; and ¢’(«, y) remains finite 
throughout that part of the neighborhoods of (x,, y,), (w,, y,) that is 
bounded by any two curves of the class admitted to consideration in 
$1. The equation of C is y= (a, y,). 
(2) The function ¢,(@, y) + 0, when a, <% <a. 

By the “neighborhood” of the extremal C’ is meant the interior of a strip 
S of the xy-plane bounded by the lines w= a%,, w=2,, y= (2, %) +6 
y= (“, y,)—€, where € is a positive constant, together with the points 
(5 Yo)» (i> th): 

The definition of the field here given is broader than the one employed by 
KNESER in his treatise or the one that I used in the paper above referred to. 
Both KNEsER’s and H1Lpert’s proofs for WEIERSTRASS’S sufficient condition, 
given in the latter article, can be extended without difficulty to the present case. 
Thus, in the case of HrLBErtT’s proof, it is sufficient to show that the value of 
the integral 


J = { (f(a, Yi y)+(¥'-y) FF, (@, F,y)j}dez, 
e rQ 


where x, VY’ are the coordinates of a point of an arbitrary curve C’ lying in the 
field, and where 

y=$(@, 7), F=$,%)> 
is independent of C’, i. e., is the same for any two such curves, Ge Gs and 
this can be proved as follows. Let the values of J for C, and C, be denoted 
respectively by J, and J,, and suppose 


Bt fe UN. 


Let (x, y’) and («”, y”) be two points of C,, chosen respectively arbitrarily near 
to the points (x,, y,) and (,, y,); and let C’ be a curve connecting (x, y’) 





and (x”, y) and coinciding throughout the greater part of its extent with C,. 
More precisely, let curves c’ and c” be drawn respectively from (a’, y’) and 
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(x, y”) tangent to C, and meeting C, at points that lie near to (#’, y’) and 
(x,y) respectively, and let c’ and c” be so chosen that the curve C’’, con- 
sisting of c’, ¢” and the part of C, lying between the points of tangency of ¢’ 
and ce”, will be a curve of the class admitted to consideration, $1. Denote the 
values of J taken along C, from («’, y’) to (#”, y”) and along C’’ respectively 
by J/ and J’. Then 
Ji —-J' =0. 

For, all of the conditions of the lemma on which HILBErt’s proof rests are ful- 
filled for the interval # =x=2”". Now it is clear that, by a proper choice of 
the points (a, 7), (~”, y”) and the curves c’, c’, the integrals J; and J’ can be 
made to differ respectively from J, and J, by quantities each numerically less 
than $4. For, though the function y’ = (a, y) may become infinite in the 
neighborhood of the point (,, y,), still it is possible to cut out from S an angle 
bounded by the lines y — y, =+A(w%—~«,), where 2 is an arbitrarily chosen 
constant, within which ¢‘(~, y) remains finite and from which the curves C,, 
C,, C’ never emerge; and since a similar remark applies to the neighborhood 
of the point («,, y,), this is sufficient for the proof. Hence the supposition that 
h> 0 leads to a contradiction, and 


Teh: 


§ 3. Aneser’s Investigation.* 

KNESER’Ss results may be briefly obtained as follows. Let there exist an ex- 
tremal C’ connecting the points («,, y,) and (X,, 7). Consider the integral 
I formed for an arbitrary value of w, between x, and X,, the point (#,, y,) lying 
on C’. Further assume 

(1) That through the point («,, y,) and each point (a, 7) of that part of the 

neighborhood of (x,, y,) for which «>, (1. e, y%<e<a+tp, 
ly — ¥,| <#), one and only one extremal y = ¢ (a, y) passes and that 
y = (x, y,) coincides with C’. The function ¢(~, y), regarded as 
a function of the two independent variables (w, y), shall, together with 
its partial derivatives ¢, = $', $,, },, = >,, be continuous at each of 
the points (#, y) corresponding to points (#, v) of the above neighbor- 
hood ; and furthermore at the points (~, y) of the region 


mteSe SX, y—oe<y<nte: 
and ¢'(#, y) shall remain finite throughout that part of the neigh- 


borhood of (x, , y,) bounded by any two curves of the class considered 
in $1. 


(2) d(e,7)+90 when 4<e<ca+h, ly — %| < HI 
b,(@,%) +9 when a+ pSrca’<X; >$,(2’,y%)=9. 





*Mathematische Annalen, loc. cit. 
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Since all the extremals y = $(x, y) go through the point (~,, y,) it follows 
that d(x, 7) = 9. 

When x, <a’, a field exists about the extremal C,, as is readily proved 
by the ordinary methods of analysis.* We will assume once for all that 
L",(@, Ys p) is positive, and hence the integral /is a minimum. 

When w, = a’, x’ is called the conjugate point of «,, and it is the study of 
this case to which KNESER’s paper is devoted. It is desirable to distinguish 
three cases. We will assume that },,(@, ) exists and is continuous throughout 
the neighborhood of the point (@’, y,). * 

Case J. b,,(#', %) += 0. This.is the general case. 

Casell. gb (e',7)=9, |y—y| <8. 

Case III. 9 (@',,)=9, ¢,,(@', ¥) #0. 

Cases I and II are considered by Knerser and his results are as-follows. In 
Case I the extremals y = $(x, y) have an envelope + which passes through the 
point »’, vy’ = (xa, y,) and this point is an ordinary point of the envelope. 
The proof may be based on Drn1’s existence theorem for implicit functions of 
real variables,t according to which the equation 


0=4,(0,7) 
can be’ solved for y in the neighborhood of the point (w’, y,). The function 
i i 


thus defined is single valued in the neighborhood of the point a’ and it hasa 
continuous derivative throughout this region, given by the formula 


dy _ __ $(%s 9) 
dx: b(% 5 Y) 


Moreover, the pairs of values (a y= wh(w)) are the only pairs of values (x, y) 





in the neighborhood of the point («’, y,) which cause ¢,(@, 7) to vanish. 
The equation of the envelope is 


y= (x, ¥) where y=¥(@). 


Its slope is given by the formula 


lr — d(x, 
OY = $59) + H(0 1) Ger 


b,(@» ¥) 


*The details of the proof are given in a similar case in the writer’s paper, Annals of 
Mathematics, loc. cit., §2. 

+ That this in general is the case is essentially JAcoBI’s criterion. The introduction of suffi- 
cient restrictions so that one is able to prove that, in the problem thus restricted, an envelope 
does exist which has an ordinary point at («’, Y)), is characteristic of the progress of analysis 
since Jacobi’s time. 

{ Cf. PEANO-GENOCCHI, Calcolo differenziale, ete., § 110, or JORDAN, Cours d’ Analyse, vol. 1, 
2d ed., p. 80. KNESER uses the method of power series, 


= $ (x, 7). 
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Thus in Case I an envelope in the proper sense of the term exists, and it 
enters the interval (x,, ’). This fact is the essential characteristic for Case I. 
It can now be shown that, when x, =’, J ceases to be a minimum. Let 

= («”, y’) be an arbitrary point of the envelope lying in the neighborhood of 


/ 


B 


A 


B= B= (x,y) and letx” <<a’. Then the value of J taken from A to B along 
C is the same as its value taken first along the extremal AP and then along the 
envelope from P to B. The proof of this theorem is readily deduced from 
the analysis by which WetersTrass’s sufficient condition is established.* Thus 
the function f(s) (loc. cit., $3) formed for the curve C consisting of APB is 
easily shown to be constant throughout the entire interval 0 =s=/. If we 
employ Hinsert’s method (loc. cit., § 5), the proof is still simpler. Let C’ be 
a curve connecting A with B’ and lying within the region bounded by C and the 
curve APB’. Then it follows, as in $2 of this article, that HILBERT’s integral J 
has the same value for C’ as for C’. When C’ goes over continuously into 
APB’, the integral J goes over continuously into this integral taken along 
APB’, and the proof is complete. 

Thus far it has only been shown that the integral J loses the minimum prop- 
erty, inasmuch as there are curves other than C’ lying in the neighborhood of C’ 
for which J has the same value asfor C’. By making use of the relation + 


h(x’, Yo) + 0 ’ 
we can show that the envelope PB’ is not an extremal, and hence that there exist 
curves in the neighborhood of C’ for which J has a smaller value than for C. 
In fact, for the envelope, 


dy dy (h(a, 
=$ 02 Gea Fe) — EO + own 





dx. 


and so the qielons does uot satisfy LAGRANGE’S equation (1). 

In Case IT no envelope in the proper sense of the term exists. All the ex- 
tremals y = $(x, y) for which y, —d~<y<y,-+ 6 gothrough the point (a, 7’). 
The value of J taken along each of these extremals is the same, as can be shown 
by reasoning similar to that employed in Case I, and hence J ceases to be a 


*Cf. Annalsof Mathematics, loc. cit., §§ 3, 5. 
{+ Cf. KNESER’S memoir, p. 40, formula (32). 
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minimum, If the function d(x, y) satisfies all of the conditions requisite for a 
field about the are AB’ of C with the one exception that through the point 
(x’, y’) more than one extremal passes, there will be no curve C in the neighbor- 
hood of C’ for which Z has a smaller value than for C. The great circles of a 
sphere, regarded as shortest lines on the sphere, are typical for this case, A and 
ZB’ being two points situated diametrically opposite each other. 


§ 4. The Revision of EKneser’s Theorem. 


In Case IIT an envelope may exist which has a singular point (e. g., cusp) at 
B’ and does not enter the interval (x,, x’). This case KNEsER appears to have 
overlooked. * All of the conditions laid down for a field in § 2 may be fulfilled, 
so that the integral J will still be a minimum, as is shown by the example of the 
following section. On the other hand, there are cases in which the conditions 
of Case III are fulfilled, but in which the envelope enters the region (a,, «’) 
and the reasoning employed in Case I to show that Z ceases to be a minimum 
can be repeated. 

Let us, then, examine the possibilities which Case III presents with some de- 
tail. Denote the set of points (~, y) lying in the neighborhood of B’, for which 


bx, Y) = 0 


by (Z). The point B’ is a member of (£’). We will distinguish two cases. 
(a) The set (’) contains a point (x, y) for which w < 2’. 
(b) The set (#) contains no such point. 

In case (a) the integral J will cease to be a minimum whenever the points of 
(£')— or some of these points—for which « =z’ lie on a curve # which has a 
continuously turning tangent and goes through 6’; which, furthermore, at each 
point of /# in the neighborhood of 6’, is tangent to the extremal y = ¢(w, ¥) 
that passes through that point; and when lastly },(w, y) + 0 at all points on 
the segment of each line parallel to the y-axis that lies between H and C’. For, 
the proof given in Case I applies here. 

A sufficient condition for the existence of case (a) is that in the neighborhood 
of the point y = y,, the derivatives ¢).(@’, y), k=1, 2, ---, n, exist; that 
p,x(x’, Yy) Vanishes when & <n, but does not vanish when & =n; and that 
nis even. Case (a) may, however, exist when n is odd. 

For, let $,n(@’, Y) > 93; neven. Then the function y = f(«’, y) is a min- 
imum when y= y,, and hence in the neighborhood of the point y= y,, 
f(w', ¥) > $(#’, y) both for values of y larger and for values of y smaller 
than y,. Now at any point (x, y) of C intermediate between A and DB’, 
b(@,%) += 9, and if d(@,y%)>0, the curves y= (x,y) for which 


* Cf., however, below, § 6. 





1901] OF A CERTAIN DEFINITE INTEGRAL Li3 


%—2<Y<% all lie below C at the point « = & and hence cut C between 
xand a’. The equation 


P(@, VY) — $(@s %) = (Y— YH) Hi (as %y + AY —%)) = 0 
has a solution x= X,2%7< X <a’, and CX, % + OY —- %)) isa point of (/’). 


Thus for example if ¢(«, y) is an analytic function of («, y) in the neigh- 
borhood of (a’, y,) and if 


Py x(x’, Y= 0 (i: a ’ 2 Bhs eh 1) 3 Pn" Yo) os 0 ’ 


n being even, we shall certainly have case (a). But more than this: with the 
present restrictions on the function ¢$(x, y) we can infer that all the condi- 
tions named above are fulfilled which suffice that Z cease to be a minimum. 
In fact, the equation 


0= b,(@, Y) 


now defines a set of points (7) that may be grouped together so as to constitute 
a finite number of curves passing through 6’ and not intersecting one another 
elsewhere in the neighborhood of 6’. Through that part of the neighborhood 
of B’ for which x <~’ at least one of these curves will pass, and if we denote 
by £ that one of these curves that lies next to C (on either side), then # will 
satisfy all of the above requirements. For, it is possible to write ¢,(x, ) in 
the form 


P(& 5 y) = o®, 


where ® is an analytic function of (w, y) in the neighborhood of the point 
(w’, y)), and does not vanish there; and where ¢ is of the form: 


ae ry” pi PA tes obs we -{ veh 


the coefficients A, being analytic functions of x in the neighborhood of the point 
wv =a'.* The irreducible factors + of this polynomial, set equal to zero, yield 
the curves which constitute the set (#’). In particular, let b be the factor 
which yields the curve lying next to C. This curve satisfies all the conditions 
imposed on Z. For, since $ is irreducible, d, does not vanish simultaneously 


with ob in the neighborhood of (x’, Y)) when « <a’, and hence 


exists and is finite at all such points. The slope of the curve is given by the 
equation 





* This is a fundamental theorem of WEIERSTRASS’S ; Werke, vol. 2, p. 135. 
+ ‘‘Irreducible’’ in the sense in which I have used this term in reporting WEIERSTRASS’S 
theorem, Encyclopadie der Mathematischen Wissenschaften, II., B. 1. 
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eee te oe 
where « <2’, and it is readily shown from the continuity of $’(a, y) that at 
B’ the slope of / is given by the same formula. 

If all of the foregoing conditions hold except the one that » be even, and if 
now 7 is odd, it would appear that we may still have case (a) and hence the ex- 
istence of an envelope / with the above properties. For, the function 


d(e,y=(@+)@—y, e%=-1, # =0, %=0, 


for example, satisfies all the conditions imposed on the function y except, pos- 
sibly, that of being an extremal. It seems probable that there are families of 
extremals for which this example is typical. 


In case (0) a field will exist and J will continue to be a minimum provided 
that through B’ and each point of its neighborhood for which « < @’ one and 
only one extremal y = (a, ) passes. * 

This will always be the case when it is the case for the points of the line 
« =’ that lie in the neighborhood of B’. For then y will be a single valued 
function of y along this line, continuous, monotonic and never constant, since 
the inverse function, y = (a’, y) is continuous and single valued. 

Consider the region bounded by the quadrilateral whose sides are 


Y= O(2,%4+ 6, Y= Olt, 7,—C) CH oe. ee ee oe 
where € is so chosen (1) that the points y’ = $(a’, y, +e) are points of the 
above neighborhood of y’ and (2) that ¢,(@, y) does not vanish within the 
quadrilateral. Let (x, y) be any point lying within the quadrilateral. Then 
the equation 
y = $(@, 9) 


admits one and only one solution y,—e<y<y, +e. For 


d(@%-9) <7 < $@, y+) 


and (a, y) is a continuous function of y in the interval y,—e=ySy, +. 
Hence ¢(%, y) assumes the value 7 for at least one value of y in the interval. 
Since ¢,(w, y) does not vanish in the interval, it follows from RoLur’s theorem 
that the equation d(x, y) = y has only one root in the interval. Thus the suf- 
ficiency of the above condition is established. 

If }(x, y) is an analytic function of (a, y) in the neighborhood of the point 
(w’, y,) and we have case (b), then the integral will always be a minimum. 
For, only a finite number of the derivatives ¢,,(«’, y,) can vanish. The first one 





* More precisely : provided that, if (%, y) is the point B’ or any point of its neighborhood, 
for which «< a’, the equation y —¢(z, y) has one and only one root y lying in the neighbor- 
hood of 7. 
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that does not vanish cannot be of even order, otherwise we should have case (a). 
The order being odd, it is readily seen that the equation 7 = $(w’, y) admits, 
for each value y in the neighborhood of vy‘, one and only one root y in the 
neighborhood of y,. 

The foregoing results may be summarized in the following theorems, which 
may be regarded as a correction and extension of KNEsER’s theorem. 

TuHeoreM A. The integral 


t= F(e, y, y)de 
*0 
ceases to be a minimum when x, is a conjugate point, «,=x', of «, and the 
conditions of Case I or II are fulfilled. 

This is KNESER’s theorem accurately enunciated. 

THeorEeM B. Jn Case ILI, the integral ceases to be a minimum when we 
have case (a), i. €., when some of the points (E’) in the neighborhood of B’ at 
which p(w (w, y) = 0 lie in the interval Coe x’), and when, besides, such points, 
or a part of them, can be so grouped as to form the arc of an envelope E' en- 
tering g the region (x,, «') and, together with the extremal C and the line 
w= x —e, bounding a region within which o(a, y) + 0. 

If $(@, y) is an analytic function of (x, y) in the neighborhood of the 
point (x,y), and if we have case (a), then the further conditions of this 
theorem will be fulfilled. Here, a sufficient, but apparently not a necessary, 
condition that we have case (a) is that 


dyn (a, ¥) =0 (4=1,2,---, n—1); Pyn (a's 7 ne ne 


where n’ is even. 


THeoreM C. Jn Case ILI, the integral continues to be a minimum when 
we have case (b), i. e., when none of the points (E’) in the neighborhood of B’ 
at which $(%,7¥)=9 le within the interval (w,, «’); and when, besides, 
through B' and each point (x, y) of its neighborhood for which w <a’ one 
and only one extremal y = }(x, Y) passes. 

Lf $(x, y) is an analytic function of (x, y) in the neighborhood of the 
point (x, y)) and if we have case (6), then the further conditions of this 
theorem will be fulfilled. 

These theorems exhaust completely the case that ¢(x, y) is an analytic fune- 
tion of (w, y) in the neighborhood of the point («’, y,), the case to which 
IXNESER restricts his investigation. 


§ 5. The Geodesics on an Ellipsoid of evolution. 


The geodesics on an oblate ellipsoid of revolution furnish an example of an 


integral Z which does not always cease to be a minimum when 2, is a con- 


it 
jugate point of @,. 
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The form of the envelope of the geodesics drawn from a fixed point on an 
ellipsoid of revolution was given by Jaconi* and the envelope was investigated 
analytically by von BraUNMUHL.+ 

Let the equation of a surface of revolution be written : 


Y =i (0) 9 where 2 a? at et: 


and let us take as the coordinates of a point on the surface 7 and the angle 
that the plane of the meridian through the point makes with a fixed plane 
through the axis of revolution. The length of the are of a curve joining two 
points (7,, @,) and (7,, @,) is given by the formula 


wy = 
if pit (1 + f(r yr do. 
9 


This integral is to be made a minimum. Since the integral does not contain the 
independent variable explicitly, LAGRANGE’s equation (1) admits a first integral 
and the differential equation of the extremals (geodesics) can be written in the 
form : t 


(2) P(e — Pde = PA +f (rn) dr, 


where v is the constant of integration. 
The surface here to be considered is the oblate ellipsoid 





2 2 


? y J 
(3) ot ee ee b=ca, cl, 


and the point A through which all the extremals pass is to be a point of the 
equator, for which shall vanish. The extremal C’ is to be the equator, r= a. 
We will choose as the independent variable and replace it by x to conform to 
the earlier notation, and y as dependent variable. The function /',,, is seen 
to be positive for all values —b<y<band — © <y’ < ow; it does not con- 
tain « explicitly. Equation (2) becomes the following : 


(P—yPle(e—v\—Y}d’ =v {Pb’+ (1—e)y}dy’. 
To integrate this equation set 


y= tcva—?r*, y=ysin 0. 





*Vorlesungen tiber Dynamik, 6th lecture, Werke, Supplementband, p. 47, where the form 
of the envelope is indicated by a figure. 

tMathematische Annalen, vol. 14 (1879), p. 557. Cf. also the models made by 
VON BRAUNMUHL in the Brill (now Schilling) collection, Katalog mathematischer Modelle, 
ser. 5, XVIII, a, b= Specialkatalog, 104, 106 — Deutsche Mathematiker-Vereinigung, Katalog 
mathematische Modelle, Miinchen, 1892, 2. Teil, II. Abteilung, 214. 

In a second paper by the same author (Mathematische Annalen, vol. 20 (1882), 
p. 557) the geodésics on an ellipsoid with three distinct axes are treated and a number of 
bibliographical references are given. 

{ KNESER, Lehrbuch der Variationsrechnung, p. 24. 
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Then « is given as a function of 6 by a quadrature and we have the formulas: 
y=ysin 0, 


(4) [ea 


ea VO? — 9? dé , 





6? — vy? sin? 6 


where all the radicals are taken positive and —b<y<0. For any one of 
these values of y, ~ is a single valued continuous function of 6 that increases 
when @ increases, and hence the inverse function, @(), is also single valued and 
increases as x increases. Equations (4) thus define y as a single valued func- 
tion of («, y) for all values of (#, y) in the domain: 


—ao<a<o, —b<y<b, 


and it follows from Din1’s theorem (cf. p. 170) that this function, y = p(x, 7) 
has continuous partial derivatives at each point of this region. 

The course of the geodetics on the ellipsoid is shown in voN BRAUNMUHL’S 
first paper (loc. cit.), Figs. 1-8, and on the models. It is suggested geometri- 
eally by Fig. 3 and the corresponding model that either cusp of the envelope 
lying on the equator is a point x’ conjugate to A for the portion of the equator 
C included between A and x’; that this portion of C’ is embedded in a family 
of extremals having an envelope passing through «’; and that this envelope does 
not enter the region Aw’. Thus it would appear that this portion of C is sur- 
rounded by a field and hence that for it the integral is a minimum. It remains 
to supply the corresponding analytic proofs. 

In the case of the prolate ellipsoid, Fig. 1 of von BraunMUHL’s paper, it 1s 
evidently the cusps on the meridian through A that yield the desired example. 

For a given value of y lying between — 0 and 6, the curve y = $(#, 7) is an 
extremal and its course on the ellipsoid is easily traced. Since @ always in- 
creases with x, the curve lies within the zone of the ellipsoid bounded by the 
planes y= +. It is a periodic curve and the value of « corresponding to a 
quarter period is given by the formula 


ae Seb? + (1 =o ate sin? 0 
— 2 == 2 . 
pay if b? — y? sin? 0 4 








For this value of #, y is a maximum, =. The curve crosses the equator, 
y=0, whnO=7, ~=2nr. Let y converge toward 0; then 2d approaches 
mc as its limit and, as will appear in the course of the subsequent work, 


= 7c 
is the conjugate point to A (w = 0) on the equator, C. 


For all values of « that are positive and less than mc, $,(x, 7) + 9 when 
=y,=9. In act, x is then equal to cO, so that 0 <0 <7; and since 
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(5) d(x, 7) = ou = sin 8 +7yc05 0 


it follows that $,(~, y,) = sin > 0. 
At the point «7 = 7c, y=0, the function ¢,(x’, y,) vanishes; and the same 
is true of the function 


2 
“ y 


2 


06 00 \? 20 
spi = Boos 8 — ysin 6 7) OO Ue ae 





Pyy(# ’ Y= 


For, 00/dy is given by the formula: 





.ve b? + (1 —c?)9*sin?6 00 
b? — vy? sin? ary 





0= V2 x 














1 pveRE CA eae ap 
Ate ee af. 6? — vy? sin? 6 


(6) 








Jae Ay hed (1 — c’)y sin’ 6 
% Bt | Ja oe tg sin? 


2ysin’ OV c? b? + (1 — c”) 9’ sin’ é 
dé 
“5 (b? — y* sin? @)? 








and hence d@/éy vanishes when y= 0. The function ¢,, (a’, y) does not, how- 
ever, vanish identically at the point y= 0. In fact, $,3(@’, y,) +0. For 


0 
b,s(@, Y) = 2 ONE tos 


where p is composed of terms that vanish at the point (w’, y,), and it is readily 
shown by direct computation that 0°0/dy” does not vanish at this point. 

We proceed now to show that the further conditions of Theorem C, § 4, are 
fulfilled, and hence that the integral taken along C’ from A to B’ is a minimum. 
It remains to establish two things: (a) that through each point (#, v) of the 
neighborhood of A, for which « > 0, one and only one extremal ¢ (x, ) passes, 
and that at each of these points ¢,(~, 7) + 0; and that, furthermore, d(x, 7) 
remains finite in that part of this neighborhood lying between any two curves, 
y, and y,, of the class considered in $1; (8) that at the point B’ we have 
case (b) ($4), for (a, y) is an analytic function of (a, 7) in the neighborhood 
of 5’, and hence the existence of case (0) suffices. 

The proof of (8) is direct. At all points of the region 


, pane oe 
Cie Oa es — hee, 


where €, x are sufficiently small positive constants, $,(%, 7) >0. For, an ap- 
proximate evaluation of « by (4) in terms of y near 0 and @ near 7 shows that 
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when w and ¥ lie in the above region, @ is less than 7. Similarly it appears 
from (6) that for such values of @ and y, y 00/dy=0. Hence the first term 
in the right hand member of (5) is always positive and the second is never nega- 
tive. 

Finally, to establish (a), we show (a) that through each point (w, y) of the 
neighborhood of A for which « > 0 at least one extremal y = $(a, 7) passes ; 
(b) that for all such points 0 < 6 <6, where 6 can be made arbitrarily small by 
choosing the above neighborhood suitably ; (c) that y 00/éy=0 when 0<0<6, 
whence it follows by the aid of (5) that 6,(~, 7) > 0; (d) that $’(@, y) remains 
finite between any two extremals y = d(,7,), y= 6(#@,%)> 


ad (a). Let e, be two positive quantities, the first arbitrarily small, the 
second, any quantity between 0 and 1, e.g.,7 = 35. Then through each of the 
points 
Yu Y= opine, O= ae, 


where e’ denotes the value of « corresponding to the values y= 7b, O=e, 
there passes at least one extremal d(x, y). For, the equation 


y sin 06 = nb sine 


defines @ as a single valued continuous function of y that decreases from the 
value € to the value 0 < sin~'(y sin €) < e when y increases from the value 7 
to 6. Substitute this function @(y) in the formula for #, (4). Then a be- 
comes a continuous function of y in the interval nb =y=b, assuming at the 
extremities of the interval respectively the values «’ and 0, and hence assuming 
each intermediate value at least once. 

Thus the equation 


Be Y) > 


where x is chosen arbitrarily between 0 and e’, admits at least one solution 
y=I, where nb <I <b. Let (&, yx) be any point of the region 


QVoiace, OS7<a I. 
Then the equation 


admits at least one solution, y 


| 
So I 
4 
=r 
= 
fas) 


For : 
o(@,0 =7<4(2,T), 


and the continuous function (x, y) must assume the value y at least once when 
y passes from 0 tol’. To show that (x, y) assumes the value y only once, 
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it is sufficient to show that $(%, y) > 0, when 0 <y <6 and this relation 
follows from (0) and (c). 


ad (6). At any point (~, y) at which y = 7, 
@6=ec, since nhsn#=ysin 0=y< Y=n) sine. 


On the other hand, when y < 7, it appears from (4) that 


f) j 
so VP ph| ee 
6608 —— 1b? 


or 


Hence 5 may be taken equal to the larger one of the quantities e, ce” 1 — 7? €. 


ad (c). From (6) it is clear that for all values of —b<y <6 and for all 
values of 0 <@< 6, where 6 is chosen sufficiently small, the sign of y06/dy is 
dominated by the sign of the first integral, and hence is positive. 

From (5) it now follows that, when e is chosen sufficiently small, ¢,(@, y) > 0 
at all points (~, y) of the neighborhood of A for whicha>0,y=0. Similar 
reasoning applies to the region «> 0,y<0. 


ad (d). The value of ¢(a, y) is given by the formula 


‘me dy _ Y cos 0(b° — 7 sin’ @) 
3 0 = ay Fay Oo eres 

from which it follows that |¢'(«, y)| < 6’c'(b* —y’)-. On the other hand, 

two extremals, y = $(x, y,), y= $(#, ¥,) can always be so chosen as to include 

between them that part of the neighborhood in question which lies between the 

curves y, and y,. Hence the finiteness of ¢(~, 7) follows without difficulty. 


t 
$6. The Integral I = [ Fe, ye, y jdt. 
t9 


In the foregoing, the value of the integral taken along C’ has been compared 





* This section was added 7 March. At the time that I sent the MS. to the TRANSACTIONS, 
I had not observed that KNESER, in his treatise, § 25, notes the case in which the theorem cited 
in § 1 of this paper fails as an ‘‘ exceptional case’’ (p. 95, 1. 4). He recognizes that it is con- 
ceivable that the envelope may have a cusp, without however showing that this is ever actually 
the case. Near the close of the section he says: ‘‘ Eine Ausnahme findet nur statt, wenn die 
stets vorhandene Enveloppe der Curven des Feldes im Brennpunkte einen Riickkehrpunkt von 
besonderer Art besitzt.’? In what the specialization of the cusp consists is not explained, and, 
in fact, itis not even clear whether the ‘‘ Ausnahme’’ is considered to be an exception to the 
proof or an exception to the theorem. 
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with its value taken along only such curves of the neighborhood of C’ as are 
cut by a parallel to the y-axis in at most one point. In the case of the geodesic 
AS’ on the ellipsoid it is readily seen that it continues to be a minimum even 
when compared with any continuous curve having a continuously turning’ tan- 
gent, which can be drawn from A to £6’ in the neighborhood of C. (The 
neighborhood of C’ shall now include the whole neighborhood of the points A 
and 5’.) For, to begin with, the integral being written in the Weierstrassian 
form with a parameter ¢: 


t 
(7) T= | Fe@. Y,0,y )at, 
a) 


it is easily seen that the field may be taken as the neighborhood of C with the 
exception of that part of this region that is cut out by the envelope. The 
Weierstrassian proof for the existence of a minimum will apply to any curve 
connecting A and JB’ and lying in this field. 

Next, consider the family of geodesics through A that lie in the neighbor- 
hood of C’,, and lay off on each of these a length measured from A equal to the 
length of the geodesic A’. The locus of the points thus determined is readily 
seen to be a curve I’ passing through B’ and not tangent to C. 

Now consider any curve lying in the neighborhood of C and connecting A 
and B’. If this curve meets I‘ only at the point B’, it lies wholly in the field, 
and hence is longer than the geodesic AB’. If it meets I before it reaches 
S’, then this part of it is at least as long as AS’, and hence in this case, too, 
its total length is greater than that of the are Ab’ of the geodesic C’.* 

It is possible to generalize from this example as follows. Let A, B’ be two 
conjugate points on the extremal C of the general integral of the form (7). 
If the extremals of the field are given by the formulast+ 


oe (ea), y=n(t, a); 


then, to the former function ¢,( , 7) corresponds new the determinant 


yess 


| 
| uF Ne | 
We assume that A vanishes only at A and at points in the neighborhood of B’. 
If, furthermore, & (¢, a), 7 (¢, a) are both analytic in the neighborhood of B’, 


the equation 
A=0 


will define one or more curves going through B’ and tangent to C’ there. 





* It may furthermore be shown that the are AB’ is shorter than any other curve that can be 
drawn on the ellipsoid connecting A and B’. For, the curve I is a closed curve that does nut cut 
itself, and the field may be so chosen as to include the whole interior of this curve. 

+ KNESER, Variationsrechnung, chap. 3. 
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Divide the neighborhood S of C into two pieces, S, (containing A) and S,, 
by a curve through BL’ cutting C normally. Then to cases (a) and (6) of $4 
correspond here the cases (a) that there are interior points of S, at which 
A = 0 (we will also tabulate here the case that A= 0 at 5’, but nowhere else 
in the neighborhood of 6’); (6) that there are no such points, but that there are 
points within S, in the neighborhood of B’ at which A=0. In ease (a) the 
integral J will cease to be a minimum. In case (6) the integral will certainly 
continue to be a minimum when compared with the value that it attains when 
taken along any curve of the neighborhood of C’ that meets the locus A = 0 
only at B’, for such a curve will lie in the field; and it will continue to be a 
minimum even when a curve of the kind just excluded is considered, provided 
that the integrand 


E'(a,, y,, cos @, sind) > 0, 


where the coordinates of B’ are written as (w,, y,) and ¢ has any value. For, 
the locus of points so taken on the extremals which lie in the neighborhood of 
C’ that the value of Z along eachof these extremals is the same as the value of 
I along C'from A to B’ is a curve I passing through B’ and not tangent to 
C’, and the points at which A = 0 lie on a curve or curves tangent to Cat 5’. 
The remainder of the proof follows the same lines as the proof of the example 
above considered. 


ON THE GEOMETRY OF PLANES 
IN A PARABOLIC SPACE 
OF FOUR DIMENSIONS* 


BY 


IRVING STRINGHAM 


Literature. 


Of the literature of the geometry of hyperspace that has accumulated in recent 
years the following papers are cited as having points of contact with the ideas 
here set forth: 

CuirrorD: Preliminary Sketch of Biquaternions in Proceedings of the 
London Mathematical Society, vol. 4 (1873), pp. 381-895. Curr- 
FORD’S theory of parallels in elliptic space is identical with the theory of isoclinal 
systems of planes in four-dimensional space ; namely, planes that pass through a 
fixed point and make equal dihedral angles with any transversal plane through 
the same point. (See §§ 80-32 of this paper.) 

CHARLES 8. Perrce: Reprint of the Linear Associative Algebra of BENsA- 
MIN PeErrcE in the American Journal of Mathematics, vol. 4 (1881). 
In the foot-note of page 132 attention is called to the fact that in four-dimen- 
sional space two planes may be so related to one another that every straight line 
in the one is perpendicular to every straight line in the other. (See § 28 (3) of 
this paper.) 

I. Srrincuam: (1) On a Geometrical Interpretation of the Linear Bilateral 
Quaternion Equation ; (2) On the Rotation of a Rigid System in Space of 
Four Dimensions; (8) On the Measure of Inclination of two Planes in 
Space of Four Dimensions. Papers presented to Section A of the American 
Association for the Advancement of Science, the first two at the Philadelphia 
meeting of 1884, the third at the Cleveland meeting of 1888. Abstracts printed 
in Proceedings of the Association, 1884, pp. 54-56, and privately, 1888. 
These papers form the nucleus of the present investigation. 

A. Bucnuem: A Memoir on Biquaternions, in the American Journal 





* Presented to the Society (Chicago) December 27, 1900. Received for publication December 
7, 1900. 
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of Mathematies, vol. 7 (1885). The geometrical part is devoted to the 
geometry of non-Euclidean space. The theory of parallels is discussed on pp. 
301-306, 316-325. 

W. Kiwuine: Die nicht-Huklidischen Raumformen, Leipzig, 1885. 
Section 8, pp. 148-160, discusses, under the title: “Die gegenseitige Lage 
zweier Ebene,” the relations to one another of u- and v-dimensional planes in an 
n-dimensional space. 

CayLey: On the quaternion Equation qQ— Qq' = 9, and On the Matrical 
Equation qQ— Q7 =9; Messenger of Mathematics, vol. 14 (1885), 
pp. 108-112 and 300-804, or Mathematical Papers, vol. 12, pp. 300- 
304 and 311-3138. ‘The first paper discusses the character of the roots of the 
equation gQY — Qq' = 9; the second interprets ¢, ¢’, @ as matrices. 

Kuen: Vorlesungen iiber nicht-Huklidische Geometrie, I., 1890 (Zweiter 
Abdruck, 1893). On pages 120-124 the author identifies quaternion multipli- 
cations with orthogonal substitutions in four variables. In particular the prod- 
ucts p:qg and q:p are called respectively “eine Schiebung erster Art” and 
“eine Schiebung zweiter Art”; these are the parallel and contra-parallel trans- 
lations of Professor HATHAWAY’s paper number (1), cited below. CLIFFORD’S 
theory of parallels in elliptic space is explained in the Vorlesungen on pages 
228-237. IKueEtn’s theory of Schiebungen was first presented to the members 
of his Seminar in January and February, 1880. 

G. VERONESE: Hondamenti di Geometria, Padua, 1891, Part I, Book I, 
p. 455 et sq. Chapter 1 discusses elementary theorems in the geometry of four- 
dimensional space, some of which deal with the perpendicularity, parallelism, and 
intersections of planes. 

M. Brickner; Die Hlemente der vierdimensionalen Geometrie mit beson- 
derer Beriicksichtigung der Polytrope; Jahresber. d. Ver. f. Naturk., 
Zwickau, 1898. I have not been able to consult a copy of this paper, but 
SCHLEGEL, in Fortschritte der Mathematik, vol. 25, p. 1028, says: 
“ Die ..- Arbeit giebt eine auf griindlicher Litteraturkenntnis beruhende und 
durch grosse Klarheit in der Darstellung sich empfehlende Zusammenstellung 
der in der elementaren vierdimensionalen Geometrie erzielten Resultate, und 
fillt dadurch in erwiinschter Weise eine Liicke in der deutschen Litteratur aus.” 

P. Cassini: Sulla geometria pura Euclidiana ad n dimensioni ; Atti del 
Reale Instituto Veneto (7), vol. 5 (1894), p. 820 et sq., discusses metrical 
geometry in four-dimensional space; but see Fortschritte der Mathe-. 
matik, vol. 25, p. 1035. 

A. S. Harmaway: (1) Quaternions as Numbers of Four-Dimensional 
Space, in Bulletin of the American Mathematical Society, vol. 4 
(1897), pp. 54-57 ; (2) Alternate Processes, in Proceedings of the Indi- 
ana Academy of Sciences, Indianapolis, 1897, pp. 1-10; (8) Linear 
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Transformations in Four-Dimensional Space,in Bulletin of the American 
Mathematical Society, vol. 5 (1898), pp. 93-94. The fundamental ideas 
and formulz of these papers are the same as those that were used in my papers 
of 1884 and 1888. Specifically Professor HATHAWAY exemplifies the utility 
of the quaternion analysis for the following purposes: (1) To interpret CLir- 
FORD'S theory of parallels in elliptic space (KLEIN’s Schiebungen), there stated 
in terms of great circular ares on the hypersphere of four-dimensional space 
(see this paper, §§ 80-82) ; (2) To determine certain angles, areas, and volumes 
in four-dimensional space; (8) To formulate the theory of certain four-dimen- 
sional space transformations, in particular rotations (cf. my paper numbered 
(2) above). 

A. N. WarreneaD: Universal Algebra, vol. 1 (1898). At pp. 405-406, 
409 the properties of parallels in elliptic space are explained by means of the 
Calculus of Extension (Ausdehnungslehre). 


§§ 1-12. Some FUNDAMENTAL CONSIDERATIONS. 


1. The Quaternionic Manifold. The four-dimensional space here considered 
is a point-manifold whose point-elements are uniquely determined by the sets of 
real variable numbers w, x, 7, z, regarded as rectangular coordinates. To real 
numbers shall correspond always and only real points. 

The space may be defined as the domain of the continuous translational and 
rotational transformation groups expressed in terms of the coordinates. The 
translations are the linear transformations of the form: 


wt+tg, «+a, y+ 6, 2+ C3 
and the rotations are the orthogonal transformations of the type: 
gw +a. + by + 6,2 (== 1253, 4), 


In the quaternion analysis these are respectively additions and multiplica- 
tions, and the codrdinates of the transformed point are, in every case, the re- 
sultant coefficients of the fundamental units 1,7, 7, 4. The quaternion terms, 
or factors, being 


gq=gtatht+ckh, p=wt+uty ter, 
translations are represented by the sum 
Ptq=(W4tQV)4+@4 Oi4+ (YH KF +E4+ 08, 


rotations by the products: pq, gp, py ete., provided (in the latter case) 
the condition 7g = Tq’ = a constant be assigned. ‘Thus, in particular, 


qp= W+ M+ 1)4+ Zk, 
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where 
W = gw — av + by — cz, 


X= aw+ ge—cy+ bz, 
YF = bw + cx + gy — a, 
Z= cw — be + ay + g2, 
and in these equations all the conditions of orthogonality are satisfied if 
gt@+e04+e=1. 


Such multiplications obviously constitute an orthogonal group, that is a group 
of rotations in the quaternionic manifold, rotations having here the same mean- 
ing as when expressed in terms of the Cartesian analysis.* 

Now it is well known that the continuous translational and rotational trans- 
formation groups (expressed in the Cartesian form) constitute the totality of the 
possible real movements, without distortion, in a parabolic space defined by the 
variables w, a, y, 2; and the quaternion operations do actually reproduce such 
transformation groups, are therefore competent to interpret the geometry of a 
parabolic space of four dimensions. But do quaternion additions and multipli- 
cations suffice to produce a// the movements (without distortion) of such a 
space ? 

In order to answer this question I assume that a rigid body is fixed by four 
points that have no special relation to one another, e. g., do not lie in a space 
of two dimensions, and I then show that, by quaternion additions and multipli- 
cations, any one set of four points 0,, a,, 0,, c, can be moved into any second 
set o’, a’, b, c’ congruent to the first, but otherwise arbitrarily placed. The letters 
here used denote quaternions except where statement to the contrary is made. 

Place the origin at the point defined by 0’, so that o’, regarded as a quater- 
nion, has a zero tensor. 

By a first operation of addition applied to each of the points 0, , a,, 5,,¢,, 
the additive term being o’ — 0,, we transform (0,, @,, 5,, ¢,) into (07, a, b, c) 
where 

a,b,c= —0,+4,,—0,4+6,,—0,+¢, 


and the application of the proper test shows that (o’, a, b,c) is actually con- 
gruent to (0,, a,, 5,, ¢,) 

By a second operation of multiplication (0’, a, b, c) can now be transformed 
into (o', a,b’, c’). In fact, the origin being still at o’, if it be defined in gen- 
eral that 

(Gs Dean) —= (Par, 0 0T, cee is 





* Cf. KLEIN: loc. cit. and Vorlesungen iiber das Ikosaeder (1884), pp. 35, 36; also CAYLEY : 
On Certain Results Relating to Quaternions in Philosophical Magazine, vol. 26 (1845), pp. 
141-145, or Mathematical Papers, vol. 1, pp. 123-126. 
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it is easily verified that 


G01. &, Di flignu, 0 me (co, 0, 0. C.)i, 
where 


gq=B(y —y + -NA 
epee. == VOOmeay CG 4 V0.d,7 V6.0" s 


and 


and again, the application of the proper test shows that (0’, a’, b’, c’) is actu- 
ally congruent to (0’, a, b,c). 

By means of appropriate quaternion operations we may therefore transport 
without distortion the elements and configurations of our quaternionic space from 
any given position to any other. 

The system of measurement is parabolic. But one should not forget that the 
quaternion analysis augmented into a calculus of biquaternions (CLIFFORD, 
BucHHEm™), or of octonions (McAULAY), may suffice to interpret both the 
elliptic and the hyperbolic forms of a four-dimensional space. 

In concluding this preliminary discussion it is pertinent to remark that the 
quaternion theory makes its interpretations in strict analogy with the vector 
interpretations of a parabolic space of three dimensions and, so far as they 
are known, takes them for granted. The quaternionic four-dimensional space is 
therefore the analogue of that three-dimensional space which allows itself to be 
explained by the Hamiltonian vector analysis. 

2. Nomenclature. The terms solid, surface, plane, sphere, curve, line, etc., 
will be used with their ordinary significations in Euclidean geometry. 

_ By space, without qualification, is meant Euclidean space of three dimensions. 
When spoken of as a locus it may be conveniently called a Euclidean. 

By the director of a point, or the quaternion of a point, is meant the directed 
straight line drawn from the origin to the point. Geometrically interpreted, a 
quaternion is a director. 

The word perpendicular, when not qualified, is used in its ordinary sense ; 
thus two planes are perpendicular to one another when a straight line can be 
found in one of them which is perpendicular to every straight line in the other. 

Two planes are said to be hyperperpendicular to one another when every 
straight line in the one plane is perpendicular to every straight line in the other. 

In general, and unless specification to the contrary be made, the letters a, b, 
€,d,¢€,),9.7,8,t, u,v denote quaternions,h,/,m,n,7,y,2,0,¢,%, 
x sealars,a, 8,7,5,p,o,7 vectors. The four fundamental quaternion units 
are denoted by 1,7,7, & and their geometrical meaning is: four mutually per- 
pendicular directors of unit length. The Hamiltonian notation is employed 
throughout. | : 

3. Amplitude. When the quaternion is written in the form 


q=/(cos$+Asin¢g), 
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in which Z is its tensor and 2 is a unit vector, ¢ is called its amplitude. The 
scalar part, 7 cos ¢, regarded as a director, lies along the scalar axis, and the 
vector part, /\ sin ¢, is the director-perpendicular dropped from the extremity 
of q¢ to the scalar axis; for this axis is, by definition, perpendicular to 7, 7, and 
k, and consequently also perpendicular to every vector. The amplitude is 


q 





O les ¢ 


therefore the angle (more strictly the arc-ratio of angle) between the quaternion, 
regarded as a director, and the scalar axis. When d= 7/2, the quaternion 
director becomes a vector and is at right angles to the scalar axis; when d= 0, 
it is a part of the scalar axis itself. 

4. Geometric Addition. As applied to a series of quaternions, interpreted 
as directors in a four-dimensional space, the law of geometric addition is: The 
sum of any two or more quaternion-directors (whether they be vectors, scalars, 
or any combinations of these) is the director that extends from the initial to the 
terminal extremity of the zig-zag formed by so disposing the several director- 
terms of the sum that all their intermediate extremities are conterminous. 

By assuming the existence of a fourth independent direction in space, the geo- 
metrical interpretation of a quaternion (as given in § 2) makes this law of geomet- 
ric addition a mere corollary of the law of vector addition in a three-dimensional 
domain. We require only to reiterate, for quadrinomials of the form w+ ix 
+ jy + kz, the statements that are valid for trinomials of the form i# + jy + kz. 

Since quaternions obey the commutative law of addition, several geometrical 
steps lead to the same position in whatever order they may be taken, and two 
directors are identical when either one of them can be derived from the other 
by a simple translation unaccompanied by any rotation. If a rotation is required 
in order to bring the two directors into coincidence, they are distinguishable 
from one another by the fact that their versor parts are distinct. This commu- 
tative law in geometric addition implies the validity of the so-called parallel 
axiom and demands the existence of parallel elements (lines, planes, etc.), paral- 
lelism being determined by the usual Euclidean criteria. 

5. Relative Direction. Let the quaternions q, q’, which, for convenience and 
without loss of generality, may have unit tensors, be written in the binomial 
forms : 


q=cosd +drsing, 


/ 


g =cos¢’ + 2'sin $, 
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: 
and denote by @ the angle they form with one another. The ratio of ¢ to ¢/ is 
q/¢ = (cos 6 +, Asin ) (cos fd’ — 2’ sin ¢’), 

or, in its developed form, 
q/q = cos ¢ cos d’ — sin ¢ sin f'SAN 

+ Asin d cos d’ — X' sin ¢’ cos d — sin dg sin f' VAN, 

and 
Sq/q7 = cos > cos ¢’ — sin ¢ sin d'SAN 
= cos dcos f + sin sin ¢ cos (A, 2X’). 

We may represent the ares ¢, ¢, @ by the sides of a spherical triangle on the 
surface of a unit sphere. In such a figure the intersection of the planes of the 


O al W 


ares @, ¢ is the scalar axis and the angle of the vectors X, »’ is the angle be- 
tween these two planes. Hence, by the cosine formula of spherical trigonometry, 
cos 0 = cos f cos f + sin ¢ sin ¢’ cos (A, 2d). 
Thus the measure of the inclination of ¢ to.q’ is 
Sq/9 = cog 0).* 


In order that g and g’ may be perpendicular to one another it is necessary 
and sufficient that 6 = 7/2 or an odd multiple of 7/2. Hence: ~ 

The necessary and sufficient condition in order that two directors q, q’ may 
be perpendicular to one another is that their ratio shall be a vector. Symbol- 
ically, 


* 


S-gKq' = 0. 
To obtain the condition of parallelism we note that the vector part of g/q’ is 
Vq/7¢ = sin $ cos ¢’ — 2d’ sin dg’ cos  — sind sin d' VAN, 


and that g and q’ are parallel (or identical) if, and only if, their versor parts 
are either identical, or differ only in algebraic sign; that is, if 


¢ =o¢+n7, Vw =rA, VA'=)0, 


where n = 0, or a positive integer. But these conditions are fully expressed 
in the equation 





* Cf. HaTHAWAY : loc. cit. (1) p. 55. 
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Vo/q = + Asin (¢ — ¢') = 0. 
Hence, the necessary and sufficient condition in order that two directors 
q,q may be parallel is that their ratio shall be a scalar. Symbolically, 
Vv: qq’ = 0 5 
In the conditions S:gKp = 0, V-qKp = 0, the requirement that p and g 
shall have unit tensors is obviously not necessary. 


6. Binomial Form of q/p. Let @ be the angle between any two quaternion 
directors p,q, let s be the director-perpendicular dropped from the terminal ex- 


qd 


Over D 
tremity of g. top, and r the director from the origin (intersection of p , ¢) to 


the foot of this perpendicular. Then, by geometric addition, 


q=r +8 
and 
gp = rp + s[p; 
and s/p, being the ratio of a pair of mutually perpendicular directors, is a vector. 
Hence, if p be defined as the ratio Us/Up, it is a unit vector and 


ag , 
q'p = Tp (cos 6 + p sin @). 
T. Projection. It is now evident that 


5«.qKp = TqTp cos (p., 9); 
and that 
DV: g@Kp = Tgp sin (p39); 
and since obviously 


S(V-qKp) (Up: Kp) =0, 
(V -qKp)Up is perpendicular to p. Hence the identity 
q = (S-qKp)(Kp)* + (V -gKp) (Kp) 
has the following evident interpretation : 


S -gKp 
Ty Up = projection of g upon p, 





V-gKkp 
Ty =E Up = projection of g upon a director perpendicular to p , 


and the sum of these two projections is q itself. 
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8. Rectangular Codrdinates. The propositions of §5 might have been 
proved in terms of rectangular codrdinates. Suppose the two quaternions given 
in the quadrinomial form: 

qg=w+int jy + kz, 
g =w +e + jy +k’. 
Their direction cosines are 
eect 
wil , al, yft set. 
wil, Meg Ie ale, 
where 





Cae 22 2 2 
l=Vw+er7+y+2’, 





Wb ie Ve” e itt aii yl ty 2! : ‘| 
and the formula for the cosine of the angle between them is 


ww’ + we’ + yy’ + 22 
cos 0 = Te : 





The ratio of ¢ to g’ may be written in the form 


, (w+ iw + jy + kez) (w' — ia’ — jy’ — ke’) 
qd ra w au oo” ay y" ue me td 





In the numerator of this fraction the coefficients of 1, 7, 7, and & are respectively, 
W = ww' + xv’ + yy’ + 22’, 
X= we — we’ + yz’ —y'2, 
F=w'y —wy’ +20 —2'a, 
Z=we2z—we +2y’—awvy; 
and in terms of these g/q’ takes the form 


ie W+iX+jV¥ + kZ 
qq a ee 2 





In order that g and qg’ may be perpendicular to one another it is necessary 
and sufficient that 


ww +re + yy +22=0, ie, W=0, 


or otherwise expressed, 
q/¢ = a vector. 
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In order that g and q’ may be parallel to one another it is necessary and suf- 
ficient that 


that is, 


’ iX+j¥+kZ=0, 


or otherwise expressed, 


q/q’ =a scalar. 


. 9. Equations of Loci. In general it will be found that a quaternion equa- 
tion in one variable has a definite, finite number of solutions and that, if it 
represent a locus, its coefficients must satisfy certain conditions, a remark in fact 
that is justified by the observation that the quaternion equation 


Ga 
is equivalent to a system of four scalar equations in four scalar variables. Thus 
a principal first step in the interpretation of the linear equation as a locus will 
be the assigning of the conditions necessary and sufficient in order that the equa- 
tion may have an infinite number of solutions. 

10. Transference of Origin. By virtue of the law of geometric addition, a 
locus, given in terms of a variable quaternion p, may be referred to a new 
origin, whose director is c, and be represented by an equation in terms of a new 
variable quaternion g , by substituting 


p=e+9 


in the given equation. Thus the equation 
ap + paaa + 2a= 0 (a®’—=—1) 


is satisfied by the value » = aa and is referred to a point in the locus itself, as 
a new origin, by writing 


pH=Haat+ dq; 


and through this substitution it becomes 
ag+qa'aa=0. 


In comparing two or more loci, advantage may be taken of this principle in 
order to simplify one or more of the equations by transferring the origin to a 
point within one of the loci, or to a point common to two or more of them. 

11. Solution of a,p + pa,=c. I indicate briefly Hamitron’s solution of 
this equation.* Denote the conjugate of a, by @,+ and multiply a,p + pa, pro- 
Br erely by a,, regressively by @, and add ; there results 





Pachares on Quaternions, p. 565, or TAIT’s Treatise on Quaternions, 3d ed., p. 136. 
7 This notation is used throughout the paper. 
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: = 2 : 
{ai + aa, + @) + 4,a,} p= ac +ca,, 
or 


p= (a + 2a8a, + a,a,)" (ae + ca,). 


If nullitats (quaternions involving scalar —1 and having zero tensors) be 
excluded the equation has in general but one root. For, denote any root by 0; 
then 

a,b + ba,=c, 


and the original equation may be written in the form 
a(p —B) + (p —B)a, = 0; 


and if p be supposed to have any other value than 6, for such value p — 6 does 
not vanish and 


a, = — (p— b)a,(p — 6)" 
is not indeterminate; therefore 
Da — Oa, Ld ==\Ta,. 
Thus the coefficients are not independent and the equation may be written 
ap+t+ pa,=C, 


Me whieh Ve, a,== Vo, and Tq, = Ta, . 

It follows that unless the conditions: Sa,= — Sa,, Ta, = Ta,, be satisfied, 
the equation has but one root. But if it have more than one, it then has an in- 
finite number of roots and represents a locus. 

12. As an example of other equations in a variable quaternion p whose solu- 
tion leads to this linear bilateral form, consider 

Sip =, Hop = 1, 
which obviously represent a pair of Euclideans (ordinary spaces of three dimen- 
sions). They are equivalent to 
ap+pa=2m, bp +pb=2n, 
from which is obtained, by a series of sufficiently simple operations, 
bap — pba= 2(mb — ni), 
and since Sha = Sba and Tha = Tba = Tab, this may be written 
x 2(na — mb) 
LiVAE ee TELL La cs 
Vba-p — p-UVba + TV ab 


Here again is a single equation in a variable quaternion p representing a locus, 
viz., the intersection of a pair of Euclideans. 
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§$ 13-16. Loci or Linear EQuarions. 
13. Planes through the Origin. Tf a, and a, be any two unit vectors and p 


a variable quaternion such that 


ap+pa,=9, 
then 


S(a,+a,)Vp=0. 
Thus, under the conditions imposed, Vp moves in a plane through the origin 
perpendicular to a, + a, and can therefore be written in the form 
Vp = x(a,—a,)+ yVaa,, 
in which w and y are independent variable scalars; thus p has the form 
p=x(a,—a,) + yVaa,+ Sp. 

Subject this expression for p to the condition that it satisfy the equation 

a,p+pa,=9 and note that the part involving a(a, — a,) vanishes identically. 


There remains 


a(yVa,a, + Sp) + (yVa,a,+Sp)a,=9, 
and this solved for Sp gives 


Sp = y(a, — a,)(a, + a,) 'Va,a, = y(1 + Sad). 


whence 
1m w(a, —“ a,) a ya,(a, 4 a,) : 
Thus, as x and y vary p moves in the plane of the two directors a, — a,, 
a,(a, — a,) and the equation of this plane is 


ap+pa,=%. 
Or this equation may be written in the form 
a,p—paaa=0, 


where @ is any quaternion satisfying the condition a,a + aa,= 0. 
14. Planes through any Point. If q satisfy the equation 


aq+qa,+2a=0, (a 


it is immediately evident that a,a = aa, and that therefore 


=a}=—1), 


mb 


ad,-a,a+aa-a,+2a=0. 
Hence the values of ¢ that satisfy this equation can be written in the form 
(1) q = 4,4 + Wa, — a,) — ya,(a, — a,),* 


where « and y are arbitrary scalars. The equation represents a plane through 
the extremity of aa. 





* STRINGHAM : loc. cit. (1) (1884), pp. 54-55. 
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These values of g may also be expressed in either of the forms : 
=a,a+la\(a,—a,), 
qzHaa+ar—ra,, 
where / and z are arbitrary scalars and 7 is an arbitrary quaternion. The veri- 
fications are easily made by substitution in the equation. 
It is important to observe that since a,a = aa,, only two constants, a unit 


vector and a quaternion, are necessary for the complete determination of a plane. 
Thus, these constants being a, and a, the equation is 


a ptp-:a'aa+2a=0. 


15. Planes containing given Elements. Such an equation as the one last 
written represents any plane in four-dimensional space. For, suppose the plane 
to be determined by a point @, and two straight lines c, e through this point. 
We may find two unit vectors a,, a, such that 


ac+ca,=0, ae+ea,=—0. 
In fact the solution of these equations for a,, a, is 
a= 2 UVec, a= --UVee, 


and by substitution in the equations it is found that these versors must have like 
signs. The vectors a,, a, being thus determined, let a = — a,a, (equivalent to 
a, = a,a) and consider the equation 


a,p+pa,+2a=9. 
It is the equation of a plane and it is satisfied by a,, by a, + ¢ and by a, +e, 
and thus, as required, it represents the plane that contains the point a, and the 
lines c, e. 
If the plane be determined by three points, c, d, e, the equations of condition 
for a,, a, may be written in the form 
a(ec—d)+(e—d)a,=0, a(e—e)+ (c—e)ja,=0, 
and then | ; 
a, = UV(cd+de+ec), a,= UV(cd + de +ec), 
a= —7(a,c + ca,) = — d(a,d + da,) = — 3(a,e + ea,). 
16. The director a,a is perpendicular to the plane. For since a,a = aa,, 
Saya (x(a, aad a,) oz y(a, = a,)a, } = 0, 
the condition for perpendicularity ($5). Thus, the equation of a plane through 
the extremity of, and perpendicular to, a given director a, is 


ag + 7a, — 2a,4, = 0, 
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in which a,, a, are any two unit vectors, satisfying the condition a,a, = @,4,. 


1? 
It will be convenient to write (a,, a,, 2a) as an abbreviation meaning: the 


1 


eee Se ies 
plane whose equation is a,g + ga, + 2a = 0 (a, = a“a,a). 


S$ 17-22. INTERSECTIONS. 


17. Director of Meeting-point. It is here shown that two planes, 
apt+pa,t+2a=0, Bp+p8,+ 26=0, 


always meet in at least one point, and the director to this point is found in 
terms of the constants of the equation. Operate progressively and regressively 
on the first equation with 8,,8,, on the second with a,, a, and in each case 
take the difference of the products and then add these differences together ; the 
result is 
2pS(a,8, — a,P,) + 2(P,a — a8, + a,b — ba,)= 0. 
Hence, in general 
B,a—aB, + a,b — ba, 
si (2,8, on a,8,) 

If the planes have two points in common they have a line of intersection and 
a relation between the coefficients is obviously necessary. Hence, in general, 
two planes meet in one and only one point. 

18. Intersection Lines at the Origin—In order that the two planes 
(a,, a,, 9), (B,, B,, 9), which meet at the origin, may meet in a straight 
line, it is necessary and sufficient that Sa,8, = Sa,f, . 

It is necessary ; for, if there be some value of » not zero that satisfies the two 
equations a,p + pa, = 90, Pp + p8,=9, then 


1 


a= — Pa,p : B, = — pB,p”, 
ba) 6 == 5a,0,. 


and therefore 
It is sufficient ; for, if 
ieee B(x ars yay) (a, P a,) Pas (w i ay) (a, - a,)B, ’ 


where » and y are arbitrary scalars, then the condition Sa,8, = Sa,@, suffices 
to make a,c + ca, = 0, Bc + c8,=0, and thus the two planes meet in c. 

19. Cosine of a Dihedral Angle. Two planes are supposed to meet in a 
straight line at the origin. Let w, v be two unit directors drawn, wu in the plane 
(a,, a,, 9), v in the plane (f,, 8,, 9) perpendicular to their line of intersec- 
tion. Then a,u lies in (a,, a,, 9) and 8v in (B,, B,, 0), and identically 


Saw —= SB.00 = 0, 


conditions sufficient to make a,w and §,v perpendicular respectively to w and v. 
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Hence a,w and £,v are two expressions for the intersection line of the two planes 
and a,u = + 8,v, whence 


Su = = a0, = a a, 8, . (718) 
These are the cosines of the dihedral angles formed by the two planes. 
The planes are perpendicular to one another if Sa,B, = Sa,8,= 0. 
20. Intersection Lines in General.—In order that the two planes (a,, a,, 2a), 
(8,, 8,, 2b) may meet in a straight line it is necessary and sufficient that 


a,b = ba,+ Ba—aB,=0. 
If the two planes meet in a straight line at a finite distance it will be possible 


to transfer the origin to a point in this line and thus reduce the equations to the 
form 


ag+gqa,=90, Bq+ qe, =9. 


Hence ($18) anecessary condition fora straight-line intersection is Sa,8, = Sa,,. 
But when this condition is satisfied the expression (§ 17) 


a,b — ba, + Ba — ap, 
(4,8, a a,8;) 
for a point of intersection of the two planes, is determinate and infinite unless 
the numerator vanish. Hence the condition 


a,b — ba, + B,a—aB,=9 





is necessary. 
This condition requires that Sa,8, = Sa,8,, but the converse of this state- 
ment is not true; for if 


S= a,b — ba,, g = Ba — aB,, m= S(a,8,—a,B,), 


then the identical relations 
aft fa,=9, ag + ga,+2am=0, 
bg + 98,=9, Bb, f+ SB, + 2im = 0, 


put in immediate evidence the fact that, « being any scalar, f=«g makes 
m= 0, and vice versa, but m = 0 does not involve f+ g=0. 

The sufficiency of the condition f+ g = 0 will now be proved if it be shown 
that the vanishing of f+ g makes it possible to assign a singly infinite series of 
quaternion directors which satisfy the equations of the two planes. But identi- 
cally, 


a,Vab- f+ Vab- fa,=aff, 


B,Vba-g + Vba-g8, = bag, 
and, if f+ g = 0, also 


B,Vab-f + Vab-~8, = off, 
ajef + apa, = 0, Byaf + af, =0, 
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where w is an arbitrary scalar. Hence, provided f and g be not separately zero, 
(w — 2Vab)/f represents a singly infinite series of quaternions possessing the re- 
quired property. 

Thus the condition f= — g + 0 determines that the two planes meet in a 
straight line and enables us to assign as its equation 


p = (zw — 2Vab)/f. 
Here neither f nor Vad can vanish separately; for if 6 = ya, then 
S=y(aa — aa,) = 0, and if f= 0 both a and 6 represent the same director, 
namely the intersection of the two planes (a,, —a,, 0), (8,, —B,, 9), 


which can only happen when 0 is a numerical multiple of a. 
Suppose then that f= g = 0; there are two cases: 


(1) aO= ba, 8,0 a8.50 (2) it 0 = bageao. da CG. 


(1) If a6 = ba, + B\a = a8,, then the above expression for p may be e- 
placed by 
p =(Va,8,)'(B,a — a,b + aa) 


which, as may be easily verified, reduces the equations of (a,,a,, 2a), 
(8,, 8,, 2b) to identities for all (scalar) values of «. ‘This is again the equa- 
tion of a straight line. (Lhave not proved that Va,f, is not zero.) 

(2) If a,b = ba, = B,a = a8,, a formal solution is 


Nel re (Va,8,)"(B, a wa ’ 
an expression which again reduces the equations of the two planes to identities. 


But here, since 6 is a multiple of @ and since now a,8, = — ab~', we have 


Va,8, = 0 and therefore 
Bp tee ae, Co sae, 


and the signs must be + + or — —. Hencep=o. This is the case of par- 
allel planes, as will be shown in the sequel (§ 29). 

Thus, in whatever way f+ g becomes zero the two planes meet in a straight 
line, either at a finite or at an infinite distance. 

Incidentally, either — 2Vab/f or (Va,f,)~'(8,a — a,b), the former in the 
general case, the latter when a,b = ba, + 8,4 = af,, is determined as the direc- 
tor-perpendicular from the origin to the intersection-line of the two planes. 
This is made evident by applying the test of (§ 5). 

21. Intersections at Infinity. Jf the two planes meet only once at an in- 
finite distance, we must have (f+ g)/m= 0, and f+ gq + 0 (§ 20), and these 
conditions are obviously sufficient. Hence, taking account of § 20 (2): 

For the two planes (a,, a,, 2a), (8,, 8,, 2b) to meet at infinity , the neces- 
sary and sufficient conditions are : 


if at a point, Saito $a,8., ey ag 10; 
of in a line, (eee tO eee eae 
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22. Normals. It is easily verified that : 

(1) The perpendicular distance (director-normal) between the two planes 
(a,, a,, 2a) and (a,, a,, 20) is, in both magnitude and direction, a,(a — 6). 

(2) The director normal from the extremity of c to the plane (a,, a,, 2b) is 


da,(2a + a,c + ca,). 


(3) It has been shown in § 21 that the director-normal from the origin to the 
intersection of (a,, 4,, 2a) and (8,, 8,, 2) is 


(ab — ba)/(ba, — a,b) 
the conditions f+ g = 0, f+ g being here essential. 


§§ 23-27. DIvERGENCE OF Two PLANES AND ITS MEASURE. 


23. Isoclinal Angles. Two planes meet, in general, in a point or in a straight 
line ($$ 17, 20). It is always possible, as will presently appear, to pass through 
any point common to two given planes other (transversal) planes which meet the 
former in straight lines and form with them equal opposite interior dihedral 
angles. The plane angle formed by the edges of the two dihedrals, whose plane 
as viewed from a'point between the two given planes is equally inclined to them, 
will be called their isoclinal angle. This angle is an appropriate index (measure) 
of the amount (rapidity) of the divergence of the two planes under a special 
aspect, namely, from the vertex and in the direction of the sides of the isoclinal 
angle. Its variations afford the means for determining certain important rela- 
tions of planes to one another. 

The given planes being (a,, a,, 2a), (8,, 8,, 26), we transfer the origin to the 
point of, or to a point in, their intersection. Their equations become (§ 13) 


apt+pa,=9, Bp +pB,=9; 


and «, y being continuous scalar variables, 


u= ai (a, — a,) Ete ee BY (8, oan B,) 
represent two directors lying in them, w in the first, v in the second (§ 14). I 
enquire whether and under what conditions the plane angle formed by w and v 
may have a maximal or a minimal value. Without loss of generality we may 
suppose that Tu = Tv=1. 
The first and second partial derivatives of Suv with respect to « and y are 


Sut 


T OSud T 
.~—=5Sauv, —~—=— 5 Shwe 
Ox Pe Se 2 ave, 
Suv T™ _ &Sud 7 ae 
~—- =—— Su, —~, =—7 Sw 
On” 4 ie ik ry 4 : 
and : 
Sud 7 
~~ =—-— SBhauw. 
Ow Oy 4 a 


Trans. Am. Math. Soc. 14 
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The two second partial derivatives, with respect to «, and with respect to y, 
being negative as compared with the function itself, the conditions for a maxi- 
mum or a minimum of Swd are 

Sawv=—0, Sirw—90, 
and 
Sut >S’*8,a,us, or Sud <S*Bauv. 

Thus Sud, and therefore also the angle of u,v, will have maxima and min- 

ima if there exist an inequality of the form: 


| Sew | + |Sa,u8,v]. 


Let it be supposed, for the moment, that the directors u,v are fixed by the 
conditions thus imposed (it will be shown presently that this is actually the case) 
and let w and v be turned in their respective planes about the origin through 
the same angle 47@ by multiplying the first by a’, and the second by 8? , where 
@ is a sealar variable. 

(1) The essential preliminary condition: Zhe plane of a®u and B%v shall 
intersect both (a,,a,,9) and (B,, B,,9) in straight lines, is here fulfilled ; 
for ,, y, being = UVaiusB>*, UVual’A%v, the equation of this plane is, by 
§15 (1), 

NP +P%,=9, 
and the sufficient conditions (§ 18) 
Sa,7, ae Sa,y, i) Shy, — SB,7, ’ 
are here satisfied. 
(2) The angle of afu and B% is isoclinal to (a,, a,, 0) and (B,, B,, 9) for 


all values of 0. For we may write 
aj=au+ya,, PP=x+ yf, (ag Sys 
and then, the conditions Sa,uwi = S8,us = 0 being satisfied, 
Say, = wy8(6,a,us — uv) = — Shy, 
= Sa,y,= — S8,7,, 


that is, the corresponding exterior-interior dihedral angles on the same side of 
the transversal are equal. This isoclinal angle may thus be treated as a function 
of 6. 

(3) Let the values of @ that make the angle of a’ and 8%v a maximum or a 
minimum be sought. The first and second derivatives of Sa’ud8_° with respect 
to @ are 


dSw 7.,° 
iia S(a, — B,)w (w =a uni 4 
a’ Sw 7 
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and by virtue of the previously assumed conditions Sa,wi = S8,vs =0, the 
first derivative vanishes for all integral values of @. 

When @ = 0 or an even number, the second derivative is a negative quantity 
if Su > Sa,uvB,v, and these (as previously found) are the conditions that make 
Sud a maximum. 

When @= an odd number, the second derivative is a positive quantity if 
Suv > Sa,uB,v , and these are the conditions that make Swv a minimum. 

It is immediately evident that if there be maxima and minima, there are two 
of each, occurring alternately at intervals of ninety degrees; for the successive 
angles are: 

Z(aju, Biv) (90,1, 2,°3)5 


and Sa®’wi = SB%vt = 0 if 6 be an odd integer. 

Tt will be shown presently (§ 24) that non-integral values of 6 do not give rise 
to maximal or minimal isoclinal angles. The above enumeration is therefore 
exhaustive. 

(4) The two planes of the maximal and minimal isoclinal angles, and these 
only, are orthogonal to both of the given planes. For, in order that the condi- 
tions for perpendicularity (§ 19) may be satisfied, namely : 


Sa,7, a Sa,y, a SAY, =a SB. = 0, 


rey ; : Be a ts epee a le os ree 
it is necessary and sufficient that x or y = 0 (in Gia, Po = oe YP, 
of (2)), and these are precisely the condition 6 = an integer. 

(5) If the terms of Sud > Sa,w8,v be interchanged, Suv becomes a minimum 
and Sa,u8,v a maximum. Such an interchange, however, is merely equivalent 
to assigning wu’ = a,w, v’ = §,v as the two director boundaries of the minimal 
and a,w’, 8,v’ as the director boundaries of the maximal angle. And unless 

— Fae . . es | _— = ae 
Sud = Sa,w8,v, an inequality of the form Swi > Sa,uvh,v may be assumed to 
exist. Hence if the conditions 


baw — 0, -Seauv=— 0. Sue + Sa,uB,v 


be satisfied, either Sw% is a maximum and Sa,wB,v a minimum, or vice versa. 

(6) It remains to show that the conditions Savi = SP,ws = 0 suffice to de- 
termine a convenient measure of the divergence of the two planes. In another 
form, Sa,uvt = 0 is 

aus — via, = 0, 
which is also 
Baus — Bywia, = 0. 

But . 
B,a,uo + via, B, = 2f,a,us = Avia, + via,f,. 


Multiplied by w% this last equation is 


I. STRINGHAM: ON THE GEOMETRY OF PLANES [April 


bo 
Oo 
bo 


2uBSB aut = uvbvP,a,u + voduua,f, , 
whence, by equating scalar parts and dividing by 2, 
Bs Sa Oe oe * 
Sud -Sau8,v = —4S(a,A, + a,8,). 


There is thus obtained, as the measure of divergence of the two planes, the 
product of the cosines of their numerical maximal and minimal isoclinal angles. 

24. The Ultimate Criteria of Maxima and Minima. The higher odd-order 
derivatives of Sw, = Sa’utP7° are 


qd2"-1 Sw qt 


agin i =(— ty" —5 S(a,— f,)w, 


and the even-order derivatives are 


d™ Sw 7 
dé Qn = (— 1)"> De sil 5 Bya Jw. 
If we write 
(ai, 8) = (x + Y%,, w+ y8,) (a?+ y?=1), 
and maintain intact the conditions Sa,ut = S8,ut = 0, these higher derivatives 
become 
dS Sw 3 ate: 4 
pe = (— 1a layS(a,uBo — Ww), 
gd?” Sw qr" 


“es ae (y° — x°)S(a,uB,v — ue). 


Hence the derivatives of odd order vanish if, and only if, 7 = 0, ory = 0, or 
Sa,uB,v = Swv; and if Sa,uB,v = Suv all the derivatives of even order vanish. 
The immediate consequence is : 

Non-integral values of 0 (corresponding tow+ 0, y + 0) give rise to neither 
maxima nor minima of the isoclinal angle (atu, Biv) and the enumeration of 
§ 23 (3) ts complete. 

If the equations of the two planes be in the general form, referred to an arbi- 
trary origin, the common vertex of their igoclinal angles is their point of meeting, 
or a point in their line of intersection, and c being the director to this point, we 
may assign as general solutions of their equations: c + a?w and c + %v respec- 
tively, where w and v are determined by the foregoing conditions for maxima 
and minima. The final form of our criterion then is: 

The conditions necessary and sufficient in order that the two planes 





* STRINGHAM : loc. cit. (3) (1888), p. 64. Of course the formule leading up to this result 
had been determined prior to the date August, 1888. Cf. HATHAWAY : loc. cit. (2) (1897), 
§ 45, p. 10. 
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(a,, 8,, 2a), (8,, 8,, 2b) may have maximal and minimal isoclinal angles 
are: that there exist solutions c+ a*u and c+ B%v, of their respective equa- 
tions, such that 


Na,wo = 0, Sw =—0, Sw SauBv : 


25. The Maximal and Minimal Angles Determined. It has been seen 
(§ 23 (4)) that the planes of the maximal and minimal isoclinal angles, and these 
only, cut both the given planes orthogonally. But the conditions of perpendicu- 
larity will be here satisfied by writing as the equations of these two orthogonal 


transversals, 
NP +P2=9% NUP—Pr=9%, 


7 = UVa8,, %,—UVa,,. 


where 


Hence the four intersections of these two planes with (a,, a,, 9) and (8,, 8,, 0) 
must be the directors hitherto designated by w,v, a,w, 8,v; and we may write 
(§ 18) 

u=a(y, + 2) — (V1 + Yo) » 


v= BUY + %2) — (1 + %2)Po» 

aus=u =al(y, —%) — (% — Yo)4o5 

Bw =v =B(Y, — %) — (MW — %)Ba3 

and we may verify independently the necessary conditions 
Saww=0, SPw=—0, Sawov=—0, S8uv—0, 


which are in fact identities if w, v, uw’, v have the values above assigned. 

The further conditions that w, v shall be perpendicular to w’, v’ ($ 28 (8) ) are 
here also satisfied, for the planes (y,, 7,,9), (¥,, —%, 9) are hyperperpendic- 
ular to one another (§ 28); or it may be verified independently that 


Sua =0, Sv’ =0. 


This determination fails if either 8, = +a, or 8, =-+ a,, for then either 
vo or Y, = 9; but these are the conditions for the failure of maxima and 
minima (§ 26). 

26. Failure of the Condition Sud + Sa,uB8,v. From the conditions : 

Sa,uv =Safu=0, SPus =SPtu=0, 
it follows, provided a, + 8, and a,+ 8,, that Vut and Vow are numerical 
multiples of V@,a, and Va,8, respectively, and (assuming Tw = Tv = 1) we 
may write 
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ub = cosg + 6, sin d (J, = UVB,q,) , 
du = cosy + 6, sin (6, = UVa,,) . 
We may also assume 
B,a, = — cose, + 6, sine,, 
a,B, = — cose, + 6,sin €,. 


Then 
S(1 + B,a,)us = 2 sin J sin (3 es $) 


S(1 + a,8,)Jeu = 2 sin 2 sin (3+ v) ; 


and, therefore, in order that the condition Suv + Sa,w8,v may fail it is necessary 


and sufficient that 
é-= 2n,7 or 2n7t¢, 


and 
€é, = An or 2n,7wt v, 
or, in equivalent terms, 
—\9 —\9 
a, = —1 or —(wuy or — (wr), 
and 
a,8,= —1 or — (uv) or — (tu), 
and there are nine combinations. Any combination of the type B,a, = — (vw)’, 
a,8, = — (tiv), however, leads to results identical with {those obtained from 
B,a,= —1, a,8,= —1; for, from any of the pairs of equations of this type 


and from § 23 (6) follows 
(ua) = — 48(a,8, + ,8,)!= Sub, 


an interchange of factors under S being here permissible; thus Vut=0, 
uw = + v, and in fact 


Ba,=—1, 28,=—1. 


But also, this combination is a particular case (obtained by making vu = + v) 
of either of the remaining two and thus the two alternative conditions 


B,=4,, §8,=4,(uvy or a(vu)’, 
and 

Ba 6,08 = (0a) a, Or ue) ar, 
account for all the cases that can arise. The specific value of wd is here unde- 
termined and may vary from a unit scalar to a unit vector value. 

It has been tacitly assumed that a,, 8, in the one case, and a,, 8, in the 
other, are both essentially positive, but it is evident that the algebraic signs in 
the equations of the two planes can always be so disposed that this shall be the 
fact. The conclusion, in its general form, is: 
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(1) In order that the two planes (a,, a,, 2a), (8,, B,, 2b) may cease to 
have maximal and minimal isoclinal angles it is necessary that B, = +a,, 
or B, = +a, and any one of these conditions is sufficient. 

(2) The isoclinal angle (ayu, Bw) is constant under all variations of 6 ; 
this is apparent in the equations 


paw, = nue, ua, foo = Suv,” 


the first of which is a consequence of 8, = a,, the second of 8,=a,. 

26. An Hweample. The following example illustrates the failure of the con- 
ditions for maximal and minimal isoclinal angles. Suppose the equations of the 
two planes to be 

ap+pa=0, ap+pR=0. 


The first is equivalent to 
2aSp + 2SaVp = 0, 
which involves the two equations 
Sp=0, SaVp=0. 
Hence the values of p that satisfy the first equation represent vectors perpen- 


dicular to a and may be written in the form 


p = wary , 


7 


in which x and 6@ are scalar variables and y is a vector constant, and the condi- 
tion Say = 0 is necessary. 
The general values of p that satisfy the second equation may have the form 


p= w«xa\a— B). 
Jf now wu = y and v= a— #, then 
Saud = Say(P — a), 


which vanishes if Say8 = 0, that is, if y be chosen coplanar with a and 6. 
Hence, with this choice of y made, the directors y and a — 8 satisfy the first 
two conditions for a maximal or a minimal isoclinal angle. But 


Sa’y(8 — a\a~® = Sy(8 — a) = Sud 


for all values of 0 and the third condition fails. The isoclinal angle (a°w , a°v) 
remains unchanged during any variations of 6. In other words, every line 
in either plane has the same inclination to the other plane. 





* Note that aeu =e Mey; Bev = vB, °, and therefore Sa?uvpr? = Suay °B80 : 
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The angle of this inclination (constant isoclinal angle) is represented at C, 
in the accompanying figure. The equation 
ap + pa = 0 
represents a plane through O perpendicular to a, lying wholly within vector 
space (a space containing only vectors), and 
ap + pR=090 


is the equation of a plane that intersects this vector space in a straight line 
through O parallel to a— f. 


$$ 28, 29. SomE SpecraAL CASES. 
28. Perpendicularity. If the maximal isoclinal angle, say Z (a,u, 8,v), be 
a right angle, then not only Sa,we = 0, but also Sa,w8,v = 0, and 


Sa, uw0B;? = 0 


- 


for all values of @; that is, a,w, a director in one of the planes, is perpendicular 
to 6°v, any director (through their meeting point) in the other. This is per- 


C 
B 
Se 
Z ‘ 
oP 
O a A 


pendicularity according to the ordinary definition, though not of the ordinary 
sort along a line of intersection, for the planes may not meet in a line. 

Conversely, if the two planes be perpendicular to one another it must be pos- 
sible to assign in either of them a director that shall be perpendicular to every 
director in the other, say a,w and §8,v, such that 


Sa,uwwB=0, Satws,=—0, 


where « and y are arbitrary scalars; and it follows (by assuming in succession 
x, y = 0,1) that 
Saud = SB,ut = Shaws = 0. 


These conditions make / (a,u, 8,v) a maximal isoclinal angle if Sud + 0. 
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But S8,a,w® is a factor in S(a,8, + a,8,) and therefore : 
In order that the planes (a,, a,, 2a), (B,, B,, 2b) may satisfy the ordinary 
definition of perpendicularity it is necessary and sufficient that 
S(a,B, i a,,) =0. 
There are three further distinct criteria to be considered, giving rise to three 
kinds of perpendicularity. 


(1) Saw8v =0, Sui + 0 orl. Resume the equations of § 26 for wo and 
2,, omitting the ambiguous sign not here needed; we have 


ud=cosd?+6,sing, f,a,= —cose,+ 6, sine, 
and therefore 


Sa,uB,v = — cos (ec, + o) = 9, 
T 
Eto=5- 


Hence Sa,8, + Sa,8, and the planes meet only in a point. According as 
Z (8,, a,) is large or small the minimal isoclinal angle is small or large. The 
condition may be stated in the form: 


pa, 8, = —Sa,8, +.0, or 1 


(2) SauBvo=—0, Swj=—1. Here 6=0, ¢ =7/2, and 8a, is a vector ; 
hence 


Da 6, == 5a.9, ==.0 


is the condition necessary and sufficient for simple perpendicularity along a 
line of intersection (the ordinary kind of perpendicularity) ; provided also, the 
planes being (a,, a,, 2a), (8,, 8,, 26), the further condition 
a,b — ba, + Ba — a8, = 9 
is satisfied ($§ 20, 21). 
(3) Saupw =Sud=0. Here w+ vu=0, (uv) =—1, and therefore 


Sane By, a, ee cr, 


that is, 8, = +: a, and 8, = +a,, the combinations of signs being either — + 
or + —. 
If either of these pairs of conditions be assigned, that is, if w’ and v’ satisfy 
the equations 
ath + Uao— 0, 20 —va,=9, 
we may write (§ 14) . 


/ 


x f 
u'=ai(a,—a,), v' =a{(a,+4a,), 
in which w and y are arbitrary scalars, and then 


Sw’o’ = — Sat-"(a,a, — a,a,) , 
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and this is zero for all values of w and y. The geometrical interpretation of 
this result is that every line in either plane is perpendicular to every line in the 
other. In other words: 


The necessary and sufficient conditions for the hyperperpendicularity of the 
planes (a,,4,, 2a), (B,, 8,, 26) are 


eR shirk jefe PP 
or, expressed in another form, 
Sa) 8 a See 


The conditions for maximal and minimal isoclinal angles fail. 

29. Parallelism. If two planes (a,, a,, 2a), (8,, 8,, 26) be parallel, the 
pairs of directors aw, 8’uv* that form their isoclinal angles are parallel for all 
values of 0, and in particular, if Tu = Tv =1, 


Sud = SauBv = 1, 
S(a,B, A a.) =— 2. 


But also, they will have no point of intersection except at an infinite distance, 
and therefore 


whence 


a,b — ba, + B,a — af, 
Pa ~ =O, 
S(a,8, — a,8;) 


and the further condition Sa,8, = Sa,@, is necessary. Hence, for the two planes 
to be parallel it is necessary that 





Sa.0. one le 


This condition is also sufficient, for, if it is satisfied, it immediately follows 
that S(a,8, + a,8,) = — 2 and Sut = Sa,uBw =1. Therefore: 

(1) In order that (a,, a,, 2a) and (B,, B,, 2b) may be parallel it is neces- 
sary and sufficient that 


Ci B,, ES ies B,. 


(It is understood that the signs before a,, a 
both positive. ) 
It is immediately evident that the condition 


, in their respective equations are 


a,b — ba, + B,a—aB,=9 


is satisfied. This I interpret as meaning that two parallel planes meet in a 
straight line at infinity. 





* These directors are supposed to be placed in their respective planes without reference to a 
particular origin. 
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(2) When the conditions for parallelism are satisfied, 


aa—aa,=0, ab—ba,=0, 
and we may write 
a=ma%(a,+a,), 6 =natra, 


where m,n, @, ¢ are arbitrary scalars, and the equation of (8,, 8,, 26) becomes 
ap + pa, + 2narta= 0. 


It represents a doubly infinite series of planes parallel to (a,, a,, 2a), one series 
being obtained by varying 7, the other by varying ¢. 

(3) When the point of intersection of a pair of planes is moved to an infinite 
distance, they have in general at the limit a point of intersection at infinity. 
But if the conditions for maximal and minimal isoclinal angles fail these angles 
become ultimately zero and the conditions for parallelism are satisfied. Thus 
planes that have a constant isoclinal angle and meet at infinity are parallel 
and meet in a straight line. 


§§ 29-32. IsocLINAL SYSTEMS. 


30. Two-dimensional Systems. The following group of theorems ($$ 30— 
32) restate for planes through a point in four-dimensional space the fundamental 
parts of Ciirrorp’s theory of parallels in elliptic space of three dimensions 
(HarHaway’s theory of parallel and contra-parallel great circles on the hyper- 
sphere).* The planes and lines here considered are, without exception, sup- 
posed to pass through the origin; and by any plane, or any line, is meant a 
plane or a line satisfying this condition. 

_ Consider a series of planes meeting in a point no two of which have max- 
imal and minimal isoclinal angles, and place the origin at their point of meet- 
ing. Corresponding to the two conditions 8, = +a,, B,= +a, of § 26, 
there are two systems of planes: an a-system whose equations may be written in 


the form (§ 13) 


ap —pa'aa=0, 
and a #-system whose equations similarly constructed are 
bBb-'»n — pB=0, 


where a and 0 are arbitrary versors whose different values produce the several 





*It was Professor HATHAWAY’S paper on Quaternions as Numbers of Four-Dimensional Space 
that forced upon my attention the essential identity of the two theories. It should be remarked 
that here, as also in HATHAWAY’S paper, the theory is stated as applying to elliptic space in its 
autipodal (spherical) form. 

The references to CLIFFORD, BUCHHEIM, KLEIN, WHITEHEAD are here important. 
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individual planes of the systems. Any system is thus determined by a char- 
acteristic vector a, or 8, and by the corresponding form of its equations. | 

(1) Any two planes of a system have a unique (constant) isoclinal angle 
(§ 23), a consequence of the failure of the conditions for maximal and minimal 
isoclinal angles (§ 26 (2)). 

(2) A transversal meeting any two planes of a system in straight lines 
makes equal dihedral angles with them. For, the two planes being respectively 
(a, — aaa, 0), (a, — a’ ‘aa’, 0) and their transversal being (y, — 5 0)5 
the conditions for straight-line intersections are 


jal 
Say = Sa“'aay’ =Sa’ aa'y’, 


and in either case the cosine of the dihedral angle is — Say ($19). Here, the 
signs of the scalar functions being alike, the equal dihedrals are the alternate 
exterior-interior angles on the same side of the transversal. 

Thus all the planes of a system determined by any unit vector are equally 
inclined to any transversal meeting them in straight lines. They constitute 
what may be called an isoclinal system, or a system of isoclines. Two planes 
may be said to be mutually isoclinal when their isoclinal angle is constant; and 
from this definition it immediately follows that any two planes that are isocli- 
nal to a third plane are isoclinal to each other. 

(3) Zo a given plane through a given straight line there exist always two 
isoclines. For, given a plane (a, — 8, 0) and a straight line c, both of the 
planes whose equations are 


ap—petac=0, cBce pn — pB=9 


are isoclinal to (a, — 8,0), and they intersect in c. 
(4) Given a and a, the equation ap — pa~'aa = 0 is uniquely determined ; 
but since we have identically 


aad = J(a"a) alara). 


any pair of values a, a¥a determines this same plane. Let a = 8; the equa- 
tion of the planes of the a-system has then the form 


ap — p(a¥B8*)~ a(a¥Bt) = 0. 


Changes in give no new planes, but there is a distinct plane for each value of 
¢ (within the limits 0, 4), and some (not all) of the differing values of £ cor- 
respond to different planes. 

If a change from § to 8, makes no effective change in the equation, then 


Br*aB? = B-*aB?, aB$8-* = BeB-%a, 
from which it follows that V8?8~® is parallel to a; then 
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8¢ =.a*B* . 
Hence, corresponding to the varying scalar values of z, there is a singly in- 
finite series of changes in 8 which give rise to no new planes. 

But any unit vector is determined by two independent scalar parameters and 
thus one parameter in f is at our disposal for producing new planes of the sys- 
tem. Therefore: 

A system of isoclines of given type (an a-system or a B-system), correspond- 
ing to a given vector, consists of a doubly infinite series of planes. It is a 
two-dimensional system. 

31. Cardinal and Ordinal Systems.* For brevity write a, = B-*aB* and 
define the two-dimensional system of a-isoclines by the equation 


ap —pa,=9. 
Changes in ¢ produce a singly infinite series of planes whose isoclinal angles, 
formed by the successive members of the series with a fixed member of it, are 


all different; for the squared cosine of the isoclinal angle formed by (a, — a,,, 0), 
regarded as fixed, and (a, — a, , 0), any other plane of the series, is by § 23 (6) 


Sut = 1(1 — Sa,a,,), 
and this varies with ¢. 

Now an infinite series of a-planes which form with a fixed member of the 
a-series the same (constant) isoclinal angle may be determined in the following 
manner : 

Subject the variable p in the equation ap — pa, = 0 to the rotational opera- 
tion a*%()a5?. This leaves undisturbed all the points of the fixed plane 
(a, —a,,, 0) and rotates, without distortion, all other configurations in our four- 
dimensional space through the angle 7@.+ The equation is transformed into 


| : aa*pa;? — a*payia, = 0, 
and » now satisfies the equation 

ap — pa,ia,a4, = 0, 
which belongs to the a-system; and the isoclinal angle formed by the plane repre- 
sented by this equation, whose variations depend on @, with the fixed plane 
(a, —a,,, 0) is the same for all values of @; for its squared cosine is 


S’ud = 4(1 — Saya,,) ($23 (6)). 


Each new value of @ (within the limits 0, 4) produces a new plane. 





*So far as I know the characterization of one-dimensional systems of isoclines (parallels in 
elliptic space) as of two types, here called cardinal and ordinal, has been made in no previous 
investigation. 

+ STRINGHAM: loc. cit. (2) (1884), pp. 55-56. Compare also §1 of this paper and HATHaA- 
WAY : loc. cit. (3) (1898), pp. 93-94. 
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The doubly infinite series of a-isoclines is hereby determined. The planes of 
the system produced by the variations of ¢ are transmuted into one another by 
successive changes of the isoclinal angles (all different) which they form with a 
fixed member of the series; I call them ordinals. The planes of the system 
produced by the variations of @ pass into one another by rotations about the 
fixed plane (a, — a,,, 9), with which they form the same isoclinal angle ; I call 
them cardinals. Thus the two-dimensional a-system is made up of one-dimen- 
sional ordinal and cardinal systems; and the same remark is also obviously true 
of a §-system. 

Evidently any a-isocline belongs both to an ordinal system and to a cardinal 
system, but two planes in a system of either type belong to different systems of 
the other type. We may exhaust the doubly infinite series of a-isoclines by 
setting up an infinite number of systems of either type; for example, a fixed 
value of @ determines a cardinal system and the variations of @ produce the 
planes of this system; then a second value of ¢ determines a second cardinal 
system, and so on. Briefly expressed : 

A complete system of isoclines consists indifferently of a simply infinite set 
of ordinal systems, or of a simply infinite set of cardinal systems. 

I call attention to the forms of the expressions for p that satisfy respectively 
the two equations: namely, for the ordinal system a*8*, and for the cardinal 
system a’(a + a,)a%,, where w, y are arbitrary scalar variables.* 

32. Conjugate Systems. In general, a plane arbitrarily placed does not 
meet the isoclines of a system in straight lines. 

(1) Lf a plane have straight-line intersections with three members of a one- 
dimensional system (ordinal or cardinal) it meets them all in straight lines. 

We may assign as the mono-parametric equation of the system 


ap — pr, =9 (Ag =n bape) , 


where X and yw are constant unit vectors which may be so determined as to fit 
the case of either an ordinal or a cardinal system. The cutting plane being 
(y,; —y', 9), the condition is that Sya = Sy’), for three different values of 
@. This makes y’ the axis of a cone on whose surface the three vectors 4, 
((=1, 2, 8) lie. But p is also the axis of this cone and therefore y’ = wu 
for all values of ¢ , and the condition becomes 


Sya = Sy'A, = Srp; 


and to make Sya = S)w it suffices to determine y by the condition that its angle 
with a shall be equal to the angle of X, w. This condition being assigned 
write y= a"”B8a-’, so that Sya=Sa8=Sru. The transversal plane is now 
an isocline of the y-u-system 





* Cf. HATH AWAY: loc. cit. (1) (1897), p. 55. 
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Byp — pu = 9 (By =a¥Ba-¥),, 
every member of which meets in straight lines all the planes of the a-¢-system. 
Thus (1) is proved not merely for one plane but for an entire one-dimensional 
system. 

(2) No two planes of the same system intersect in a straight line ; for 
ba” + SA,A,,, unless = ¢’. 

The two systems are, in the proper sense, conjugate to one another. 

Note that one plane, (a, — », 0) is isoclinal to all the planes of both systems. 

(3) The corresponding exterior-interior dihedral angles formed at their inter- 
sections by the planes of two conjugate systems are all equal to one another ; 
for (see also § 30 (2)), independently of the values of gd and y, 


SaB, = SaB — Sr“ = SpN, ° 
(4) Conjugate Systems of Ordinals. By assigning } = a and «= 8 we 
obtain at once, as the equations of the conjugate systems of ordinals 
ap — pa, = 0 (ag = B-¢aBe), 
By p — pB == () (By=avBa-v). 
(5) Conjugate Systems of Cardinals. if any three planes of the cardinal 
system, 
ap — pa;ra,ah,= 0, 
be met by (y, — 7’, 0) in straight lines we must have 
Sya = Sy‘a;/a,a4, 
for three distinct values of 6; whence follows 7 = a,, and then 
Sya = Sa,a,, = Saa,_,,- 
For the determination of y it suffices to write y = a‘a, _,a~*. The equation 
of the conjugate system of cardinals then takes the form 
AA, 4A “p — pay = 0. 
If the equation of the initial system be 
By ByPyip — pB = 9, 
the corresponding equation of the conjugate system is 
Byp — pB°By, wR? = 90. 
32. The Transition to Elliptic Space. The foregoing theory of isoclinal 
systems is clearly a three-dimensional geometry with planes as elements ; it is, 
in fact, the geometry of the sheaf of planes in four dimensional space. All of 


these planes meet the hypersphere in great circles, the straight lines of an ellip- 
tic space (antipodal) whose aggregate is a “space of lines.’”’ Hence in order to 
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translate the propositions of isoclinal systems into their equivalents in elliptic 
space we have merely to take note of the following dualistic correspondences : 














In parabolic four-dimen- | In elliptic three-dimen- 
sional space : 1 sional space : 
| 
straight lines ~ points, 
planes ~ straight lines, 
isoclines ~ parallels, 
dihedral angles ~ plane angles, 


perpendicular distance 
between two straight 


isoclinal angle of "rH 
~~ 
lines. 


planes 
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ON THE CONVERGENCE OF CONTINUED FRACTIONS 
WITH COMPLEX ELEMENTS* 


BY 
K. B. VAN VLECK 


Up to the present time few theorems of a general character for the con- 
vergence of continued fractions with complex elements have been obtained, and 
these few are of very recent date. In the first section of this paper such theorems 
upon the subject as are known to the writer are brought together for the pur- 
pose of indicating the present state of our knowledge, and the scope of the 
paper is also explained. Some new criteria for convergence are then deduced 
in the succeeding sections. The results obtained are summed up in theorems 
1-10, which may be read independently of the rest of the paper. The demon- 
stration of these theorems is based upon certain equations, Nos. 83-8, 11, and 12, 
which seem to be new and of a fundamental character. 


I. Summary of previous criteria for convergence. 


$1. Two classes of continued fractions 


Ti nS ga 
Pe A. 
with real elements are commonly treated in mathematical writings. In the first 
class all the elements are positive; in the second the numerators of the partial 
quotients are negative and the denominators positive. 
Complete criteria have been obtained for the convergence and divergence of 
continued fractions of the first kind. If, namely, the fraction is thrown into 


the form 


a} is 1 
ge 


(an a0) 


it will converge when >°a, is divergent; on the other hand, if }’a, is conver- 
gent, the even convergents have one limit and the odd convergents have another. 
No criteria of equal generality have been obtained for the second class of con- 


* Presented to the Society February 23, 1901. Received for publication April 15, 1901. 
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tinued fractions. The principal theorem, however, establishes the convergence 
of the fraction when A,=1 + |y,|.* 





$2. The convergence-theorems for continued fractions with imaginary ele- 
ments may be regarded as generalizations of these theorems for real continued 
fractions. In 1898 PrincsHEIM } showed that the condition |A,|=1 + |#,| was 
sufficient to ensure the convergence not only of continued fractions with real 
elements but also of those containing complex elements. If, furthermore, the 
continued fraction has the customary normal form in which », = 1, this condi- 
tion may be replaced by the less restricted one: 


1 one 
+p 3h 


2n 





Agi 

In this modified form PRINGSHEIM’s criterion is applicable to the continued frac- 
tions of Hurwirz,t in which the partial denominators are complex integers. 

The only extension of the convergence-theorem for the first class of real con- 


tinued fractions is contained in a remarkable and extended memoir by STIELT- 
JES, § published in 1894. SvTIELTJEs considers the fraction 


1 1 é i 
az ae a, ae Og +a, AS 





(m>0, n=1, 2, eae 


and shows that when >°a, is divergent, it converges over the entire plane of z 
with the exception of the negative half of the real axis. On the other hand, 
when >°a, is convergent, the even and the odd convergents separately converge, 
the limits of their numerators and denominators being holomorphic functions of 
genre 9 whose roots all lie upon the negative half of the axis. 

From a function-theoretical standpoint this result is of great importance. It 
also calls attention anew to the fact that algebraic continued fractions commonly 
have a more extended region of convergence than the corresponding infinite 
series, and hence have, at least prospectively, a wide field of usefulness. The 
convergence-proofs of STIELTJES are most admirable, both by themselves and in 
relation to the theory of functions. When, however, they are considered solely 
with respect to the general theory of continued fractions, they are not entirely 
satisfactory. Not only are his proofs based upon the properties of the conver- 


* For reference to the possibilities when this condition is not fulfilled, see PRINGSHEIM’S re- 
port in the Hncyklopidie der mathematischen Wissenschaften. 

7Sitzungsberichte der mathematisch-physikalischen Classe der Miinchener 
Akademie, vol. 28, p. 295. ; 

tActa Mathematica, vol. 11. 

§ Annales de la Faculté des Sciences de Toulouse, vol. 8, with continuation in 
vol. 9. 
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gents as functions of z,* but the form of his continued fraction is also very re- 
stricted, inasmuch as the ratio of the real to the imaginary component is the 
same in all the denominators of the alternate partial quotients. 

These considerations have led to the present paper. It comprises such results 
as have suggested themselves in seeking to extend the convergence-theorems for 
the first class of real continued fractions to complex continued fractions. 

To complete the historical review, mention should be made of the theorems of 
PRINGSHEIM and STIELTJES relating to continued fractions in which the denom- 
inators of the partial quotients are equal to unity. PrinesHEIM+ proves that 
such a fraction will converge if 


|+.| x. 3, Pes ie) He eal oa (15, 25 es Pie 


STIELTJES ¢ treats the fraction 


be be be 


1 3 


ee a (dn > 0), 


and shows that it represents a meromorphic function when 5, approaches zero 
as its limit, and only then. 


Various other theorems pertaining to continued fractions are reducible to the 
foregoing by transformation of the fraction. 


Il. Fundamental equations. 
§3. Let 


Bary tee oo, 
AE oe Nae 
be any continued fraction whose elements are complex numbers. Denote by p, 


and q, the numerator and denominator of the n-th convergent, by J/, the mod- 
ulus of g,. If then we put 


rn 145. oe B,, #,, =y Vn aie 16, 
it { els a ares 
Pa a ae T USy Qn = Va + 18,9 
the familiar laws for the formation of the successive convergents, 


(1) Ps WE dn Pn He Bel ae Tee a rIn—1 a og Fee ’ 





* See, for example, the remarkable preliminary theorem which he establishes in order to prove 
the convergence of the continued fraction when }>a, is divergent and the real part of ¢ is nega- 
tive. Loc. cit., vol. 8, p. J56. 

tSitzungsberichte der Miinchener Akademie, vol. 28. 

tAnnales de Toulouse, vol. 9, p. A, 42-47. 
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may be replaced by 


(2) 


i LE Ia + Vecaea 5 ioe Se i 6,8n-9) 


7 


8, == (8 1 AP VnSn—2 a7 Cc sts Cis 


Witt 
with two similar equations for 7’ and s’. 
Squaring and adding equations (2) we obtain next the following fundamental 
relation between the moduli of three consecutive denominators : 


M* = (a, + 8) IW?_+(V4+ 8), 

(3) 

in which 

(4) C, lie Ped" ya Tt ee a2? 
(5) D =7 


n—1 n—1 


a 2 (4,7, zs B é ) ie ay a 2 (8.7, Gare a,©,) De 


men 


s 


n—2 ooo ws i 


The form of the last two equations may be modified advantageously by intro- 
ducing in place of 7,_, and s__, the expressions which are obtained by the substi- 
tution of n — 1 for n in (2). The equations then become 


(6) Cs aa eMart bot Z =f ih OPS — S270 AEs 
(7) DD ae ak B 


Bie we Vee i. omy Crs : 
In this form they may be used with (3) to compute W_,, C\_,, D,_, from the 
corresponding quantities of next lower subscript. If also we take 


n— 


/ - 
mr=1, ~=s=s,=9, 


we shall have 
M=1, Care lh, Dee ee 

Hence iar, el) a. 

squares of the moduli JZ, with lower subscripts (ultimately of JZ? and J/7), in 


which the coefficients are entire functions of a,, 8,, y,, 6,¢@=1, 2, ---,—1). 
From (4) and (5) we also get the important relation: 


(8) em, ay Oe a Me ee 


MM? , are each homogeneous linear functions of the 


$4. To investigate the convergence of a continued fraction recourse is some- 
times had to the equation : * 
Pratm Pa D 1 Pre 
Se se oh (= i ae q J 


LE Tn n Gn Gnt1 Gnt2 





(9) 
Mise Ms m—1 Pet ese os Pete 
re re ee (1) ee 
Gate Gnt3 ( ) C tad Yates i 





* HEINE’S Kugelfunctionen, vol. 1, p. 263. 
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in which m is allowed to increase indefinitely. The convergence of a continued 
fraction is thus made to depend upon that of an infinite series. As, however, 
this form of the series is not well adapted to the consideration of cases of alter- 
nating convergence, it will be better to group by twos the terms in the paren- 
thesis of (9). With the aid of the relation 


J 1 = Pes — Ante ‘ 
Yn nt Qnt+1 In+2 Yn QIn+2 
the series may then be thrown into the form: 


( rte de Rit nts bnts 
n+1 
Gn Gn+2 Vn+e Vn+4 











D 
ae 1)" oy My 
(10) n 





ai V4.6 Mn+ Mnis Ken: pet, “i. — ) 5 
G+alwve 


Two different cases arise according as n is even or odd. If the series con- 
verges in both cases and the continued product of the mw, is convergent and 
greater than zero, the necessary and sufficient condition for the coincidence of 
the two limiting values of the seriesis that M,_,M__, shall increase indefinitely 
with n. The continued fraction then converges in the ordinary sense of the 
term. On the other hand, if JZ, 1/7 _, has a finite limit, the convergence is of an 
alternating character. 

The series (10) has the advantage over (9) that it is frequently absolutely 
convergent when the latter is only conditionally convergent. 

Either series loses its significance if g, vanishes in one or more of its terms. 
Should this, however, happen only a finite number of times, the continued frac- 
tion may still converge, for the objectionable terms can be removed from the 
series by increasing 7 sufficiently. 

In one other particular the convergence of a continued fraction requires special 
comment. The removal of the first 7 partial quotients «,/, may change a con- 
vergent continued fraction into a divergent one, or vica versa. Adopting a term 
proposed by PRINGSHEIM,* we shall say that the convergence is wnconditional 
when it is not affected by the removal of any finite number of partial quotients, 
beginning with the first. 


§ 5. Besides discussing the convergence of the fraction, we shall in certain 
eases determine the signs of its real and imaginary parts. For this purpose let 
P,/q, be thrown into the form : 





, , e / / 
Le nr An 8,8, a U(7,8, iat r S,) 
M, 
* For a further discussion of unconditional convergence consult the memoir of PRINGSHEIM 
previously cited. 
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If we then place 
oa =, , 
K aa PR n AP 8,8), ’ 
L=rs —r's, 


nm mn nm Tn 


and AOI these equations with (2) and the two analogous equations for r 
and s’, we obtain 


wid = (a> = B°) ioe + (y+ On) Mg 5 + 2 9 (ay, + B86 a ee 
a 2(8,.7, — ae 6.) Key? 
L, = (a, a B) ES a (%, er 6°) ie, oh 2(a,¥,, + B,,6,) Ue Se 


2(B vy — a, 8 yi iets 
Be a nae 1. pte oe: E Pat de 7 S, 38.ca) ’ 
oes =F (Me Sadg hla en cn eae oes ae ee 
ee ro 7 Cae Ee aa MS hes at Soothe =I a es) ’ 
ioe = Ae pak ai se te pe a Rat Me: 1p aes) : 


The last set of equations may be simplified in the same manner as (4) and (5). 
They then become 


Ke = a, Kg + Yl? — 8, ales” 


(11) 


(12) 


in which 


1'Vay n—l By 3 
kyo? = — BK — Vahey? — 6, he, 
Jo») ee ay eo? — ny e, . 
Y= — B,D. — % Sy? — 8_ ie, 


and may be used in conjunction with (11) and (12) to find A’, and L, for sue- 
cessive values of 7. 


It will, of course, be observed that the above equations are similar in their 
construction to equations 3-7. 


Ill. On the convergence and properties of a certain class of 
continued fractions. 
$6. Our attention in this section will be confined entirely to continued frac- 


tions which have been reduced to the normal form for which y, =1, 6, = 0. 
Equations (8), (6), and (7) then take the simpler form: 


(13) MM? = rnd (a* as B- ua n—1 pte iis? + 2a, Cc nm—1 an 28D ae 
(14) Cz ia aS pues at Cz. 
(15) Ly al ue UES oe Fides 
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and the series (10) simultaneously becomes 


Arye 1 B49 ae eae = Bis as na ) z 


P 
16 Biche yas) ( 
( ) [6 ( ) ViGn+2 Dnt 2Un+ 4 


We shall first determine what signs for a, and £, are most favorable to the 
absolute convergence of (16), supposing their absolute values to be given. Since 





n—1 n—1 
os V2 = n—i+1Q 192 

(17) (Ce +7 PE PEs ’ vd ie arr > ce 1) BA i-1? 

c= = 
C_, will increase in absolute value with increasing n if the a, have a common 
sign, and D _, will similarly increase if the 8, are alternately of opposite sign 
(each zero value of 8 being included and reckoned with an appropriate sign). 
Moreover a,C’_, and 8 D, 
are clearly as favorable as possible for the increase of J7, = |q,| and hence also 
for the absolute convergence of (16). 


will then never be negative. These conditions 


$7. In considering the convergence of the continued fraction two cases are to 
be distinguished according as >> |A,|—that is, >) |a, + 78,|—if convergent or 
divergent. 

Consider first the former case and suppose either that the a, have a common 
sign or that the 8 alternate in sign. It is immaterial which supposition is 
made because a, and — 8 enter in like manner into the fundamental equations. 
In either case we have from (1): 


Mo (1h Aa” 


m m—l m—2 


in which JZ’ is used to represent the larger of the two moduli J/,, WZ, .. 
This shows that 


M <M’ T[A+),) Bein: 


i=m 


But by a well-known theorem [J] (1 + IA), (@=1, 2,---), converges with 
D|A,|. There must accordingly be an upper limit to the value of IZ. On 
the other hand, by virtue of the hypothesis concerning a, or 8, either |C'_,| 
or |) _,| will increase with n, or at least not decrease. It follows then from 
(8) that M7 MW, has a lower limit. This can only be if J, which has an 
upper limit, has also a lower limit. 





Turning next to the series (16) we see now that it must be absolutely conver- 
gent, since the numerators of its terms form an absolutely convergent series 
while the moduli of the denominators have a lower limit. As also Wj, 
does not indefinitely increase, two distinct values for the series will be obtained 
according as n is odd or even. We have therefore the following result : 


THEOREM I. Jn any continued fraction 


222 E. B. VAN VLECK: ON THE CONVERGENCE OF [July 


1 1 1 - 5 - ‘a owns 
a,+ 78, + a,+ 78, + a,+ 18, + 
the even and the odd convergents will both converge and their limits will be 
distinct if (1) Da, + i8,| is convergent and (2) either the a-constituents have 
a common sign or the B-constituents alternate in sign.* 





(18) 


$8. In §7 it was shown, and without making use of condition (1), that 
M,_,M_, had a lower limit. An immediate inference from this is that JZ) can- 
not vanish for any finite value of n. A like conclusion obviously holds for the 
numerator of the nth convergent, inasmuch as the equations for the formation 
of the successive numerators are similar to those for the denominators of the 
convergents. We have thus a very simple proof of the following theorem : 

THEOREM 2. either the numerator nor the denominator of any convergent 
of the continued fraction (18) will vanish if the a-constituents have a common 
sign or if the B-constituents alternate in sign. 


$9. We pass now to the consideration of the case in which >) |a, + if) 
diverges. Let it be first supposed that both a, and §) are restricted in sign in 
the manner indicated in the preceding theorem. Every term in (13) will then 
be positive or zero, and JZ, must be equal to or greater than J/_, for every 
value of n. Accordingly JZ, has a lower limit. Furthermore, by our initial 
hypothesis either > |a,| or 5° |@,| must diverge, or both. It follows therefore 
from (17) that at least one of the two quantities, C|_, and D._, increases indefi- 
nitely with n. But by (8) J/,_,J/_, must increase in the same manner. If, 
therefore, the series (16) converges, it must have the same limit whether be 
odd or even. 

To prove that (16) does in fact converge, we shall establish separately the 
convergence of the two series : 


— | a, - gp | 
UM MM, 


n=1 n=1 








Consider first the former. If in computing JZ, by formula (13) for successive 
values of m we should equate each 8 to zero, smaller values for JZ, would be 
obtained, which we will denote by JZ’. Obviously these are successively con- 
nected by the relation : 


M' =\a,| Mi. + UM 


n—2? 
a 


al uk 
MM, MM * MM 


or by its equivalent 














* Zero-constituents are admissible in this and the following theorems, being taken as having 
the signs which belong to the places in which they are found. 
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oe 7 OY) BP a an ca et ea >, to bt eles 
addy “us ae 1 | 


M_M aru 


m—2-— n=m 











This proves that 








converges, and hence also > |a,| 7 ae ~!, Similar considerations apply to 
prove the convergence of >> |8,| >", iM’. 

We conelude, therefore, that the continued fraction has a definite limit, and 
the reasoning evidently holds if the first m partial quotients are omitted. This 
result may be restated in 

THEOREM 8. If the a-constituents in (18) all have the same sign and the 
8-constituents alternate in sign, the continued fraction will converge uncondi- 


tionally when > |\a, + i8,| is divergent. 


§10. The signs of the real and imaginary parts of the convergents can be 
quickly determined. Equations 13-15 hold when J/7, C,, D, are replaced by 
K,, ki), kg), or by L,, 0), 03). The initial values of these quantities are as follows: 


‘ay? ay? 
i a 
res Lie)", =a i= —_ 2. 


U3 


C1) ee 7 A Ree Aa egy (Wie 
= IM =1, MW =M=0. 


» 


An easy mathematical induction then shows that all the terms in (18) after 
either of the above substitutions have a common sign. From this we get at once 

THeorEM 4. Jf the a-constituents have a common sign and the 8-constitu- 
ents alternate in sign, the real part of any convergent will have the same sign 
as a, and the imaginary part the same sign as — B,. 


§11. Returning now to the continued fraction of theorem 3, we proceed to 
consider the effect of the admission of a finite number of a-constituents or of 
8-constituents which fail to satisfy the conditions there imposed. It is imma- 
terial whether the exceptional’ elements occur among the a, or the 8 ; let them 
occur among the former. 

When is increased, there must be a value—call it m—subsequent to which 
a, and C’_, have each an invariable sign. If they have the same sign, all the 
steps of the proof of theorem 8 will apply after the m-th convergent. This 
will necessarily be the case when > |a,|M7°_,(n =1, 2, ---) is divergent. 

There remains for consideration only the special case in whith >) \a,| J/°_, 
converges and a and C’_, have opposite signs when n exceeds m. Equa- 


tion (13) then gives 





ee 


n—1 


ae 2 a, Crs] 5 eS 
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whence by combination with (8) we obtain 


- 


H) 
(19) mea, (1 — HCl A 


n—l 
¥2 9 
Ce m—1 a ae ye 





Now since >) |a,| 177 _, 
hand, |D__,|, 


which never diminishes, will have a finite lower limit after some 
fixed value of , unless it is equal to zero for every value of ». This excep- 


converges, |C’_,| has an upper limit. On the other 


tional case will not occur if there is an infinite number of values of 2 for which 
Bots, than m, inasmuch as JZ ,,> 0. An upper limit must therefore exist 


for |\C_WCGR_, + D?_,). Since also ja,| M7 


ri 


> 0, as we will suppose, neither can it occur if there is a single such value 





_, diminishes indefinitely with in- 
creasing n, the second term of the binomial in the last inequality may be 
made as small as desired. Let m be taken lJarge enough to ensure that it shall 


always be less than unity when 2 >m. We then have 


GC ui: 
ALS Sy (1 pate — =) (¢=m+2,m+4,---,m+2n). 
m-+2n met C: ENED 5; 


If in the last expression 7 is indefinitely increased, the product | [ must be con- 
vergent since )>|a,J/?_,| is convergent and |C,_,|/(C?_, + Dj_,) has an upper 
limit. Moreover, by a well-known theorem the limiting value of [J must be 
greater than zero. Hence J/,,,, has a lower limit, and the same is true of 7, 
since m may be taken to be either odd or even. 

The convergence of >°\a,| may next be quickly argued. This follows from 
the fact that the terms in the convergent series }ia M/° , have ultimately a 
common sign while JZ has a lower limit. Now by our original hypothesis 
> |a, + 78] was a divergent series. This necessitates that >°|8| should like- 


wise diverge. But when this diverges, |,_,| increases indefinitely and with it 





simultaneously 17 WZ, 

To demonstrate the convergence of the continued fraction, it remains only to 
prove that (16) converges. ‘This can be quickly done. For, on the one hand, 
> |a,| 2, -* obviously converges. On the other hand, if each a, is replaced 
by zero, >) |8,| 7-7, will converge, as we saw in §9. But from (19) it is 
clear that the presence of the a-terms in (13), when it does not actually increase 


the value of JZ, will cut it down in a ratio not exceeding 


M? 
1 : 1 = Ja, C ; n— Ss :). 
( Oe 1 oe De 1 


It has also been shown that the product of all such ratios for which n exceeds m 
is convergent. The restoration of the a-terms will therefore not reduce the 


Tein the] ss ions ; 








1901] CONTINUED FRACTIONS WITH COMPLEX ELEMENTS 225 


value of WZ (n> m) by more than a certain fixed part of itself. Since this in 
20 wise affects the convergence of >> |8 | 17—'!, W-", the series must still converge. 
This completes the proof. 

The conclusion reached can be summed up as follows: 

THEOREM 5. The continued fraction of theorem 8 will still converge if a 
finite number of the a, or of the B, are admitted which fail to satisfy the con- 
ditions there imposed, provided that after the last irregularity there is at least 
one value of n for which 8, respectively a, is not equal to zero. 


$12. The criterion of theorem 5 differs from most or all criteria hitherto 
given for the convergence of continued fractions in that it admits a finite 
number of irregularities whose positions in the continued fraction are entirely 
arbitrary. This raises the question whether an infinite number of exceptional 
values of a might not have been admitted into the continued fraction, or, in 
other words, whether the condition imposed upon 8) was not in itself sufficient 
to ensure the convergence of the continued fraction, as in the case when 
> |a, + if,| converged. That this, however, is in no wise true, can be shown by 
constructing divergent fractions in which all the 8-constitutents fulfill the condi- 
tions imposed in the theorem. 

Consider, for example, a continued fraction in which 8, is equal to zero for 
an infinite number of values of » but not for all values. When 6, = 0, we 
have 


: } a,C1\) , Di 
Wt = (30. + ap) + Gr 


n—2 





Let now a, be so chosen that the term in the parenthesis shall vanish. This 
makes |D7',| = |a,|J7—", M-". If the values of the 8, which do not vanish 
fulfill the requirements concerning their signs and are also so chosen that |D _|| 
shall have an upper limit, the terms of (16) cannot all decrease indefinitely with 
increasing x. ‘The series (16) and the continued fraction are in consequence 


divergent. 


§ 13. The restriction upon the signs of a, in theorem 3 may, however, be dis- 
pensed with if we assume that |@|/|a,| has a finite lower limit. The proof of 
the convergence of the continued fraction is then not so simple. 

The first step will be to show that || increases indefinitely with n. Suppose, 
if possible, that the contrary is the case. It will be recalled that the signs of 
the 8, were so restricted that |D.|= > |8 |? ,. If X|8,|dL?_, converges, 


dJ\a,|J77_, must likewise converge in consequence of the above assumption. 





Now it was shown in § 11 that when the latter converged, J/, had a finite lower 
limit. It follows that )°|8)| should be convergent. But, on the other hand, 
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the assumption of a lower limit for |8,|/|a,| and the hypothesis that }°/a, + i. 
diverges, together necessitate the divergence of 5>|8,|. This involves a contra- 
diction. We conclude, therefore, as stated. 
Equation (8) shows that 17, ,//_, also increases without limit. 

To establish the convergence of (16) it clearly suffices to demonstrate the 
convergence of >> |6,|JZ~5M~*. Let &~* be a lower limit to the value of 


|8,|/\a,|. Equations (17) show Ai once that |C’_,| =k|D__,|, whence it follows 
by (8) that 





Me Ph oat | 


a ria es | 





|D 


When a, and C’_, are of like sign for any value of n, we have from (13), 


My > BM + 28,D,_, + Mr 


n—2 


The combination of this inequality with the preceding gives 








(20) A STA, 
or 
1 8 1 
2 aa n ram : 
2s) WM (eda Mane a 


The last at will also hold when a, and C’_, have opposite signs if 
the expression a° MM? ,+ 2a C_, 
tions therefore occur when a differs in sign from C’_, and 


in (18) is positive. The only possible excep- 


2 | Cs a 
2, <p 
In this case, if we put 
(22) — (i + &,) as 


n—1 


the absolute value of « will be less than unity. The combination of the last 


equation with 
C, =— aM roe ee 
then gives 


C—-—2C0 


n nm ~n—1° 


fence the necessary and sufficient condition that a> M? ,+2a,C_, shall be 
negative is that |C,| shall be less than |C\_,|. 

Even when this condition is fulfilled, the saenaaliee (21) may yet hold. This 
will, for example, be the case whenever |C’_,| falls below a certain fixed part 
of |D_,|. For suppose C\_, <k'|D_,|, where x’ denotes the positive number 
less than unity which satisfies the equation 


bo 
bo 
+] 
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1—kk 1 
LER OLA 
Then simultaneously 


M_M 
la, < kB, ’ Te Pee if > hk a 3 


Since also kk’ < 1, it follows that 


: (4, Cs; of pele, } = 2 IB, Ls (1 = kk’) > a bee ea - fat . 





The combination of the last inequality with (18) shows immediately that (20) 
and (21) also hold. 

When for any value of » the inequality (21) is not valid, we shall substitute 
the expression (22) for a, in equation (13). This equation then takes the form: 























il ery C? 
MM? = BM? +28 D 4+ iM _,- ak = 
Since also a 
Ve oe ; 
NTE LOL RR Ye M2 
this gives 
We e+ pals 2 |B, {74- ou ee ys 
in which 
/ — . (1 — wn) ON 1 
aes vs es J : _ (onan zi dO SET 
It follows then @ fortiori that 
= |8.,| Y, 
he MW,” GF) MSM, + MM, 


$14. For every value of n there is, then, an inequality of the form (21) or 
(24). Let these inequalities be arranged in order for successive values of 7. 
When thus arranged they may be divided into sets according to the value of 
|\D.| in the following manner: Let c be any fixed value greater than unity. 
Denote also by x, the first value of n for which |D |=c|D,|, by n, the first suc- 
ceeding value for which |D|=c’D,, etc. Then the first set is to comprise all 
the inequalities which precede the one in which n = n,; the second set is to be- 
gin with the latter inequality and to continue until n= ,, and so on. 

Since |D| <M, the left hand member of the first inequality of the 
(r+ |e’, and the sum of all such left hand 
members will therefore be less than a convergent geometrical progression. 
Consider now any set by itself, and let each inequality contained therein be 
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multiplied by the product of the y, which occur in the preceding inequalities of 
the set. If the inequalities thus modified are added together, each left hand 
member except the first will be canceled by the last term on the right hand side 
of the preceding inequality. The sum of the uncanceled left hand members 
will accordingly be less than the above geometrical progression. 

It will be shown immediately that the product of all the y, which occur in 
any set has a finite lower limit Z independent of the number 7 which specifies 
the set. Granting this to be true, if we add together the various sets of inequal- 
ities, the sum of all the first terms on the right hand side of the inequalities 
will be greater than 








mile om 


As this sum is less than the above geometric progression, >> |8,| J77',/7—" has 


a finite limit. The same must be true of the series (16). Since also WZ JW, 
increases indefinitely, the limit will be the same whether n is odd or even. The 
continued fraction will therefore converge. 

It remains now only to establish the existence of the lower limit 1. Let 
1» M5 M55 +++ denote in order the values of m which specify for any set the 
inequalities which are of the form (24). From inspection of (23) it is clear that 
the product of the y, will have a finite lower limit if 

(25) Ds eat ye i (7 = Wig, Mg og 


1 


0 





has an upper limit. Since || never diminishes, 


Cc" a! ee, 


mai 


for each term of this sum, while in the first term 


; mae 
| Coa i k Dare ¥ 
We have also previously seen that C, = —a,C\_, for each of the above values 
of n. Hence if the ratio 
\C. 
poe ya | Mm, 





is denoted by «,, the series (25) will term by term be less than 
(YP { — a) + (Le) ete +L = Wg) in Minghila + ++} - 


The expression here in parenthesis obviously has a value not greater than 1 
when each « is placed equal to unity. Hence its original value can not exceed 
the product of all the «* which are greater than unity. Our problem is thus 
reduced to showing that this product has a common upper limit for the various 
sets of inequalities. This can be quickly proved. For when |C’| increases 
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from |C’, 4 to |C,, a= =«,|C,, > an increment is given to |/)| which is at 
least equal to the increment of Ves | divided by &. Since also for each of the 
values of » under consideration |C’| can not fall below x’ 
the increments given to |) 


, the sum of 





must exceed 





k’ 
kh |Prn1| oF (x, 7 fi 1 


On the other hand, as soon as this sum reaches ¢ ID,,,| , or before, a new set of 
inequalities must be begun. Hence for each set 


Sie meri pea 


But the product «x, has an upper limit simultaneously with }>(«,— 1). This 
completes the proof. 

It should be noticed that the values of these upper limits and hence of Z de- 
pend only upon & and c¢. 

The result which has thus been reached may be recapitulated in the following 
theorem. 

THreorEM 6. When di \a,+%8,| is divergent, the continued fraction (18) 
will converge if the P-constituents alternate in sign and the ratio |B,\: \a,| has 
a finite lower limit,* also if a, never varies in sign and |a,|:|8,| has such a 
limit. 


§ 15. When the second set of conditions of the last theorem are fulfilled and 
|a,|=|8\| for every value of n, the signs of the real parts of any convergent and 
hence of the continued fraction can be determined without difficulty. For con- 
sider the equations obtained by substituting X,, Moy ke tor 775 C., ee in (13). 
It will be found that the only term which varies in sign is 28 Igo ), and the 
absolute value of this term is less than that of 2a,A{--”. The eotionins result 
will then be evident. 

THEOREM 7. Jf a, has a constant sign and |\a,|=\6,| for all values of n, 
the real part of any convergent and hence of the limit of continued fraction 
will have the same sign as a,; if 8, alternates in sign and |B |= |\a,|, the-sign 
of the imaginary part is opposite to that of B,. 


IV. On a certain class of algebraic continued fractions. 


$16. Application of the results of section III. may now be made to algebraic 
continued fractions. Consider first any fraction of the form 





* “Untere Grenze’’ (WEIERSTRASS); not necessarily a value which the ratio approaches when 
n increases indefinitely. 
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detdg+dg+ — 


in which the d, are real numbers alternately positive and negative. 

Theorem 6 is applicable only when > |d,| is divergent, and shows that the contin- 
ued fraction converges over the entire plane of z with the exception of the whole 
or a part of the real axis. Theorem 2 proves that the roots of the numerators 
and denominators lie only upon the real axis. Above and below the axis the 
convergents are therefore analytic. That their limit is also an analytic function 
can be seen from the series (16). For since the individual terms of (16) are ana- 
lytic, it suffices, by a well-known theorem of WErERSTRASS,* to prove that the 
convergence is uniform. Take any circle (22) whose boundary lies wholly above 
or below the axis, and let 1/& denote the smallest value of |y|/ |x| for this circle. 
Then since |a,| = k £,| throughout (2), we need only to demonstrate the uniform 
convergence of 57|8 |M—-'M-'. If in §$18 and 14, his replaced by h, its maxi- 
mum value within (/2), the reasoning of these paragraphs will be seen to hold 
for every value of z within the circle or upon its boundary. The number Z, 
which depends only on /: and c, is moreover independent of z. If |D,| denotes 
the smallest value of |/),| for the circle (72), the series 





vb 











L 
ied ye |S. al) BAER ee 


will be less, term by term, than a geometrical progression whose first term is 
| D>} and whose ratio c~' is less than unity. It follows that >° |S | J7—) W~* is 
uniformly convergent. The continued fraction therefore represents an analytic 
function. 

The position of the zeros of this analytic function can be quickly determined 
from theorem 2. For when a sequence of rational functions—in the present 
case the convergents—converge uniformly to an analytic function as their limit, 
the zeros of this function are the condensation-points of the zeros of the 
rational fractions.| The analytic function defined by the continued fraction 


therefore can vanish only for real values of z. 


$17. When > |d)| is convergent, the even and the odd convergents define 
distinct functions. Theorem 1 shows that they converge over the entire plane 
with the possible exception of the real axis. Not only is this true, but in either 
sequence of convergents the numerators and denominators separately converge, 
and their limits are holomorphic functions. This may be demonstrated as 
follows : 





* WEIERSTRASS, Abhandlungen aus der Functionenlehre, p. 73 ff.; or HARKNESS AND MORLEY, 
Analytic Functions, § 81. 
t HURWITZ, Mathematische Annalen, vol. 33, p. 249. 


~ 
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The denominators of the convergents, also the numerators, contain alternately 
only odd and even powers of z, and in each one the coefficient of 2”, when it 
does not vanish, consists of certain products of the d, taken r at atime. By 
the aid of equation (1) it can be easily shown that the products which figure in 
the coefficient of z” in the denominator (numerator) of the nth convergent are 
included among the products which make up the corresponding coefficient of 
the second succeeding denominator (numerator). Hence as n is indefinitely in- 
creased, the coefficient of any power of z tends to take a definite limiting form. 
But by virtue of our initial hypothesis [J (1 + |d, z) converges for every finite 
value of z. It may therefore be expressed as a series }°c 2” which likewise con- 
verges over the finite plane, and the coefficient c, is the limit of the sum of all 
the partial products of the ||| taken r at a time. As c, is obviously greater 
than the limit of the coefficient of 2” in either sequence of alternate numerators 
or denominators, the limits of the latter must be holomorphic functions. 

It will be observed that this conclusion always holds when >) \d,\ is conver- 
gent, irrespective of the conditions imposed upon d, in our continued fraction. 

In the special case under discussion the position of the roots of the limiting 
functions can be inferred from theorem 2 in the same manner as when >> |d_ | 
was divergent. Theorem 7 may also be applied for a part of the plane. 

Before summing up our results, it will be advantageous to transform the 
continued fraction so as to make the coefficients of the denominators of the 
partial quotients positive. We have then the following theorem. 

THEOREM 8. Jf any algebraic continued fraction has the form 





1 1 1 


bz — bz — bz — 


and every element b is positive, the continued fraction will have the following 
properties : 

(a) The zeros of the numerators and denominators of its convergents all lie 
upon the real axis of 2. 

(6) If 0 |b.) is divergent, it represents a function which is analytic over the 
entire plane with the possible exception of the axis and which vanishes only for 
real values of z. 

(c) If 3° |\b,| is convergent, the limits of the numerators and denominators 
of the even, also of the odd convergents are holomorphic functions whose zeros 
lie upon the real axis. 

(J) The imaginary part of each convergent or of the limiting function will 
have a sign opposite to the imaginary part of 2 in the two quarter planes for 
which \y| = 

The continued fraction of the last theorem can readily be transformed, by 
neglecting a numerical factor, so as to take either the form 





wv 





Trans. Am. Math. Soc. 16 
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1 1 ] 


Cs) tend A Pee (an > 0) 
/ (2 , ’ 
Ae +42 + 4,2 + 


or the form preferred by STIELTJES and cited in §1. To throw it into the first 
form one has only to put z = iz’. If it is to be reduced to the form of STIELTJES, 
first put z = w ' and transform so as to remove w from the denominators of the 
partial quotients. Each numerator after the first becomes equal to — w’?. The 
desired form is then immediately obtained by setting — w-* =~ and clearing 
the numerators of 2’. 


§18. The considerations by which theorem 8 was established apply with little 
change to continued fractions having the form 


mG 1 1 1 
be+e+—bg—¢,+b2+¢,4+ —bz—e,+.--: 





in which the coefficients b, have a common sign. If both )°b, and }°c, are con- 
vergent, [[ (1 + |d,2| + |c,|) is also convergent and can be expressed as a power 
series which converges over the finite plane. As in $17, the numerators and 





denominators of the alternate convergents tend to assume a definite limiting 
form, in which the coefficient of each power of z is the sum of certain products 
of the 6, and c, whose moduli are included among the products which make 
up the coefficient of the corresponding power of z in the series for the above 
product [[. The limits of the numerators and denominators of the alternate 
convergents are therefore again holomorphic functions. 

If }°d, or Si \c| is divergent, some additional restriction must be added. 
Suppose |c|/|b,| to have an upper limit 1. Then at least 5°) is divergent. 
Since 

| (vO | 
ab +e] 


yo,| 


vt) 


ab | + Lb, 
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la] 


a 
n 











it is evident that |8|//a,| has a finite lower limit for any value of z for which 
y > 0. The conclusions of (4), theorem 8, then follow. Hence 
THEOREM 9. Jf a continued fraction has the form 


les AI at 1 
be+te,—bz+e,—beg+e,—bz+e¢,—-:- 








in which the coefficients b, have a common sign, it will have the following pro 
perties : 

(a) The roots of the numerators and denominators of its convergents all 
lie upon the real axis of z. 

(6) If Sb, and SX \c,| are convergent, the limits of the numerators and de- 
nominators of the odd, also of the even convergents are holomorphic functions 
whose zeros lie upon the real axis. 
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(c) If S26, is divergent and |c,| / 
tion converges for all values of 2 which are not real, and it represents a func- 
tion which is analytic over the entire plane with the exception of the whole or 
a part of the real axis and which vanishes only for real values. 

The reality of the roots of the continued fraction has been previously proved 
by SYLVESTER,* who also shows that the roots of the denominators of two con- 
secutive convergents alternate witheach other. He does not consider the question 





b | has an upper limit, the continued frac- 


of the convergence of the continued fraction when the number of elements is 
infinite. 


§ 19. The theorems of III. may also be applied to certain classes of irregular 
continued fractions. It will suffice here to give as illustrations two applications 
of this nature. 

THEOREM 10. Jf the elements of an algebraic continued fraction 


1 a al 
en eee 
are all either positive numbers multiplied by 2 or complex numbers a, + iB, in 
which \a,|/|8,| exceeds some fixed positive number for all values of n, the con- 
tinued fraction will have the following properties : 
(a) None of the roots of the numerators and denominators of its convergents 
will lie within the half plane in which the real part of z is positive, or upon 





its boundary. 

(6) If S°\A,| is divergent, the continued fraction represents within this half 
plane an analytic function which does not vanish at any point in its interior. 

(c) If VV \A,| is convergent, the limits of the numerators and denominators 
of the even, also of the odd convergents are holomorphic functions whose roots 
lie without this half plane. 

The second class of irregular algebraic continued fractions is that in which 
the even (odd) denominators of the partial quotients are all positive numbers 
and the odd (even) partial denominators are positive numbers or such numbers 
multiplied by z. The region of convergence covers the same half plane and 
the zeros of the numerators and denominators of the convergents and of the 
limiting functions lie upon the negative half of the axis. The continued fraction 
of STIELTJES is the special case in which z appears in every odd denominator. 


WESLEYAN UNIVERSITY, MIDDLETOWN, CONN. 





* Philosophical Transactions, vol. 143, part I, p. 497. 





GEOMETRY WITHIN A LINEAR SPHERICAL COMPLEX“ 
BY 


PERCEY F. SMITH 


Introduction. 


The following pages are devoted to the study of a point-sphere correspondence 
of involutory character, which appears as direct generalization from a certain 
point of view of the well known point-sphere correspondence arising in a dilata- 
tion and the point-point correspondence of spherical inversion. Problems result- 

I I I I 
ing from the establishment by this correspondence of a spherical contact trans- 
formation are discussed. 

Elsewhere in the Transactions} I have shown the importance to the 
higher spherical geometry of the involutory contact-transformation here studied 

g 8 ’ 
for its relation to the group of all spherical contact transformations is precisel 

5 
that of spherical inversion to the group of the geometry of reciprocal radii. 
The titles of the sections indicate to a great extent their contents. 


$1. Point-sphere correspondence: definition and discussion. 
The wquatio directrix in the rectangular point coordinates w, y, 2, X, 1’, Z, 
OS (M74 F°4 H?—rjywt+y+ e-—7 
+7ri(1—«)[(X —2) +(P—y)4+ (4-27) =9, 


establishes in space /?, the most general involutory point-sphere correspondence 


(1) 


such that the o* coaxial systems determined each by a point and its associated 
sphere intersect in a fundamental sphere o, viz., «+ y’?4+2°=7r;. Under (1) 
the point P(x, y, 2) corresponds to the sphere S of center w’, y’, 2’ and radius 
»’ where 
, 9 9 
(2) ve = Y = “i wis ") (1 ve Ks) 
=“ = - 


Cy 2 w+y4+eP—rK? 








* Presented to the American Mathematical Society October 27, 1900. Received for publica- 
tion February 23, 1901. 

t On surfaces enveloped by spheres belonging to a linear spherical complex, vol. 1 (1900), 
p. 371. 
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(3)" r= 


The Saiea S in question are subjected to a single condition. The elimina- 
tion of x, y, 2 from (2) and (8) gives 


2 2 2 2 
eo ty +2 —r—r — ark =), 

2 

Pica chs 


2K, : 


The o* spheres S, therefore, belong to a linear spherical complex A whose 
fundamental sphere is « and whose “ constant ” equals x. 

Special features of I are the following :—Points on o correspond to them- 
selves. Points on the sphere o,(0, 0, 0, —7,«,) give the «” planes of A, and 
these all touch the sphere o/(0,0,0,—v7,«). The sphere o, belongs to A. 
Any point of /2, at infinity and not on the imaginary circle C’ corresponds to 
a,, while a point P of C’ gives the o' spheres of radius — 7,«, whose centers lie 
upon the line joining P with the origin. Therefore the fundamental configur- 
ations of I’ are the points of Cin , and the sphere oc, of A. 

A property of the correspondence of prime importance is established by the 
equation 


4) (@, — %) + (YY — 92) + % — 22)? — 1 — mY 








Cane =e Soe ay San 
in which S,(%;, 91> 215 ay and S, (a, y,, 25, 7,) are taken as corresponding to 
PP (G15 Yy> %)s Py (%> Yo 2%), respectively. This gives 

THEOREM 1. The co! points P of a minimum line intersecting « in P, 
become, under I, wo spheres of A touching one another at P,. 

By considering the minimum cone with vertex P, we easily get a second result: 

A sphere S of a linear spherical complex A is touched by « spheres of A 
along its circle of intersection with the fundamental sphere.t 

This circle we call the trajectory circle of S. 

Let / be any plane passing through P, and let the two minimum lines drawn 
in / through P intersect o in p,, p,. Then p,, p, are vertices of a skew 
quadrilateral p,p,P,P, of minimum lines lying in S, while p,p,, P,P, are 
polar lines with respect to S, since the planes p,P,p,, p,P,p, touch S at P, 
and P, respectively. Denoting these planes by #,, /,, we have the result: 





*Cf. Transactions, p. 383. For «)—0, the correspondence is the usual inversion ino. 
Evidently the case «j= 1 is of no interest. 
TLIE, Mathematische Annalen, vol. 5, p. 207. 
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THEOREM 2. A surface element (P, EL’) corresponds under VT to two ele- 
ments (P,, E), (P,, £,) of the sphere S. The planes H, E,, E, intersect 
in the radical plane of S and o, while the circle drawn through P, P,, P, 
is orthogonal to #, S, o. 

For example, if P is at infinity in # and not on the imaginary circle, then 
(P,, #,) and (P,, £,) are on o, while #,, L,, # are parallel. 

If, now, P moves along the minimum line Pp,, then P, and P, are dis- 
placed on p,P, and p,P, respectively, this being true for any plane /’ through 
ip. Uheretore, 

A minimum line regarded as defined by its o* surface elements becomes 
under V two minimum lines whose plane belongs to A, the three lines inter- 
secting on a. 

The result just stated is of fundamental importance, for we may at once de- 
duce the following properties : 

A sphere s becomes under I’ two spheres s, and s,, and s,, s,, s intersect on 
c. If s degenerates into a plane, then s, and s, touch the sphere o,. 

The spheres determined by P,p;p,P and P,p,p,P are invariant. Hence the 
planes tangent to either along its intersection with o must be invariant, i. e., 
must touch the sphere o,. The conclusion is: 

THEOREM 8. The spheres of a linear spherical complex A, with funda- 
mental sphere « and constant «, are invariant under TV. The w? spheres of 
A, tangent to a given sphere s also touch each of two spheres s 
which s goes over by I. 


, and 8,, into 

From the properties enunciated in this last theorem, I have called the trans- 
formation of space which I’ establishes inversion in the complex A,,* and have 
symbolized it by (A,). 

Theorem 2 may be given another interesting form. For if we denote the two 
spherical images of the plane / on the sphere S by p, and p,, 1. e., the line 
joining p, and p, is that diameter of S which is perpendicular to Z’, then the 
spherical inversion in the center P which leaves S invariant transforms p, and 
p, into P, and P, respectively. Thus we have the result: 

By the spherical inversion with center P which transforms S into itself, 
the spherical image on S of any surface element (P; E) inverts into the 
point P, of the corresponding surface element (P,, £,). 

Next consider all surface elements with common P whose planes intersect 
ina line Z. The special representation of these elements on S gives the points 
of the great circle C’ whose axis is parallel to 2. Then the transformed ele- 
ments lie along the small circle ¢ on S into which C inverts in the center P. 
The circle ¢ intersects the trajectory circle of S orthogonally, since its plane 
passes through the pole of the radical plane of P and S with respect to S. 


* Cf. Transactions, vol. 1, p. 376. 
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The results established in this section hold with certain obvious exceptions for 
any number of dimensions, although the reasoning here given has been restricted 
to the case of ordinary space. 


§2. The corresponding contact transformation. 


We proceed now to find the equations of (A,) as a contact transformation. 
For convenience, we write in (1) #,, «,,«, for x,y,z, and similarly for 
X,Y, Z. As coordinates of the surface element (P, /') we may take 


ys %> U3 Pir Por Ps, OF (%, p) 
if p,:p,:p, determine the direction of the normal to #. Let (P, /) become 
(X, P) by (A,); then we have to determine XY and ? from the equations + 
OD 


7=0, pP,+2 i (i=1, 2, 3), 


a 
5 ie Sa eu 
(5) PP; ax. 


after elimination of p. 
The result is 





vs — po 
X.=2,.— Os ee 4 (u — IE 


hs eee i—6 
(6)* fe Pile non 3 tie) fiest, 2,3) 
where 


U=> ti, VP => pi, l= pe, S=—7,h,. 
To these may be added, if S? = 3 feee 





dca oi 261 


(7) Ee are ara 


The equation s(u + 6°) — 267 = 0 defines the congruence of spheres of radius 
5 and with centers on the minimum cone whose vertex is the center of o. 

The element (P, /’) is invariant when, and only when, P is on o (wv = 7) and 
Ff is tangent to o,(1 —6s=0). This result shows that the spheres of the com- 
plex A, are unchanged by (4,) as already stated. 

The following special results are to be noted, and may be readily verified. 

An element (P, #’) such that P is on o and / belongs to A transforms into 
coo! (P’, #’)’s, where #” is a minimum plane, and P’ any point on the minimum 
line in Z’’ through P. 


An element (P, /’) belonging to o, gives the «+ elements of #' at infinity. 


0 


*Cf, Lig-ENGEL, Transformationsgruppen, vol. II, p. 151. 
{ Transactions, loc. cit., p. 385. As remarked above, ) == 0 gives inversion in co. 
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An element (P, Z’) of the imaginary circle at infinity goes over into the o? 
elements of the sphere into which P inverts under (A,) ($1). 


$3. Duality of the geometry of reciprocal radii and geometry within 
a linear spherical complex. 


The group of the geometry within a linear spherical complex A is that sub- 
group G',, of the general G,, of all sphere-sphere contact transformations under 
which A is invariant. Any transformation of G',, is compounded of inversions 
in complexes in involution with A. The contact transformation (4,) which 
carries A over into the complex of all points transforms G‘,, into the group of 
the geometry of reciprocal radii, every transformation of which is compounded 
of spherical inversions. Thus within the general higher spherical geometry, the 
two geometries mentioned appear equally justified. This result is fundamental 
for what follows. Let us now assign to the infinite region the characteristics 
demanded by the geometry of reciprocal radii. Then the points on the imag- 
inary circle are to be excluded and the infinite region becomes the “ point at in- 
finity.” The fundamental configurations of the correspondence T (§ 1) disap- 
pear, while for (A,) the w*?(P, /’)’s whose points are on o and whose planes 
touch o/ constitute the fundamental configuration. These go over into the «* 
minimum elements (finite). 

We may now mention a number of the more interesting correspondences in 
the two geometries; in each case the first statement refers to the geometry of 
reciprocal radii. 


Surface 7, point locus. Surface J’, enveloped by «7? spheres 
OLeels 

Curve of intersection c of f and co. Double curve c of Fon oc. 

Curve of intersection c’ of f and o,. Developable of bitangent planes to 7’, 


enveloping o). 
Principal spheres of /f Principal spheres of /’. 
Minimum developable intersecting o Curve ¢,. 
In ¢,s 


Singular line of curvature on f, viz., Line of curvature on / lying on co, 


the curve of contact of f with the along which the principal spheres 
circumscribing minimum developable have four-point contact ; this line of 
sake curvature and the double curve c 


above mentioned constitute the en- 
tire intersection of /”’ and o.* 


* This singular line of curvature on any surface f is determined by differentiation and elimina- 
tion. These operations suffice also for the determination of the line of curvature in question on F. 
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Confocal surfaces, i. e., surfaces in- Surfaces enveloped by o” spheres of 


scribed in a minimum developable A and inscribed in 


we 


a developable, 
whose planes belong to A, along a 


line of curvature on oc. 


Lines of curvature on /. Lines of curvature on J’. 


Minimum lines on /f. Minimum lines on /’. 


The congruence of oo” circles orthogonal at once to f and the fundamental 
sphere o intersect /” also orthogonally, such that each circle cuts /” in the two 
points of contact of an enveloping sphere (§ 3). ° The oo! circles of this congru- 
ence intersecting f along any curve trace out upon /” the corresponding curve. 

It will be remarked that the developables whose planes belong to A, i. e., 
touch the sphere o), play an analogous role in the geometry here discussed to 
that of minimum developables in the geometry of reciprocal radii. The first 
mentioned surfaces are remarkable for the fact that their lines of curvature 
(non-linear) lie upon spheres concentric with the fundamental sphere. 

Continuing the discussion of the duality, we have as corresponding : 


Curve C’, point locus. 


Point of intersection of C and c. 
Points of intersection of OC and oy: 


Minimum developable passed through 
C and intersecting o in c. 


Surface /’ enveloped by «' spheres of 
A, i. e.,an annular surface. 


Nodes on J’. 
Planes touching /’ along circles. 


Line of curvature c on /F’, along 
which the principal spheres have 


four-point contact, the complete in- 
section of /#’ and co. 


Minimum curve, cuspidal edge of mini- Curve c. 


mum developable intersecting o in c. 


The locus of centers (w’, y’, 2’) of the spheres of A enveloping /’ is found 
from f/ by the point transformation defined by equations (2), § 1.* 

The conformal property of transformations of the group of the geometry of 
reciprocal radii is expressed in the geometry of surface elements as follows :-— 
(P, /) and (P, LH’) go over into (P’, /) and (P’, L’;) such that the angle of 
EE’ equals that of #,#;. For definiteness orientation must be assigned to the 
planes in question. Now by inversion in the complex (4,) which transforms 
into S, (P, #) and (P, L’) go over into the elements of S, (P, /) and 


(P,, £,), and P, and P, lie on a circle of S orthogonal to the trajectory circle 


* For a discussion of the locus of centers, see Transactions, vol. 1, p. 383, seq. 
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($1), while the minimum elements of the pencil (P, /’), (P, #’), invert into 
the elements common to these two circles. We have then from the results of 
the last part of § 1 the 

THEOREM. Jf the linear spherical complex A invert by (A,) into the com- 
plex of all points so that (P, E'), (P, H’) become (P,, £,), (P,, £,) on the 
sphere S, and if the circle on S through P, and P orthogonal to the tra- 
jectory circle intersect the latter in P, and P., then the logarithm of the cross 
ratio (P,P, P| P.) divided by 2% —1 equals one-half the angle of the planes 
E and E', and this cross ratio is unaltered by every transformation of G,- 

Let, now, a curve C’ invert in (4,) into the annular surface /” enveloped by 
co' spheres of 4. Any curvature strip* along C becomes under (A,) a curva- 
ture strip on F’, say along the curve c on /’. By the theorem of JOACHIMS- 
THAL, any strip along C’ intersecting that mentioned under a constant angle is 
also a curvature strip, therefore inverts under (4,) into a curvature strip on J’, 
and in this way a// non-circular lines of curvatures c on /” are found. Hence 
the result : 


Theorem of Joachimsthal. Two curva- The non-circular lines of curvature of 


ture strips along a curve intersect an annular surface whose spheres 
under a constant angle. belong to a linear spherical complex 


determine projective ranges on the 
circles of curvature.t 


In the same way we get as dual theorems : 


3 


Theorem of Dupin. Any system of If in any system of o® surfaces en- 


co’ surfaces mutually orthogonal in- veloped by the spheres of a linear 
tersect along lines of curvature. spherical complex A the six points 


of contact of every sphere of the 
complex are the intersections of 
three mutually orthogonal circles on 
that sphere whose common ortho- 
gonal circle is the trajectory circle, 
then the annular surface enveloped 
by co!’ spheres of A and tangent to 
a surface of the system along a line 
of curvature will touch also a second 
surface of the system along a line 


A 
or curvature. 





*i.e., a system of o! elements belonging to C’ whose normals form a developable surface. 

} This theorem holds for all annular surfaces. But when the enveloping spheres belong toa 
linear spherical complex the non-circular lines of curvature are determined by quadratures, 
for a partiewlar solution of the corresponding RrccATI equation is known, viz., the line of 
curvature ¢ above mentioned. 
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Other theorems of interest might be added to those already given, but 
enough has been given to justify the study of the duality. 

It is evident that the general surface within a linear spherical complex will 
intersect the plane at infinity only along the imaginary circle. Furthermore, 
such a surface will contain no finite minimum element, whence the result : 

A general algebraic surface in the geometry within a general linear spherical 
complex is of equal order and class, cutting the plane at infinity only in the 
imaginary circle, and the enveloping minimum developable is singular. 


$4. The group of inversions in all linear spherical complexes with 


common fundamental sphere. 


If (A) and (4’) are inversions in complexes A and A’ having a common 
fundamental sphere o, then * 


(AA’) = (Q.A’), 


where (Q) denotes change in orientation and A” also has o for fundamental 
sphere. If «,«’,«”’ are the constants of A, A’, A” respectively, then 
” 1 ar : 
(8) nes ore 5 
K—K 

Now (©) results from (6) and (7) when 6= o, for then (a; p) becomes 
(w; p) but s changes sign. Hence (Q) plays here the role of the identical trans- 
formation, and we have 

THEOREM 4. Zhe equations (6) define a group G'’, of contact transforma- 
tions in the parameter x,(6 = —7,«,). The composition law is given by (8). 

We find the infinitesimal transformation (7(f) of G, in the usual way by 
setting 6 =o + o¢, and obtain 


n. - op, je ‘ 
ie eae a = — 22,8 (¢t=1, 2,3); 


Of) 


therefore G', is generated by 





Dies Fa (oe af of: 
U(f) (>, Ag + Pray + Ps ) 
1 er} 


OX. 
wv 


(9) 


Of of Of 
— 2s( 2, Rey (gett ag oF . 
Cp; CP» Ops 


We determine now the invariants of G,. The equation U(f) = 0 has the 
six solutions 





* This follows from Theorem 4, p. 378, Transactions, vol. 1 (1900). 
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(10) GQ, Uy Po MPs SS Ps — We Par” by = LePy — WP 
B,=«l —tp,(ut+r7r>) (¢=1, 2, 3), 

connected by the identical relation 

(11) a,8,+ 4,8, + 4,8, = 0, 


but otherwise independent. Hence 
THEOREM 5. very function invariant under G, has the form 


F(a, Ay, As, B,, B,, Bs) s 


where F is homogeneous of dimension zero. 

The a, 8 have an interesting geometrical significance. For, if Z is the line 
of intersection of the plane # of (P, /) [(«; p)] with the radical plane of P 
and the fundamental sphere o, then the equations of Z in current coordinates 
EAM ayy are 

a,X,=a4,X,+f,, a,X,=a,X,+ B,, 
i. e., the a, B are the line codrdinates of L. The plane through P perpendic- 


ular to Z is 


a,X, + 4,X,+ a,X, = 0; 
and if C be its intersection with Z, then the codrdinates of C are 


ap $23 a8 2 


2 3 52- Ctc., 
na Te My ai es 


and 





These results give 

THEOREM 6. By the transformations of G, upon any surface element 
(P, £) the point P is made to describe the circle orthogonal at once to E' and 
the fundamental sphere, while EF turns round the axis of this circle. 

For the coordinates of the axis, the center, and the radius of the circle in 
question are invariants. . 

The most general system of o* elements invariant under G', will be defined 
by an equation of the form 


(12) F(a, 5 4 435 By B,, B,) = 0, 
fF being homogeneous. 

This equation, however, also defines a line complex, the locus of o* axes 
(a; ) of the circles of Theorem 5. We are therefore led to a solution of the 
problem :— Zo determine all partial differential equations of the first order 
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the integral surfaces of which cut orthogonally a given system of «®* circles 
orthogonal to a given sphere co. 

For the given system of circles is uniquely defined by the line complex formed 
of their axes, (a, 8) i. e., by an equation (11). If then we replace the a and 8 
from equations (10) the problem is solved. * 

The “ characteristic function ” of the infinitesimal homogeneous contact trans- 
formation U(/’) is 

H=s(u-7° 


o/? 


A epee eH of 
O(f) a De (= Om, a Ox, ay ; 


| 


since + 





From theorem 5 we see that the oo! surfaces resulting from transformation of 
an arbitrary surface by the group G, belong, by the theorem of Rrpaucour, to 
an orthogonal system. Furthermore, under U(/) the lines of curvature go over 
into lines of curvature. Finally, SopHus Lik has found that the most general 
infinitesimal contact transformation possessing these properties ¢ has for charac- 
teristic function 


H = s(au + au, + au, + ae, + a,), 


into which U(f) transforms by a translation. 


§ 5. Generalization to space of n dimensions ; in particular, ton = 2. 


The preceding discussion may readily be generalized to n dimensions. 
Theorems 1-5 hold, with trivial changes, in general. 

Confining ourselves for brevity to the discussion of the problem mentioned in 
§ 4 for the case n = 2, we may state the result : 

The most general differential equation of the first order whose integral curves 
cut orthogonally a given system of co! circles orthogonal to a given circle o is 
determined thus :-— 

The center of o being the origin and its radius 7,, let the given system of 
circles be defined by the locus of centers 


F(a, fai y= 0, 


F being homogeneous in the homogeneous rectangular coordinates a, 8, y+. 
Then setting 


* Writing, of course, 
Bee ig 8 Ps 


On, Ds ae 


The integration problem of such a differential equation is much simplified by observing that its 
integral surfaces admit of U(/f). 

+ Cf. LIE-ENGEL, Transformationsgruppen, vol. 2, p. 263. 

t Vide Leipziger Berichte, 1889, p. 153. Cf. also DArBoux, Legons sur les systémes 
orthogonauax, vol. 1, pp. 56, 72, in which (A,) is called the transformation de Ribaucour. 
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YS aa i +P, (u+r)—a%l, B=al— aPy (wu +7), 


_ dx, Pi 
macs. | 
ane Po 
where 
2 2 49 Y Try 
w= ei +05, L= pe, + Plo, 


we obtain the required equation, 


F(4 (x?+ y? + 7) + y (xy'—y), Y (at yt 12) 2 (y’—9), o+yy')=0. 


wherein « and y have been written for x, and w,, and #’ is an arbitrary homo- 
geneous function. 

The characteristic function for the infinitesimal contact transformation U( /) 
now takes the form * 


We —(84 7 —7)V14y". 


$6. Some special cases of the preceding results. 


Inversion in a general linear spherical complex is transformed by a spherical 
inversion whose center lies on the fundamental sphere into inversion in a plane 
spherical complex, i. e., into the transformation of LAGUERRE.t The funda- 
mental sphere o is replaced by afundamental plane 7. If 7 be taken for z = 0, 
the point-sphere correspondence I of § 1 becomes 


(18) @’ =(1—«){(X—a) + (P—y)? + (Z —2)} +427 =0, 


and is the most general involutory point-sphere correspondence such that a 
point P and its associated sphere S have a common radical plane. 

The o* spheres S belong to a plane complex / with fundamental plane 7 
and constant « = 1 + «°/2«,, as before. 

Characteristic properiien of the transformation are (1), planes transform into 
planes, the plane at infinity being invariant, and (2), the distance of two points 
P and P’ equals the length of a common tangent of the corresponding spheres. 

Theorems 1, 2, 8 hold here. 

The equations of the contact transformation, i. e., inversion in the complex 
#, with fundamental plane z = 0 and constant «, are readily found as before 
($2). As fundamental configurations of (4,) appear:(1), the o” surface ele- 
ments whose points lie in 7 and whose planes make with 7 the angle cos 
and (2), the o” elements of the imaginary circle at infinity. An element of 
(1) transforms into the «©! minimum elements along a minimum line, while to an 





*Cf. SopHus LIE, Geometrie der Beriihrungstransformationen, vol. 1, p. 150. 
+SmirH, Annals of Mathematics, July, 1900. 
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element of (2) correspond the 7” elements of a plane belonging to #’.  Es- 
pecially noteworthy is the fact that two elements (P,, /), (P,, /) having the 
same plane / go over into elements of the same sort, (P|, “’), (P), ’’) such 
that P,P,= PP. This property is expressed thus : 

Tangential distance is invariant under inversion in a plane spherical complex. 

By a spherical inversion elements having a common point (?, /,), (P, £,) 
transform into elements of like nature (P’, #,), (P’, /}), and such that the 
angle of #, and /, equals that between #| and #’}. I have elsewhere be- 
spoken for the transformation of LAGUERRE an attention it has not as yet re- 
ceived,* and the analogy just remarked would seem to warrant this. 

Within the general G,, ($8) of all sphere-sphere contact transformations in 


t 
10 


pounded of inversions in plane spherical complexes. This G‘;, is the group of 
the geometry of reciprocal directions. The contact transformation (/,) inverts 


the group G, of all transformations compounded of plane reflections into that 


space is contained as subgroup a G‘,, of all such transformations as are com- 


subgroup G, of G, under which the plane spherical complex / remains in- 
variant. In this way we establish a duality of the Euclidean geometry (ex- 
eluding similitude) to spherical geometry within a plane spherical complex. 

It is not proposed to develop this question. There is of course much in $3 
which is valid here, but we have in addition the very interesting correspondence 
of distance to tangential distance. 

The group of o' contact transformations made up of inversions in all plane 
complexes having the same fundamental plane ~, = 0 is generated by the infini- 
tesimal contact transformation U( 7) whose characteristic function is 


H = 2x,8, 
es, 
2x of of of of 
CO vee” Tyee ee ee | et ew 
7) g \P Ox, + Pe 0x, + Ps 0x, Op. 


The general invariant function has the form 
E( Py 5 Pos PX, + Psy + Psly1 Ly Pz — Vy Py P38) » 


F’ being homogeneous of dimension zero, while every invariant system of c* 
elements is defined by setting any homogeneous function of these arguments equal 
to zero. 

Under the present G, carried out on the surface element (P, /) the point 
P describes a circle ¢ whose center lies in the fundamental plane while /’ turns 
around the axis / of this circle. 

The center of ¢ is 





*In the Annals of Mathematics, July, 1900. 
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(2 +P P2— oP) Pol — PP. + “2h ) 
Pit P: Pit P; 
and its radius equals ,s/p,p,(p{; + p;)*%. The axis 7 intercepts on OX and 
OF the distances 
l i 
DP: 


Finally, the preceding discussion put us in a position to solve the problem: 


To determine all partial differential equations of the first order whose inte- 
gral surfaces intersect orthogonally a given system of ®* circles whose centers 
lie in a given plane and whose planes are perpendicular to that plane. 

If now the fundamental plane of I is the plane at infinity, the correspondence 
becomes 

(X — w+ (¥—-yy~+(4-2V~=e@. 
The corresponding contact transformation is a dilatation of a point P into the 
sphere S of constant radius @ and center at P, while the problem mentioned 
above becomes this: Zo determine all partial differential equations of the first 
order whose integral surfaces have for normals the lines of a given line com- 
plex.* 


$7. Geometrical definition of the correspondence I’. 


The subject under discussion appears in a new light from a definition of the 
fundamental correspondence (§ 1) now to be established. 

Let P be any point in space #, and Oa point in #,, external to 2. 
Then by a spherical inversion in the center O the minimum cone V of 7, 
whose vertex is P transforms into a minimum cone V’ of vertex P’. The cone 
V’ intersects 2, in a sphere S, while the sphere S, into which /, inverts cuts 
R,inasphereo. Also V and S intersect ono. Reciprocally, the minimum 
cone in #2, with vertex any point P” on S, passes through P’, and hence in- 
verts into a minimum cone containing P. We see, therefore, that the corre- 
spondence of P and S possesses the characteristics of I'. This gives 

THEOREM 7. The point-sphere correspondence V in R, may be thus defined : 

A spherical inversion in a center in Rh, external to BR, inverts the minimum 
cone of R, whose vertex is a point P of BR, into a minimum cone whose inter- 
section with Ris the corresponding sphere S. 

To proceed to the other properties of I’, we choose the sphere as element of 
R. The o**! points P’ of &,, project by minimal projection into the 
o”t! spheres Sof #. In fact, the minimum cone in 7? ,, with vertex P’ in- 
tersects /2, in the sphere S. We shall lose nothing in generality by con- 


fining the discussion to n = 2; then 72, becomes a plane 77; and the o”* points 


* Cf. Sopnus Lie, Mathematische Annalen, vol. 5 (1872), p. 204. 
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P’ of space project into the «° circles C’ of 7, such that the center of C’ is 
the orthogonal projection of P’ on 7 while the radius of C’ equals the ordinate 
of P’ relative to C multiplied by “ — 1.* 

The co’ points of any surface #” in #2, project into the o” spheres of a cir- 
cular complex whose curve of singularities is the intersection with 7 of the 
minimum developable circumscribed to #’. In particular, let 4’ be asphere 5S). 
If then S, cuts 7 in the circle o of radius 7, and center O, a simple calculation 
shows that any point on S, projects into a circle in 7 of center c’ and radius 7’ 
such that 





a ee pies 2r rk = 0, 
where 

‘ [3 = 7 (1 =), 
&, being the radius of S,. We see then 

THEOREM 8. The points of a sphere S, in R&,, project by minimal-proajec- 
tion on R into the spheres of a linear spherical complex whose fundamental 
sphere is the intersection of S, and &.. 

Spherical inversion in the sphere S, in /2, goes over into inversion in the cor- 
responding circular complex in 7. Hence the conformal group of point trans- 
formations in /?, transforms by minimal projection into the group of all cireu- 
lar contact transformations in 7. A plane reflection in #2, becomes inversion 
in a line complex, which, if the plane of the reflexion is parallel to 7, reduces 
to a dilatation. The theorems proved in §§ 2, 3 in the paper already quoted + 
are readily verified by the known properties of inversions in space. 

If now we consider either of the two commutative spherical inversions (J,) in 
space by which 7 transforms into the sphere S,, then to (J,) corresponds in 7 
by the minimal-projection, the inversion in the circular complex A, to which P 
gives rise as a contact transformation. The main results of the previous sec- 
tions are thus easily established. 

Let C’ be any curve on S,, 
is the envelope of the minimum cone V whose vertex describes C' by #’’. 


and denote the minimum developable which 


Then /’’ intersects 7 in a curve c which is enveloped by o! circles in the 
circular complex A. The locus of centers of the circles enveloping ¢ is 
the orthogonal projection of C on 7, and ¢ is derived by inversion in a cir- 
cular complex A, from a primitive curve c’, regarded as point locus, which 
is the stereographic projection of C’ on 7. In particular, if C is a general 
sphero-quartic, the minimum developable in question envelops a system of 
confocal cyclides, and is of order 16 passing 8 times through the imaginary 





* Of. for further details, Liz, Geometrie der Beriihrungstransformationen, vol. 1, p. 437, or 
KLEIN, Hohere Geometrie, p. 472. 
+ SmirH, Transactions, vol. 1 (1900). 
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circle at infinity and containing five double sphero-quartics of which C’ is one. 
The curve c in 7 is therefore the curve of singularities of the general quadratic 
circular complex, and the properties enumerated in the paper already quoted * 
follow at once. 

We may now state 

THEOREM 9. Given an Mon a sphere S, in R,., and let the manifoldness 
which is the envelope of a minimum cone whose vertex describes M, intersect 
Rin M’,. Then M’_, is enveloped by ” spheres of a linear spherical 
complex in R, this complex being the locus of the spheres into which the points 
of S, pass over by minimal projection. The locus of centers of the spheres 
enveloping M’_, is the orthogonal projection of Mon BR, and M’_, may be de- 
rived by inversion in a linear spherical complex from a primitive m, regarded 
as point locus, viz. the stereographic projection of Mon L.. 

SHEFFIELD SCIENTIFIC SCHOOL, NEW HAVEN, Conn., february, 1901. 


* SMITH, Transactions, vol. 1, p. 390. 


A NEW DETERMINATION OF THE PRIMITIVE 


CONTINUOUS GROUPS IN TWO VARIABLES* 


BY 
H. F. BLICHFELDT 


The primitive continuous groups of point-transformations in two variables can, 
by a proper choice of the variables, be transformed into projective groups of 
the plane, a result Liz obtains after determining the canonical forms of the 
primitive groups. This fact can, however, be established from the general 
properties of such groups, and its use leads to a new determination of these 
primitive groups, to show which is the object of this paper. 

A primitive group will be defined as a group which does not leave invariant a 
differential equation of the first order.t. Such a group is at least three-para- 
metric, as a two-parametric group possesses a differential invariant of the first 
order, J say, and therefore an invariant differential equation of the first order, 
T(J) = constant.§ 


Sib 


It will first be necessary to show that any group in two variables and of 
more than two parameters leaves invariant at least one differential equation, 
which is integral and algebraic in the derivatives dy/dx , d’y/dx? , ete., involved. 

Let Xf = & df/d« + n df/dy indicate any one of the infinitesimal transforma- 
tions of the group. If we‘ extend” these n times,|| and write y,, ¥,, +--+, Y, 
for dy/dw, d’y/da?, ---, d*y/dx”, and p,q, P, 5 Por +++, p, for Afjox, Afloy, 
Of/0y,, Of/0y,, -++, Of/dy,,, respectively, we easily find these extended transfor- 
inations to be of the form 


Set Wet ee oe) Sl Py (he +9.) Pat 3° + (Let &,) Par 


* Presented to the Society April 27, 1901. Received for publication March 3, 1901. 

+S. Liz: Vorlesungen tiber continuierliche Gruppen, herausgegeben von Dr. SCHEFFERS, p. 
359. This book will hereafter be designated Continuierliche Gruppen. 

t Invariant differential equation defined in Continuierliche Gruppen, pp. 213-214, and in Differen- 
tialgleichungen mit bekannten infinitesimalen Transformationen, by S. LIE, p. 277. 

§$ Continuierliche Gruppen, p. 228. 

|| Continuierliche Gruppen,, pp. 213-214. 
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where 
P= —(m+ ley, — mE, +1,, 
Qa Syl FC 28 Fy) Yt ta ita aes 
Q, = — 88,42 + Volt, (@s Ys) + S3(% Ys %)> 
Qn = — 3m (mM — 1) En + Ym ten (@s Ys M1) 
+ S,, (2s Ys ir *°'s Yn) (m>3), 
the quantities # and S being integral algebraic functions of ¥,, Y,, +++5 Ym—s: 


We shall indicate the n times extended infinitesimal transformation X/ by 


Xf = Ep tng + Yo 1,- 
i=1 


Liz has proved that an m-parametric group possesses one, and only one, dif- 
ferential invariant, J, of order less than m.* 
First, let J be of order m—1. Then must the m equations 


of Fis ea 
e ee (i ee = 0 
oe oy eae oy, 





(1) Xfm 

i=1 
be independent of each other, & 0f/0x + » Of/dy being a type of the m independ- 
ent infinitesimal transformations of the group. For, were they not independent, 
we should have a complete system of fewer than m equations in the m variables 
®s Ys Yi9°**s Ym—93 Which would have as solution a differential invariant of 
degree m — 2 at most, contrary to hypothesis. 

The determinant D of the m’ coefficients &, 7, n of the equations (1) will 
then not vanish identically. If it contains any one of the variables y,, y,, 

“+5 Y,,-95 then will D = 0 be an invariant differential equation,+ and by ex- 
amining the form of the quantities 7 given above, we find that D must be an 
integral algebraic function of y,, Y,5 ++ +5 Yn—o* 

The determinant D may be a function of x, y only, say $(@, x), which is 
easily seen to be the determinant of the m’ quantities &,,7,,7,,5°--5 
0” —* n/du"* .& + Now, by choosing y for the independent variable instead of 2, 
the transformed determinant D of (1) will be seen to contain + ¢ (dx/dy)"V"" 
as the highest power of dx/dy. In this case then, if m > 2, D=0 will be an 
invariant differential equation, integral and algebraic in the derivatives involved. 





* Continuierliche Gruppen, page 230. In the text J is given by Jn—i. 

TS. Liz, Theorie der Transformationsgruppen, bearbeitet unter Mitwirkung von Dr. F. 
ENGEL ; I. Abschnitt, Kapitel 14. 

{ These quantities are the terms of X”’—?f free from the derivatives y1, ¥2, -*+, Ym—2- 
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Next, let J be of less than the (m — 1)-th order. Every differential equation 
J = constant is invariant, and therefore the equation dJ/dx = 0 is invariant 
and is of the nth order, say, where n=m—1. 

The various equations : 


rf Ge \ne 2-0 [aed 0 (at Sane Lee 
che Se (G5) = fa ( a5) +12 (ae +d as) 


cannot be identities, since d.J/dx is not a differential invariant, there being only 
one such of order less than m, which is here -/. _ Since this is of the (n — 1)-th 
order, only n of the equations 


ae 


of 0 = 
Es, +g + 2195 = 0 


can be independent, and it is therefore possible to eliminate the quantities 


0 (dJ 0 (dt g dJ sade ety 
dx\du J’ dy\dy }? dy, alae) Wat 2,3; —1), 


in various ways from (2) and thus to obtain el of the form 


Oo el 
re (a )=o 


where the quantities JZ are determinants of the coefficients &, 7, 7’, ---, 7”) and 
are not all zero identically, but must evidently all vanish on account of d./J/dx = 0 
Since the determinants V7 are integral and algebraic in y,, y,, ---, y,, this must 
be the case with d/J/dx = 0, after a possible reduction. 

In all cases then, we have an invariant differential equation, integral and alge- 
braic in the derivatives involved, as stated above. 





§ 2. 
= Ay + By +--+ =0 


be such an equation of least order , left invariant by a primitive group, which, 
according to definition, does not leave invariant a differential equation of the first 
order. It is supposed that ¢ does not contain any factor which is rational in 
Yi.°°*9¥,- Wecan show thatn=2. 

The conditions for invariance are that X"¢ = 0 on account of ¢ = 0 for every 
infinitesimal transformation Xf of the group. Hence, as 


Let now 


i + X17 (n>1), 


0 
ACh = (ge te Q,) By 


we have 


AX" = 6(aAP, + XA), 
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By taking the (a — 1)-th partial derivative with respect to y, of both members 
of these identities we get, after reduction, 


(3) FDO ty (aAy, a B) = (aAy, oh B) (ara aE PGs. B 


The equation 
aAy + B= 0 


is therefore invariant. We may suppose that A and B have no factors in com- 
mon containing derivatives. 


Then follows from (8) : 
(4) BX""A = A(aAQ+ X’'*B-— BP). 


Thus A = 0 is an invariant differential equation of less than the n-th order, 
contrary to hypothesis, unless A is a function of ~, y only. Let us therefore 
put B= aAC, C being integral in y,, y,,---, y,-,- The invariant equation 
is therefore reducible to 

y,+ C=09, 


and the equations (4) reduce to 
(5) —P,0+Q,4+ 20 =0. 
Suppose n>3. Putting C= ay'_, + By'=|+.---, we find that, if ¢>1, 


n—1 


(§P Paix a 


1 


so that a = 0 would be an invariant differential equation, unless a=0. In- 
deed, a could not be a function of x, y merely, as not every 


eae i va — Ey; a ce = (¢ pm 1) (nE vy, a8 né., — ”,) 


could be free from y, for a primitive group, where not every € is a function of 
x alone.* 
Thus, 
Cz=ay_,+B. 


Substituting in (5) we find the conditions 


n(n + 1) 
vy. 


(8) I Fira ata Ey t+ (es yy) + X"%a = 0. 


By assuming a, which is integral in y,, y,, -+-, y, 5, to be of the form 
Je Bea oa Pairs eo 


*Tf every & were a function of 2 only, the group would leave invariant a differential equa- 
tion of the first order, namely, dz/dy —0. 
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y,, being the derivative of highest order contained in a, and substituting in (6), 
we find that & = 2 and s = 1, besides the conditions 


Ata as 





1 . 
(7) 14 Stood Spier dF a" i) et ae a = iy ig; © = 0. 


Let 
y= ey + Sy" 


Substituting in (7) and selecting the coefficients of y{*' we get the equations 
—(24+7r)Ee=0, 


which are impossibilities for every & that is not zero. It is to be noticed that 
e could not be zero and therefore also y, as then (7) would be impossible. 

Thus x > 3 is not the least order of an invariant differential equation of the 
required form for a primitive group. 

The case n = 3, when treated in the same manner, will give similar results. 
The coefficients of y and & in the equations corresponding to (7) will here be 
slightly different from those fn (0). 

Thus n= 2. Equations (5) are here 


—Pj,C+Q,4+ X'C=0, 
from which we find 
C= ay, + Byi + 1, + 8, 


a, 8,7, 6 being functions of x, y only. The invariant differential equation 
is therefore 


) Y, + ay? + Byi + vy, +O=9, 


the reduction of which is our next object. 


a 


A three-parametric group, whose infinitesimal transformations are indicated 
by Xf = Ep + nq, leaves invariant a differential equation of the first order. 
For, if the determinant of the nine quantities &, 7, 7’ is not zero identically, 
we have such an invariant equation as explained in the beginning of § 1, which 
will be of the first order in this case; and if the determinant vanishes identi- 
cally, we have at least one differential invariant of the first order, J say, and 
therefore an invariant equation f(/J) = 0. 

A primitive group must therefore be at least four-parametric. Now, Dr. F. 
ENGEL has shown* that a group with more than three parameters contains at 
least one pair of independent infinitesimal transformations which are permutable. 


* Zur Theorie der Zusammensetzung der endlichen continuirlichen Transformationsgrup- 
pen, Leipziger Berichte, 1886, pp. 83-94. 
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Such a pair, forming a two-parametric subgroup, can, by a proper choice of the 
variables, be given by 


qo eqs Or pyg.™ 
In the first case it appears from a theorem by Lret that the equation (8) can, 
by a transformation of the form 
C= 0. = — Pia). 
be changed into the following: 
neal 


This transformation will change g, xq into g, ~q7, where g stands for 0f/dy. 

In the second case, by imposing upon the equation (8) the conditions that it 
should be left invariant by the infinitesimal transformations p, g, we find that 
the coefficients a, 8, y, 6 are constants. Then, if a + 0, by choosing for new 
variables 
(9) L=Yy—sSt, Y=U, 


where sa+s’8B+sy+o6=0, 
we get a differential equation of the form 
(10) Atay t+Py+y =9 


in place of (8), a’, 8’, y’ being constants. 
The complete integral of this equation is readily found, and can in all cases 
be thrown into the form 


O(@, YW +hv@, y) +h, =, 


k, and k, being the constants of integration. Then by changing to new variables 
x, y according to the relations 


(11) Y=$(%,Y), e=W(e,¥), 
the equation (10) will reduce to 
3 0. 


Applying the combined transformations (9) and (11) to the subgroup p, q, 
we find this changed into one or other of the following subgroups, corresponding 
to the different forms of the functions ¢ and y of (11): 

PAG, 7s UP, YFs Pr Yds UP, |q; 


a being a constant. 





* Differentiaigieichungen mit bekannten infinitesimalen Transformationen, p. 425. 
t Differentialgleichungen mit ete., p. 429. 


1901] PRIMITIVE CONTINUOUS GROUPS IN TWO VARIABLES 255 


Hence, by a proper transformation of the variables x, y, the primitive groups 
of the plane can be transformed into groups leaving invariant the differential 
equation 

d*y 


dix 


= 0, 


and possessing one or other of the following subgroups: 


Qs *Y3 Ys P+awqs TPs Y7s PrYY3 MPs q- 


On account of the invariance of the equation d*y/dx*? = 0, these transformed 
groups are projective.* 


§ 4. 


The problem of finding the primitive groups of the plane is thus reduced to 
one of finding all the different subgroups of the general projective group 


Ps U1 YP> PY Py YY, Mp + wyy, xyp + y"q 


which do not leave invariant a differential equation of the first order, and which 
contain the two-parametric subgroups given above. 

Before we proceed it might be well to state a few well known propositions 
about the infinitesimal transformations of a group. 

A set of 7 independent infinitesimal transformations generate an 7-parameter 
group when, and only when, the commutator (IKlammerausdruck) of any pair of 


these, as Xf and Ff: 


(AP, IP) 


is expressible as a sum of the given infinitesimal transformations multiplied by 


PGA cae Ne 


constants. 

If Xf and J7 are any two infinitesimal transformations of a group, then is 
aXf+6¥f also an infinitesimal transformation of the group, a and 6 being 
constants. 

A primitive group, which is projective, cannot leave invariant a given point 
in the plane, for otherwise the differential equation of the first order defining 
the co! straight lines through that point would be invariant. 


Now, let the primitive group required contain the subgroup g, «g. The 
transformation 


oe’ 1 
mathe. ] ors 
y 2 y 


does not alter the form of the differential equation d*y/dx* = 0 and it changes the 


y= 


*Continuierliche Gruppen, p. 35. 
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subgroup q, xg into the subgroup «p+ wyq, xyp + y’q, after we drop the 
accents. 

One of the additional infinitesimal transformations of the group must be of 
the form 

ap + bq + (cw + ey)p + (gu + hy)g = XT, 
where a and 6 are not both zero, since it is necessary to have at least one infini- 
tesimal transformation which does not leave invariant the point (0, 0). 

A linear transformation of the variables can now be chosen such that 
ap + bq is changed into p and the subgroup wp + ayq, xyp + y’¢ is left unal- 
tered, besides the differential equation d?y/dx? = 0. 

If now 


Xf =p + (cx + ey)p + (gu + bya, 
we find by forming the following commutators 
(AP, wp + wyg) = 2up + yg + a(a'p + vyg) + Bleyp + ¥'Q) = FF, 
(AP, wyp + ¥°q) = yp + a (x'p + xyg) + B’(wyp + 9°Q)s 
(XP, YF) + XP, LP) = Op + 8a(2mp + yq) + (48 + 2e)yp 
+ a" (a"p + wyq) + B(wyp + y°Q)» 
that the group required must contain the infinitesimal transformations 


P> yp, 2up + yg, ep + ayg, xyp+y¢q, 


which will be found to generate a group. This group does not leave invariant a 
differential equation of the first order and is therefore primitive. 

If the required group contains more infinitesimal transformations, we can 
assume these to be of the form (a + bx + cy)q. By building commutators as 
above we find that two cases present themselves, viz : 

one additional infinitesimal transformation only, namely, yg ; 
three additional infinitesimal transformations, 7, xq, yq- 
We have now three types of primitive groups, which, by the transformation 


a a 
9 OAR) ae f= 
yf ’ y yf p) 


become the following (dropping the accents) : 


Ps Us YP, *G, Mp — Yq; 
(12) P> > YP> ©], @Ps YG 
Pr > YPr ®Y, UP, YY, Kp+wyg, wypt+y’q. 


The two subgroups p, yq; «p,q are transformed one into the other by ex- 
changing the variables. | We need therefore consider only one of these, as p, yq. 
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The transformation «= «'/y’, y = 1/y’, used above, changes this subgroup 
into yp, wp + yq, after dropping the accents. As in the case considered above, 
we must have an infinitesimal transformation of the form 

ap + by + (cu + ey) + 9 (wip + xyq) + h(wyp + y’q) = XP; 
where a and 0 are not both zero. Then from 
(up + yq, (ep + yg, Xf) — XP) = 2(ap + bg), 
(yp, ap + bg) = — bp, 

we see that the required group must contain the infinitesimal transformation p , 
whether 5 be zero or not. We have now the subgroup p, yp which, by ex- 
changing the variables, becomes the subgroup ¢, wg. This has been dealt with 
above. 

Next, let the required group contain the subgroup wp, yg. We must have an 
infinitesimal transformation of the form 

ap + bg + cyp + exg + 9 (x’p + wyq) + h(ayp + yg) = A, 
a and 6 not being both zero. 
From the commutators 
(up + yg, (ep + yg, Xf) — XP) = 2(ap + 49), 
(ap, ap + bg) = — ap, (yg, ap + bg) = — bq, 
we find that the group must contain one of the subgroups p, yg, or ¢, “p, 
which have just been considered. 

Finally, let the subgroup p + axq, ¢ belong to the group required. One of 
the additional infinitesimal transformations may be of the form 

b(a*p + wyq) + e(ayp + 9G) + (gu + hy)p + (le + ky)q = XP, 
where 0 and ¢ are not both zero. 

Forming the commutators 
( p+ aq, (p+ axq, Af)) — (2b + ah)(p + axq) 

= — 3a(b + ah)aq + 8acep + aq = Ff, 
(p + axq, Ff) — 8ac(p + axq) = — ba’exg + Bq, 
(q, Xf) — h(p + aug) = (6 — ah) aq + ¢(ep + 2yq) + lq, 


we find that, if « + 0, we have the subgroup g, xq; and if a= 0, we see from 


(— cp + bg, Xf) = (bx + cy)(— op + bq) + yp + 89, 
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that we have the subgroup — cp + bq, (bx + cy)(— ep + bq), which can be 
transformed into the subgroup q, xq by a linear transformation of the variables. 
But the primitive groups containing the subgroup q, xq have been determined 
above. 

There remains to be determined the primitive groups whose infinitesimal 
transformations—at least four in number (§ 3)—are of the form 





p+ aug, q, (bx + cy)p + (ex + gy): 


If we bear in mind that all the coefficients of p cannot be functions of « only, 
as we should then have an invariant differential equation of the first order 
dxz/dy = 9, and that all the coefficients of g cannot be functions of y only, as 
then the equation dy/dx = 0 would be invariant, we find by building commuta- 
tors that the first two groups of (12) will result. Accordingly: 

All the primitive groups of the plane are represented by the types (12).* 





* Cf. Continuierliche Gruppen, p. 360. 





DETERMINATION OF ALL THE GROUPS OF ORDER p” 
WHICH * CONTAIN THE ABELIAN GROUP OF TYPE (m— 2, 1), 
p BEING ANY PRIME* 


BY 


G. A. MILLER 


Introduction. 


It is well known that there are just three abelian groups of order p” which 
contain the group of type (m— 2,1); viz. the groups of types (m—1, 1), 
(m — 2, 2),(m—2,1,1).¢ In what follows we shall therefore assume that 
the groups under consideration are non-abelian. The common abelian subgroup 
of type (m — 2,1) will be represented by 7. The operators of the required 
groups must transform those of HZ according to a subgroup of order p in the 
group of isomorphisms (J) of 7. Our first problem is to determine all the 
operators of order » which are contained in 7. Since the groups of order p* are 
well known we shall always assume m>4. The groups which contain a cyclic 
invariant subgroup of order p”~”’ are also known ¢, but we shall re-determine them 
in connection with the other groups since this will not materially affect the work. 

The group /7 contains one cyclic characteristic subgroup of each order of the 
form p* (a=1,2,---,m—38). It also contains one non-cyclic characteristic 
subgroup of each order of the form p*! (a4,= 2,3, .---,m—2). Its other sub- 
groups are cyclic and non-characteristic when p is odd. There are p—1 of 
these of each order of the form p” (a, = 2,3, ---, m—3) while there are p 
such subgroups of each of the orders p and p”~?. When p= 2 these sub- 
groups of orders 2 and 2”~° are the only non-characteristic subgroups of //. 
All the non-characteristic subgroups of the same order are conjugate under the 
holomorph of #7. In fact, all the operators of the highest order in the non- 
characteristic subgroups of the same order are conjugate under this holomorph. 

We proceed to prove several theorems applying to every abelian group (A), 
which will be employed in what follows. The operator of the group of isomor- 





* Presented to the Society (Chicago) April 6, 1901. Received for publication March 13, 1901. 
+ FROBENIUS and STICKELBERGER, Crelle’s Journal, vol. 84, 1879, p. 217. 
{ BuRNSIDE, Theory of groups of finite order, 1897, p. 75. 
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phisms (A‘) of A, which transforms each operator of highest order in A into 
its 8-th power must transform every operator of A into its 8-th power since A is 
generated by its operators of highest order. Let s,, s, be two operators of 
highest order (y) in A and let t's, t= s*, ¢~'s,t = 88 (8 #a,mod y). The 
independent generators of the smallest group containing s, and s, may be repre- 
sented by s, and s,. From the equations just mentioned we have ¢~'s,t = s?’ 
(8’ = a, mod the order of s,). Since ¢~'s,s,¢ = s*s°’ is not a power of s,s,, ¢ does 
not transform each subgroup of A into itself. Hence it follows that the only 
operators of A’ which transform each subgroup of A into itself are those 
which transform each operator of A into the same power. 

It will now be proved that the only invariant operators of A’ are those which 
transform each operator of A into the same power of itself.* Let ¢ be any 
operator of A’ which does not transform each operator of A into the same power. 
If ¢ permutes some of the subgroups of highest order in A it is not commuta- 
tive + with the operator of A’ which transforms into itself a generator of one of 
these subgroups (A) without transforming into itself a generator of the sub- 
group into which ¢ transforms A’. If ¢ does not permute any of the subgroups 
of highest order in A it must transform the generator of at least two of them 
into different powers and hence it is not commutative with the operator which 
transforms one of these two generators into the other. Zhe number of invariant 
operators of A’ is therefore equal to the number of natural numbers which do 
not exceed the highest order of the operators of A and are prime to this order, 
and the quotient group of A’ with respect to these invariant operators is the 
group according to which the subgroups of A are transformed by A’. 


§1. Group of isomorphisms of H. 


Since each of the p”~?(p — 1) operators of order p”~° in HT can be made to 
correspond with every other operator of this ordert and any holomorphism of 
HT is completely determined by such a correspondence and a correspondence be- 
tween two of the p(p—1) operators of order p which are not found in the 
characteristic subgroup of order p, the order of J is p”"'(p—1)*. By raising 
all the operators of /7 to each one of the p”~*(p — 1) powers which are prime 
to p and not greater than p”~? we obtain the holomorphisms of {7 which cor- 
respond to the cyclic subgroup of Z all of whose operators are invariant under 
I.§ To determine the remaining operators of Z we employ a method which 


*Cf. Transactions of the American Mathematical Society, vol. 1, 1900, p. 396. 

7 Cf. BocHERT, Mathematische Annalen, vol. 49, 1897, p. 134. 

{Transactions of the American Mathematical Society, vol. 1, 1900, p. 397. 

§ Transactions of the American Mathematical Society, vol. 1, 1900, p. 396. 
When p = 2 this group of order 2”—* is of type (m—4,1). In what follows p is assumed to 
be odd unless the contrary is stated. 
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was explained in a recent number of the Bulletin of the American 
Mathematical Society. * 

The group J contains an invariant subgroup (J,) of order p’ which is composed 
of all the operators of 7 which are commutative with each operator of the char- 
acteristic subgroup (in /7) of order p”~*. These isomorphisms can be obtained 
by making /7 isomorphic with its subgroups of order p, the characteristic sub- 
group of order p”~’ corresponding to identity. Hence J, is of type (1,1). By 
making /7 isomorphic with its characteristic subgroup of order p with respect to 
one of its cyclic subgroups of order p”—? we observe that Z contains operators of 
order p which are not contained in J,. This proves that J contains a subgroup 
(I,) of order p* which includes no operator of order p*. We shall now prove 
that J, is the non-abelian group of order p’* which contains no operator of order p’. 

Let P,, P, represent two independent generators of 7, the order of P, be- 
ing p”~*, and let P?"~ = P,. The first four of the following equations result 
directly from the given holomorphisms of 7 while the last two show that two 
operators (¢,, ¢,) of Z, are not commutative and hence that J, is non-abelian. 


ee eet erie hte PP tL gee arly bly = bal 
bt tt ete ae da beg he tht Leak ye 


It has been observed that Z contains a cyclic group of order p”~*(p — 1) all 
of whose operators are invariant. Each operator of this group transforms every 
subgroup of /7 into itself. The corresponding quotient group of J is of order 
p’(p—1). We proceed to prove that this group can be represented as an in- 
transitive substitution group of degree 2p, formed by establishing a (p, p) cor- 
respondence between two metacyclic groups of degree p. Each of the two sets of 
p non-characteristic subgroups of the same order in /7 is transformed by JZ ac- 
cording to the metacyclic group of degree ». As cyclic groups of order p”~* are 
transformed into each other by operators of Z which transform each one of the 
cyclic groups of order p into itself, the subgroup of HZ must be transformed ac- 
cording to the said intransitive substitution group. Since the order of this group 
is the order of the quotient group of / with respect to its operators which trans- 
form each subgroup of /7 into itself, this intransitive group is the quotient group 
in question. As this quotient group contains only one subgroup of order p’, 
J contains, only one subgroup (J¢) of order p”~’. 

The subgroup K contains no invariant operators besides those of the given 
cyclic subgroup of order p”~* since it must include 7,. The group of cogredient 
isomorphisms of A’ is therefore the same as that of Z,. Hence it contains the 
abelian subgroup of type (m— 3,1) which includes /,. The remaining oper- 
ators of A are the products of this abelian subgroup and the first » — 1 powers 


* Vol. 6, 1900, p. 337. 
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of any operator (¢,) of 7, which is not included in /,. Let ¢, be any operator of 
the group of type (m— 38,1) first mentioned. From the properties of the 
operators of J, it follows that 





t 


gt 


P — be 4 GI = eek Eh pe LOU ee 
(t,t,)? = t,t,t,¢,---p times = ttt, Ut,t; t, tt, = Huu'u uP 


4 


w being an invariant operator of J, which may be identity. Since ¢,¢, is of the 
same order as ¢, whenever ¢, is not identity J contains no operator of order p 
besides those of I,. 

As it is necessary to consider all the operators of 7, in the construction of 
the groups under consideration we proceed to determine its sets of operators 
which are conjugate under 7. It has been observed that p — 1 of its operators 
are invariant under J and that its subgroup J, is also invariant under J. It 
is clear that J, contains p other subgroups of order p’. It will be proved that 
one of these is always invariant under J while the other p — 1 are conjugate 
when p > 3. From the quotient group of J with respect to its invariant operators 
and from the properties of J, it follows that each of the p* — p non-invariant 
operators of J belongs to a set of p(p—1) conjugates under 7. Hence all the 
non-invariant operators of the invariant subgroups of order p” are conjugate. 

We proceed to consider the holomorphisms obtained by making /7 isomorphic 
with its non-cyclic subgroup of order p’, the cyclic characteristic subgroup of 
order p”~* corresponding to identity and the non-cyclic subgroup of order p”~ 
corresponding to the group generated by P,. From the following equations it 
may be observed that each one of these p(p — 1) holomorphisms gives rise to an 
operator of order pin Z. In these equations ¢, is the operator of J which cor- 
responds to the holomorphism under consideration, 


foie mae ye ar Lat, o ag Set Pas ae = dpe sats Ce 


("Pit Pitt PP Pps P., t'Pt.=P,P,, ti? P= P*P,. 


1? 6 


We have now found all the holomorphisms of YZ which correspond to the 
operators of J,. In the p* holomorphisms which correspond to J, each of the 
operators of the non-cyclie subgroup of order p”~? corresponds to itself. In 
p(p — 1) others each operator of a cyclic group of order p”~* corresponds to 
itself while in p(y — 1)? just found the only operators which correspond to 
themselves are those of the cyclic characteristic subgroup of order p”~*. The 
P(p — 1) operators, each of which is commutative with some operator of order 
p”, together with the invariant operators of J, must correspond to an invari- 
ant subgroup in the quotient group of J with respect to its invariant operators. 
Hence they form an invariant subgroup of order p°. 

We shall now prove that the p(p — 1) subgroups, generated by the p(p — 1)* 
operators of 7, which transform only p”~* operators of /7 into themselves, are 
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conjugate under J whenever p> 38. Let ¢, be any operator of J which satisfies 
the two conditions 


SBT sal Fee ey ML 9 CED ead a B#0, modp. 
The transform of ¢, with respect to ¢, satisfies the following condition : 
(7 't5,) Pity te aa Yd Go one 


If we assign to ¢, all its values subject to the given conditions we obtain the 
P(p— 1) holomorphisms which correspond to the conjugates of ¢,. It remains 
to prove that the one which corresponds to ¢? is not in this set. If it were we 
should have P:P? = P,P} and hencea=1, 8B=2. This would lead to the 
following equations which are impossible when p> 3: 


(7 yt) Paty tit, = PP? = PP = ty" Pit; 


Since J does not transform ¢, into ¢;, its quotient group with respect to its 
invariant operators can be obtained by establishing such a (p, p) correspond- 
ence between two metacyclic groups of degree p as leads to a group having only 
two invariant subgroups of order p.* This is clearly impossible when p= 3. 
In this special case each of the subgroups of order p’ in J, is therefore invariant 
under J while, in all other cases, /, contains only two invariant subgroups of 
order p” and a set of p — 1 conjugate subgroups of this order. 

The rest of this section will be devoted to the study of 7 when p= 2. 

We may assume m > 5 since all the groups of order 82 are known. Now J is 
of order 2”~' and it is isomorphic to the abelian group of type (m — 6, 1) with 
respect to its operators which are commutative with each operator of the cyclic 
subgroup of order 2”~* in H/ which is generated by P,. Hence J, and J, may be 
found in the same manner as when p is odd, the latter being the group of order 
8 containing five operators of order 2 and two of order 4 since it is non-abelian 
and contains /,. 

Tt has been observed that the 2”~’ invariant operators of / form a group of 
type(m— 4,1). Since this cannot contain more than 2 operators of 7,, 7 and J, 
must have the same group of cogredient isomorphisms. Hence J contains an 
abelian group of type (m — 4,1, 1) including JZ,, and the rest of its operators 
transform just half of the operators of this group into themselves multiplied by 
the invariant operator (s,) of Z,. Since s, is commutative with all the operators 





* By establishing a (p, p) correspondence between two metacyclic groups of degree p, written 
in distinct sets of letters, we obtain as many intransitive groups of order p?(j—1) as there are 
operators in the group of isomorphisms of the cyclic group of order p —1 diminished by one-half 
of the number of its operators whose orders exceed two. Cf. American Journal of Mathe- 
matics, vol. 21, 1899, pp. 292 and 293. In one of these groups each subgroup of order p is in- 
variant while each of the others contains only two invariant subgroups of this order. The latter 
exists only whenever p > 3. 
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of HT whose order is less than 2”~? it is the square of the operators of order four 
in the given group of type (m—4,1,1). We shall soon observe that all the 
operators of order 4 in J have the same square. Let s, be any operator of the 
mentioned group of type (m — 4, 1,1) and suppose that s, is not invariant in 
I. Also let s, represent an operator of order 2 in /, that is not also contained 
in J,. From the equation (s,s,)” = 8,8,8,8, = s,s; it follows that we obtain ad- 
ditional operators of order two when s, is of order four and only then. When 
s, is of order two we obtain the additional operators of order four. Since s, is 
the square of all of these, al/ the operators of order four in I have the same 
square. 

From the results of the preceding paragraph it follows that all the operators 
of order two in J are contained in a subgroup (J,) of order 32 which includes all 
the operators of order fourin Z. Also J, contains 16 operators of order four and 
15 of order two. As the latter are not all commutative to each other they must 
generate J,. Moreover it is clear that J, is the direct product of its operator of 
order two which transforms each operator of // into its inverse and the group 
(Z,) of order 16 which contains just 7 operators of order two that generate it.* 
Since J transforms the four non-characteristic subgroups of /Z according to the 
intransitive substitution group of degree and order four, each of its non-invari- 
ant operators has just two conjugates. Hence J, contains three invariant opera- 
tors of order two and six pairs of conjugates. 

é 


§ 2. Outline of the method employed to construct the groups in question. 


If a group of order p” is represented as a regular substitution group, every 
subgroup of order p”~' contains p systems of intransitivity. We may there- 
fore suppose that each of the groups under consideration contains the intransi- 
tive substitution group formed by writing /7 in the regular form in p distinct 
sets of letters and establishing a simple isomorphism between these p regular 
BTOUDS MI ates a, .» In what follows /7 will represent this intransitive 
group of type (m — 2, 1) while ¢ will be used to represent the substitution of 
order p which merely permutes the corresponding letters of //,, H/,, ---, #,. 
Hence ¢is commutative with every substitution of Z. Also, J will represent the 
intransitive substitution group which is formed by writing the maximal subgroup 
of degree p""'— a (a >0) of the holomorph of /7, + in the p distinct sets of 
letters involved in /7; so that ¢ is also commutative with each substitution of J. 
Finally, i will be used to represent some substitution of order p that is con- 
tained in J, while J,, Z,, Z,, and J, will represent the same subgroups of J as 
in the preceding section. 





*Quarterly Journal of Mathematics, vol. 28, 1896, p. 271, no. 9. 
T Bulletin of the American Mathematical Society, vol. 5, 1899, p. 245. 
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Now Hf and ti clearly generate a group (G') of order p”. All the other 
groups of this order which transform //7 in the same manner as .G' does, may be 
generated by /Z and sti, where s is commutative with each substitution of 7; 
for, if such a group is generated by /7 and, where 7 permutes the systems of /7 
in the same way as ¢ does, then r¢-'i-' = s must be commutative with each substi- 
tution of 7,1. e.,7 = sti. Hence s is a substitution of the direct product of 
Wy a2, £1, We may assume that s involves no letters except those of /Z, ; 
for if it involved the letters of H,(p=a> 1) but not those of H,,,(8> 9), 
the transtorm of the group generated by 7 and sti with respect to the compo- 
nent of s which involved the letters of 47, only would be a conjugate group in 
which s would be replaced by a substitution involving the letters of /7,_, 
but not those of H7,_,,,. Since the other conditions named would not be 
affected it is proved that we may assume that s involves the letters of H, only. 
On this account it will hereafter be denoted by s, and its conjugates under the 
group generated by ¢ will be denoted by s,, s,,---,s,. 


) 


By hypothesis (s,ti)” is some substitution of /7, but 


KS 1) eo ouiyh pee CK Tone 


a ee + ae ee. 
(s,¢2) inal Slt 8,00 =} 5) 'p -p—1 2 1°p°p—1 2? 


where s, is the transform of s, with respect to some power of i. From this it 
follows that s, and i are always commutative. Let 7, represent a substitution 
of /7 that is transformed by 7~' into itself multiplied by a substitution w, of 
order p which is commutative toi. The conjugates of 7, and w, with respect to 
the powers of ¢ will be represented by 7,,7,, +++, 7,3 Uys Ua. +++) U, Pespec- 
tively. It is easy to verify that 


pP—l|yp a2 ne .pPp—2 —l4; »p—1 a mp2 ane 4 p—2 == al—p, a—1,,—2 
Ge Pry of ) cur Pls ip =; rs "4 


we 2—Pp po pe P—ly 2. sy Pj 
Tp Teg ° tT Ugtz-*- Us tt 

—_ nl—Paa pe . 6 pe a P=] , 

= 1 PP 13° + T Ugly + UP te. 

(pt+)) (»—2) 


ri ets Tae 2 
p-l1 ? ’ Us 


poets Pi , which is in /7, we observe that the 


If we transform the last substitution successively by w?—", u 
and multiply the result by 77", ry" 
group generated by /7 and ¢i is conjugate to the one which is generated by // and 
r?ti; 1. e., no new group is obtained when s, is the pth power of a substitu- 
tion of H, which is transformed by 1% into itself multiplied by a substitution of 
order p that is commutative with i. 

By interchanging systems of intransitivity of 7, ¢ can be transformed into 
any power while each of the substitutions 7 and s, is transformed into itself. 
Hence the » — 1 powers of i which are prime to the order of ¢ give rise to the 
same groups. It is also clear that each of the conjugates of 7 under J leads to 
the same groups. Moreover, if each of two groups generated by é, and ti, 
respectively, contains only one subgroup that is simply isomorphic with /7 and 


if 7, is not conjugate with some power of 7, under /, then must the two groups 
a 
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be distinct; for if they were simply isomorphic they could be transformed by 
operators of J so that the identical operators of /7 would correspond. ‘The re- 
maining operators of the group would have to transform /7 in the same manner ; 
i. e., the group generated by 7, would be conjugate to the one generated by 7, . 
The main results of this section may be summarized as follows: 

1. Only one operator from each set of subgroups of order p which are con- 
jugate under J is to be used for 7. 

2. s, is a substitution of 7, which is commutative with 7. 

3. s, 1s not the pth power of a substitution of /, which is either commuta- 
tive with 7 or is transformed by 7 into itself multiplied by a substitution of 
order p that is commutative with 2. 

4, All the powers of s, which are prime to its order lead to the same group 
since it can be transformed into these powers by operators that are commutative 
with ¢ and 7. 


$3. Determination of the groups when p is odd. 


It was observed in $1 that 7 is contained in the non-abelian group J, of order 
p® which contains no operator of order p*. We shall begin with the case when 
7 is one (7,) of the p — 1 operators of the invariant subgroup of order p. Hence 
is commutative with every operator of the non-cyclic subgroup of order p 


5 mu—2 
1 
in /7. From the equations 
jy? = we Pea Go = b ho & Dray 
(Pity? = P,P a, +p times = a, Pa 
aoe ae ~—172 j—273 . . , gP—l l—pyp __ PM yp—1 Pp __ ‘) 
oa) Tae iF iP; by vy eat vy oe ie Ly Ee = ca ’ 


it follows that the product of ti, and any operator of /7 besides identity is of the 
same order as the operator of 7. The group (G,) generated by # and #2, has 
therefore the same number of operators of each order as the abelian group of type 
(m—2,1,1). Two groups which have the same number of operators of each 
order may be called conformal.* Now G, contains just p + 1 abelian subgroups 
of order p”~", p of these are of type (m—2, 1) while the remaining one is of 
type (m—3,1,1). As each of the former is transformed in the same manner 
by all the operators of G',, we shall not arrive at G, when we use in place of i, 
an operator from another set of conjugates in J,. 

From § 2 it follows that s,t?, and H generate G', whenever s, is an operator 
of the characteristic cyclic subgroup of order p”~* in /7,. If s, is the constituent 
of P, which involves the letters of 7, only we clearly obtain a group ( G,) which 
contains no operator of order p besides those of 7. Then G‘, contains the same 
number of operators of each order > p’ as G', does. It also includes the same 


*Bulletin of the American Mathematical Society, vol. 2, 1896, p. 140. 
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number of abelian subgroups of type (m — 2, 1) as G, does, but the group of type 
(m — 38,1, 1) in G, is replaced by one of type (m— 3, 2) in G,. These are 
the only abelian subgroups of order p”—' that are contained in G’, and all those 
of type (m — 2, 1) are transformed in the same way by all the operators of G:,. 
Since we obtain G’, if we replace s, by any one of its p —1 powers multiplied 
into any operator of the cyclic characteristic subgroup of order p”~* in /7Z,, 7, 
gives rise to only the two groups G‘, and G,. 

We shall now consider the possible groups when 7 is one (i,) of the p(p — 1) 
conjugate operators of J,. i, and i, are commutative with the same operators 
of 7. Just as in the preceding case we find that 7, leads to two groups (G, 
and G',) which are conformal with G', and G, respectively. In G’, and G, all 
the cyclic subgroups of order p”~* are invariant but in G, and G‘, these sub- 
groups are conjugate in sets of p. Each of the groups G, and G’, contains 
p +1 abelian subgroups of order p”', p of these are of type (m— 2,1) and 
are transformed by the remaining operators in the same way as /7 is trans- 
formed. Hence we cannot obtain any of the four groups just found by using 
for 7 an operator of J, which is not contained in J,. By using for 7 one (i,) of 
the p(p —1) conjugate operators of the other invariant subgroup of J,, ivhen 
p> 8, we clearly obtain only one additional group (G,) that involves no operator 
whose order exceeds p”~*. The group G‘, contains p + 1 abelian subgroups of 
type (m — 2, 1) and it transforms each of its cyclic subgroups of order p”~ into 
itself. Itis the only group involving 77 that has invariant operators of order 
p"~ without containing any operator of order p”~'. It is clear that i, leads 
also to the non-abelian group (G',) of order p”* which involves an operator of 
order »”—' and to no other group. 

Each of the remaining p(p — 1)’ operators of J, transforms only p”~’ opera- 
tors of H into themselves and the p(p — 1) subgroups which they generate are 
conjugate when p > 3. Hence it is only necessary to consider one (i,) of them 
when p> 3. The group (G,) generated by ti, and 7 contains only one abelian 
subgroup of order p”—-'. From the equation 


(P ti)? = (Pi)? = Pi,PipeP ire ...e9P i = Pe — (whenp>3) 





or Ji ae (when p=3), 


it follows that G, is conformal with G,, G, and G,. The following equations 
show that 7, gives rise to only one group. In these equations 7, represents the 
constituent of P, that is contained in //,, while v, and w, represent the corre- 
sponding constituents of P, and P, respectively. The higher subscripts indicate 
the conjugates of these substitutions with respect to powers of ¢. 





* BURNSIDE, Theory of groups of finite order, 1897, p. 76. 


268 G. A. MILLER: DETERMINATION OF A CLASS [July 


WP—lar art | Fee P—2\—143 pp—lar yr2 ore pPp—2 — rl—Ppr—ly»—2 a n2—Pe ne mre ee p—1 
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which, when multiplied by r~'ry'r7"--- 77 of H, is equal to r7*tiif p> 8, 
and to w,'r;?t if p= 3. 

When p= 38, J, contains another invariant subgroup of order p*. If i, repre- 
sents one of its conjugate operators we obtain an additional group G, by multi- 
plying #/ and ti,. It may be proved in exactly the same manner as in the pre- 
ceding case that i, leads to only one group, and it is, moreover, clear that G’, 
and G', are conformal. Since each contains only one abelian subgroup of order 
p”— and since 7, and 2, are not conjugate under J, G, and G, cannot be conju 
gate. 

$4. Determination of the groups when p is even. 


In § 1 it was observed that all the operators of order two in J are contained 
in a group of order 82 which has three invariant operators (7,, i,, 7,) of order 
2; viz., those which transform each operator of /intoits 2"-?4 1, 2”->—1, 
2”-* — 1 powers respectively. The group (G',) generated by #7 and ti, is con- 
formal with the abelian group of type (m — 2,1, 1) and each of its subgroups, 
with exception of the four of order two which are not in H, is invariant. The 
group G', contains three abelian subgroups of order p”~', two being of type 
(m — 2,1) and the third of type (m — 3,1, 1), and it transforms all the oper- 
ators of the former into their 2”-*+ 1 power. In exactly the same manner 
as in the preceding section we obtain G, by multiplying H/ and s,ti,, s, being the 
constituent of P, which is in //,. The group G, contains only three operators 
of order 2 and each of these is the square of four operators of order 4. The 
operators of its two abelian subgroups of type (m— 2,1) are transformed in 
the same way as those of the corresponding subgroups of G’,. 

The group (G,) generated by Hand ti, contains 2” operators of each of the 
orders two and four in addition to the operators of 77. All the operators of 
order four in .G‘, have the same square. Let s, be the constituent of P, which 


. . . 7 —3 . . 
involves the same letters as H,. From the equation sy"ti,s, = s7!s?"" °—'ti, it 
3° ° 
ti,. Hence there is only one 


follows that transforms of G’, include // and s?"” 
additional group (G',) which transforms /7 in the same way as 7, does, viz., the 
group generated by // and s,ti,, where s, represents the constituent of P, which 
isin H7,. All the operators of G', which are not found in Hare of order 4 
and the squares of these operators of order 4 are the two non-characteristic 
operators of order two in /7, each of the latter being the square of one-half of 
the former. 

The group // and ti, generate a group (G',) composed of HZ and 2”~' operators 
of order 2 which are conjugate in sets of 2”~*. In fact, it is clear that in all 
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the groups to which 7, and i, lead, all the operators'not;contained in 7 are conju- 
gate in sets of 2"-°. The group (G,) generated by /7 and s,ti,, where s, is the 
component of ?, which is found in //,, contains 2"~' + 4 operators of order four. 
All of these have the same square. If s, is the component of P, which belongs 
to H/,, the group (G,) is conformal with G‘, but its operators of order four which 
are not found in // have P, for their square. As the other operator of /7, which 
is commutative with 7, is conjugate under Z with the last s,, the seven groups 
just found are all those which depend upon i,, 7,,7,. In each of these seven 
groups every cyclic subgroup whose order exceeds four is invariant. It 
remains to find the groups which depend upon operators that are not invariant 
under J. 

Let 7, be one of the two non-invariant operators of J, which are commutative 
with each operator of the non-cyclic subgroup of order 2"-? in H. Since the 
product of ¢i, into any operator of /7 is of the same order as this operator of 
IT, the group (G‘,) generated by 7 and ti, is conformal with G,. G, contains 
three abelian subgroups of types (2"~*, 1) and (2"-°, 1, 1), there being two of 
the former type. The four cyclic subgroups of order 2"~? form two pairs of con- 
jugates. If s, represents the component of P, which is contained in /Z, we 
have s7'ti,s, = s;'s,s,tt,, s, being the constituent of P, which is in /7,. Hence 
a transform of G’, contains 7 and s/s>*ti,. We therefore obtain only one ad- 
ditional group (G,) by multiplying 7 and s,ti,, where s, is a substitution of //,. 
It may be convenient to assume that G,is generated by /7 and s,ti,, where s, 
is the constituent of P, which is in #7. From this we observe that 6‘, is con- 
formal with G,. Like G, it contains two pairs of conjugate cyclic subgroups 
of order 2”~* and three abelian subgroups of order 2”~'. One of these is, how- 
ever, of type (2”-*, 2) instead of type (2”-°, 1, 1) in G,. 

Each of the other two conjugate operators of order two in J, is commutative 
with an operator of order 2"~? in Hf. If i, represents one of these operators it 
is clear that H/ and ti, generate a group (G’,,) which is conformal with G,. Its 
subgroup of order 16 which includes all the operators of orders two and four is 
generated by its operators of order two. Its four cyclic subgroups of order 
2”~" are invariant, one being generated by an invariant operator while the 
operators of the others are transformed into their 2”-*>+ 1 power. The other 
group (G,,) which involves invariant operators of order 2” is generated by /T 
and s,ti,, where i, is the constituent of P, which is in //,. Hence G’,, contains 
operators of order 2”~' which it transforms into their 2"-?+ 1 power. It in- 
eludes just two cyclic subgroups of order 2”~'. 

The group (G,,) generated by #7 and ti,, where i, is one of the two conjugate 
operators of order two in J which are commutative with each operator of the 
eyclic subgroup of order 2”~* generated by P;P, without being commutative 


with any other operator of /7, is conformal with G,. Like G,, G,, G,, G,, 
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and G', this group and all those which follow contain only one abelian subgroup © | 
‘der 28 uawhi ' ann | 
of order 2”~' while each of the other six groups (G,,-G,, G,, @, Gy, Gy) 


. . . e, . . . 
contains just three abelian groups of this order. From the equation s;'ti,s, = 
, being an operator of order 2”~° in /7,, it follows that 7, leads to 


one other group of order 2”. The four cyclic subgroups of order 2”~* are con- 
t 


/ ,_—1 . 
S87 8,ld,, 8 


AY ee Me SAVSN ApS 
jugate in pairs in G,,. 
We have now considered all the operators of order two which are contained 


in J, as well as the two additional operators i, and i,i,= i,. It remains to 


if 
consider the three operators 7,,, 7,/,, and i,i,. We shall represent these re- 
spectively by i,, i,, andi,. The group // and ti, generate a group (G,,) which 
contains 2”~* operators of each of the orders two and four in addition to 
HT. #H and s,ti,, where s, 
a group G',, which contains only operators of order four in addition to //. 
Neither of these two groups contains an invariant cyclic subgroup of order 


2”~°, From the equations s7'ti,s, = s;'s;'s,ti_, 8, being the constituent of P, 


> 
a 


is the constituent of P, which is in /7,, generate 


in //,, it follows that 7. gives rise to no additional group. 

The group (G,,) generated by /7 and ti, is conformal with G’,, but all its 
operators of order four have the same square while in G,, they have two dis- 
tinct squares. Moreover, its invariant operators form a cyclic group of order 
four while they form a non-cyclic group of this order in G,,. The group /7 
and s,ti,, where s, is the 47, component of the invariant operator of order four 
in G,,, generate a group (G,,) which contains only operators of order eight in 
addition to those of /7. The two cyclic subgroups of order 2”~° are clearly in- 
variant in each one of these two groups. That these two are the only groups 
risyi2"™, ss, being 
an operator of order 2”~* in // which is not commutative with i,. 


to which 7, gives rise follows from the equation s7'ti,s, = s 


H and ti, generate a group (G,,) which contains, besides 7, 2”~° operators 
m—3 


of order eight and 2”~° operators of each of the orders two and four. Like the 
preceding four groups it contains just four invariant operators. That this is 
the only group to which i, leads follows from the equations sy'ti,s, = s7'sy's,, 
where s) is of order four if s, is of order 2"~*, and of order one when s, is of or- 
der 2"~° and not commutative with7,. Hence the number of the groups of 
order 2” which contain the abelian group of type (m — 2,1) is twenty, three 
being abelian and seventeen being non-abelian. Eleven of the latter involve in- 


variant cyclic subgroups of order 2”~°. 


Summary. 


There are three abelian groups of order p” that contain a subgroup of type 
(m — 2,1), viz., those of types (m —1,1), (m—2,2),(m—2,1,1). These 
exist for every prime p. 

When p> 3 there are seven other groups. The number of their operators 
of each order is exhibited by the following table : 
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Operators 











Groups Sees ke 
Meare as a I "_Order Le ly ee pot 
G, iess ys. Gs | Number \P* —1 p\p—1) p*(p—1) 0 
baa PAs + z emesis PS e Lp 2h) 0 
or : Pal pp-V) p(e-1) p(p—1) 





(p>3) . (2<a<m—l1). 


The first four groups may be distinguished by the following properties: G, 
contains only one abelian subgroup of order p”—' while each of the others con- 
tains three such subgroups; G’, is the only one which contains invariant opera- 
tors of order p”~*; G, contains cyclic invariant subgroups of order p”~’* while 
G, does not; G, and G, can be distinguished by the same property as was em- 
ployed to distinguish G', and G',. When p= 83 there is one more group, which 
is conformal with G,. It is not simply isomorphic with G, since these two 
groups contain only one abelian subgroup of order p”—' which they transform 
according to non-conjugate subgroups of J. 

The following table exhibits the orders of the operators of the 17 non- 


abelian groups of order 2” which include an abelian group of type (m — 2, 1): 




















Gronpe | Operators fe 

Order | 2 4 8 Qa Qn—1 

Rlere Gast Crys Number rs 8 16 atl 0 
G,, G, cael e 12 16 Qa+t 0 
G,, Cas Gi oe Pars mine | oe ale of 8 Qa 0 
Gy, G55 G., oe : | 3 Deed at. 8 9a 0 
@, “ gag 4 fae 

Gy | 3 4 8 Ja Qm-l 
Gy ‘ an? +38 2544 2748 28 0 
Gr see EES 4 gt4g 9 0 

7 Tes ay ; 


The conformal groups may be distinguished by the following properties: G,, 
is the only one of the first four which contains invariant operators of order 
2”; G,, contains only one abelian group of order 2”~' while G, and G, con- 
tain three such groups; in G’, all the cyclic subgroups of order 2”~* are invari- 
ant while they are conjugate in sets of two in G,: G, and G, may be distin- 
guished in the same way as G', and G,: G,, contains two operators of order 
two which are squares of operators of order four while in G’, and G’,, all the 
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operators of order four have the same square; in G‘, the invariant operators 
form a non-cyclic subgroup of order four while they form a cyclic subgroup of 
this order in G,,; in G‘,, the two cyclic subgroups of order 2”~* are conjugate 
while they are invariant in G‘,, G,, and G_; in G’, the operators of order 4 
have three distinct squares, in G‘, they have the same square, and in G, they 
have two distinct squares. 


CORNELL UNIVERSITY, March, 1901. 


ON A FUNDAMENTAL PROPERTY OF A MINIMUM IN THE 
CALCULUS OF VARIATIONS AND THE PROOF OF A 
THEOREM OF WEIERSTRASS’S* 


Lb 


W. F. OSGOOD 


The notion of the minimum of an integral in the caleulus of variations is an- 
alogous to that of the minimum of a function of a real variable. The function, 
J (x), is thought of as continuous and it is said to have a minimum at the point 
« = a when, for all points of the neighborhood of @ with the one exception of a 
itself, the value of f(x) is greater than f(a); i. e., when the relation holds: 


S@)>f(a), 9<|e—alSA. 


This is, however, only a partial description of the behavior of the function in 
the neighborhood of the point a, as is shown by a simple example of a discon- 
tinuous function for which the above relation is true. Let the function ¢ (a) be 
defined as follows : 


(x) = 1, when ~ is irrational ; 


f(x) = 1/7, when # = + p/q, where p/¢ is a positive fraction in its 
lowest terms (in particular, an integer). 
9 5 


$(0)=0. 


Then $(«) has a minimum at the point « = 0, for 


d(x) >o(0), «+0; 


and yet, in the neighborhood of an arbitrarily chosen value of a, the lower limit 
of dh (x) 13:09 
A continuous function /(«) has, then, a further property in the neighborhood 
of a point x = a at which it is a minimum, which may be expressed as follows : 
Let & be any positive quantity less than h. Then there exists a positive 
quantity e such that the lower limit of f(x) for values of x in the above neigh- 
borhood of a for which \« — a| > 6 is at least as great as f(a) + €; or 


S@Zfl@+e, 6< 
* Presented to the Society April 27, 1901. Received for publication May 6, 1901. 
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In the calculus of variations the integral 


na | 
r= | E(u, y, y') dx 
xo 
or, in the parametric form, 


LE 
l= [ EG, Ye sy \at 


is said to be made a minimum by the functions x = $(t), y = W(t) correspond- 
ing to a curve C’ if its value J for C is less than its value Z for any other 
curve C of a specified class (A’) of curves which all lie in the neighborhood 7’ 
Of © (Kigel): 
eae) 

WEIERSTRASS* has given a sufficient condition that this may be the case. The 
example of the function ¢(a) above considered raises, however, the question : 
Assuming that Weierstrass’s sufficient condition is fulfilled, so that no curve 
of the class () distinct from C will give the integral I so small a value as 
J, may we not still have a set of curves belonging to this class, C,, C,, +++, 
which do not cluster about C as their limit and which have the property that, 
if I,, I,, --- denote respectively the values of the integral I formed for these 


CUPVES, 

Lined faea) 

wait Ge 
In particular, it is conceivable that these curves might approach a curve C’ of 
the class (A’) as their limit, distinct from C’. For this curve, the value of J 
would, of course, not be lim J = J. 


This question I answer in the negative, showing in § 1 by means of the 
theorem of § 2 that, if T denotes an arbitrarily small neighborhood of C’ lying 
wholly within 7’, the lower limit of Z formed for all the curves of the class (A’) 
that do not lie wholly within. T is greater than J by a positive quantity €, so 


that 
L2I7+ €, 


when C’ does not lie wholly in T. 

By means of these results it is possible to deal with a problem of importance 
concerning the scope of the class of curves (A). What curves shall be admit- 
ted to this class? The larger the class (47), the more general the property of 
the integral which is made a minimum by C; for the integral is thus compared 





*In his lectures. Forastatement of the condition in the parametric case, see 41 below. This 
is in substance KNESER’s form of the suflicient condition: KNESER, Lehrbuch der Variations- 
rechnung, chap. 3. Other forms of the sufficient condition, in particular, HILBERT’s form, have 
recently been treated in a paper by the writer: Annals of Mathematics, 2nd series, vol. 2, 
no. 3 (1901), p. 105. 
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with the curves of a more extended class. Hence it is natural to seek to enlarge 
the class (A’ ) until limitations are reached which are dictated by the nature of the 
problem, not by the exigencies of the proof. For example, consider the integral 


ai hg hone oe eo 
= { eee at. 
ais 


This integral represents the length of the curve C when C has a continuous 
tangent. But the notion of length is not restricted to curves of this class. In 
fact, a curve may have a length and yet fail to have a tangent in a set of points 
everywhere dense along the curve. For, the length of a curve may be defined as 
the upper limit of the lengths of the inscribed polygons, in case a finite upper 
limit exists, i. e., as 


Lip hee Ae. 


where Ax, = $(7,,,) — $(7,), Ay, = W(7,,,) — ¥(7,), and the vertices 7, = ¢,, 
1» °°°7, =, are chosen in all possible ways.* JORDAN has shown that the 
necessary and sufficient condition that such an upper limit exist is that the 
functions ¢, Y both belong to the class of functions with limited variation 
(fonctions & variation bornée).+ 

The above generalization of the integral that represents the length of a curve 
with continuous tangent suggests a corresponding generalization of the general 


T 


integral 


pety 
r= | (a, y,u,y )dt. 
to 


Let C be a continuous curve lying in Z’ and connecting the points A and B. 
Since C’ will not in general have a tangent, the proper integral J will not in 
5 5 ? ro) 
general have a meaning. Inscribe a polygon in C, as in the case of the are in- 
tegral, and, remembering that the function /’ is homogeneous of the first de- 
> ’ ’ fo) fo) 
gree in its last two arguments, form the sum 


* This is in substance SCHEEFFER’S definition. The form, which isa particularly elegant one 
is due to PEANO: Applicaziont geometriche del calcolo infinitesimale, 1887, p. 161 ; Leziont dv 
analist infinitesimale, vol. 1, 1893, p.171; Annali di matematica, 2nd ser., vol. 23 (1895), 
p. 153. It is analogous to PEANO’s definition of the upper definite integral ; cf. Leziond (just 
cited), §103; Annali, loc. cit. See also HILBERT’S definition at the close of this paper. 

+ JORDAN, Cours d’ analyse, vol. 1, 2d ed., 1893, 267. An example of a continuous curve, 
y = (2), which has a length, but which does not have a tangent for any rational value of the 
abscissa can easily be given. Let f(v) =a sinloga, +0; f(0)=0, and let ¢(a@) =f(sin 72). 
Then the function (7), given by the series 

(x) = a,6(v) + 4,0(2! v7) + 4,0(3!2) +°°-, 

where the coefficients @, are suitably chosen (a, —1/n!? will suffice), is a continuous function of 
limited variation. It is readily seen that this function, however, fails to have a derivative when 


2 is rational. — The graph of WEIERSTRASS’S continuous function that has no derivative is an 
example of a continuous curve that does not have a length. 


bo 
~] 
oO 
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Az. Ay. 
YF (x, Yi: a ze) At, = a E(x, y,5 Aw;, Ay;)- 


If this sum converges toward one and the same limit when =o no matter 
how the polygons be chosen, provided merely that their sides all converge to- 
ward 0, then this curve shall be included in the class (A’) and the value of the 
limit of this sum shall be taken as the generalized integral 7. If C’ has a con- 
tinuous tangent, this value is the same as that of the proper integral 7. Thus 
we have a natural limitation for the class (A’) of curves C’ to be admitted to 
consideration. WEIERSTRASS, to whom the generalization here considered is 
due, states in his lectures the theorem that when his sufficient condition for a 
minimum is fulfilled, the integral will still be a minimum, even when its defini- 
tion is thus generalized and its value for C’ is compared with its value for any 
curve of this class (A’). I have never seen a proof of this theorem. In $38 of 
the present paper a proof is given. 

The theorem of $1 is proven only for the simplest integral of the calculus 
of variations; but it is true for other integrals, for example, for the double 
integral 


[JF@, Y¥,2%,p, q)dedy, 


and it probably holds in general. In the case of a weak minimum, the neigh- 
borhood 7’ of C’ must be replaced by the engere Nachbarschaft* of C. 

In the proof which HiLBert has recently given of DiRICHLET’s Principle + a 
continuous function z of the variables ~, y is defined as lim F (w, y) and it has 


n=n 


to be shown that z satisfies LAPLACE’s equation at all interior points of the 
region. The theorem of $1, stated for double integrals, may be employed to 
establish this point. A corresponding step has to be taken in the proof of the 
existence of a shortest line on a surface, and the theorems of this paper are ap- 
plicable in this case, too. 


$1. A CHECK FOR THE VALUE OF THE INTEGRAL J EXTENDED ALONG A 
CurvE (C not Lying WHOLLY WITHIN THE NEIGHBOR- 


C~ 


HOOD & OF THE EXTREMAL C. 


1. The quantity H, expressed in terms of the curvilinear codrdinates of the 
jield. — Consider the integral 


Ba 
r= { E(w, ¥, 2, y )\dt 
fo 


* ZERMELO, Untersuchungen zur Variationsrechnung, Berlin dissertation, 1894. 
tJahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1899) 
p. 184. 
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extended along the curve 
C: «=¢(t), y=v(t), tSt=t, 


that connects the fixed points A, with the coordinates («,, y,), (¢=¢,), and 
B, with the coordinates (~,, y,),(¢=¢,). Here, ¢, W shall be continuous 
functions of ¢ for the values in question, and shall have continuous first de- 
rivatives that do not vanish simultaneously for any of the above values of 
t. The function /’ shall, together with all its partial derivatives of the first 
and those of the second order that present themselves, be a single valued 
continuous function of the four arguments (#, y, a’, y’) regarded as inde- 
pendent variables, where («, vy) is any point of a certain region of the (a, v)- 
plane, within which the curve C must lie, and «’, y’ have any values except the 
one pair (0, 0); furthermore, since the integral is to depend only on the curve C, 
not on the particular choice of the parameter ¢, the function /’ shall be homo- 
geneous of the first degree in the last two arguments. Finally, we assume that 
F is positive for all values of the arguments considered. 

A necessary condition for a minimum is that the curve C satisfy the differ- 
ential equations 


d d Le 
eed petit Os FS eee ete (H=5,, ete.) 


We assume that this condition is fulfilled by the extremal* C, and that Cis a 
curve which does not cut itself between A and &; furthermore, that a field 
exists surrounding C’. More precisely, we assume that a one-parameter family 
of curves exists : 


n=E(t,a), y=n(t,a). 


where the functions €, 7 have the following properties : 
(a) These functions, together with their first partial derivatives and the cross 
derivatives €,, 7,,, are continuous functions of the independent vari- 
bles (¢, a) at all points of the region 


‘ poss far = 
i: fb ie — aie, 


where t,<t,,¢,<¢,, and «>0; ¢,, ¢,, « are constants. When 


a = d,, the equations represent a curve without multiple points, which 


0? 


passes through A and B; and when a has any constant value, the 


corresponding curve is an extremal. In particular, when a = a,, the 


0? 
curve is the extremal C’. 





* Any curve that satisfies these equations is denoted by KNESER as an extremal; Lehrbuch 
der Variationsrechnung, p. 24. 
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(0) The determinant 


1& &, 


al + 0, 


, JP 


no matter for what point of / it be formed. 

Let « be chosen small enough so that all the curves will be free from multiple 
points. Two curves corresponding to distinct values of @ not only will not in- 
tersect each other, but, if the two values of « differ from each other by an in- 
finitesimal a, the distance PP’ = 8 from a point P of the one curve to_ the 
point of intersection P’ of the normal at P with the other curve will be an in- 
finitesimal that is uniformly of the first order ; in other words, 


ma=B=Ma, 


where m, JZ are positive constants, 1. e., independent of «@, ¢, a. 

The proof of these statements follows the same lines as the proof in a similar 
case considered in the writer’s paper on Sufficient Conditions in the Calculus 
of Variations.* IKNESERy has given a proof by means of power series on the 
assumption that all the functions considered are analytic. This assumption is 
unfortunate, inasmuch as it introduces restrictions without being accompanied 
by any simplification. 

By means of the family of extremals @ = const., a system of curvilinear co- 
ordinates of the field is introduced (KNEsER, loc. cit.), v = a being taken as one 
of the coordinates and 


u= [ Fe a), n(t, a), E(t, @), nAb, a)) dt 


being chosen as the other. The lower limit of integration, ¢’, is so taken that 
the point x = &(¢’, a), y= 7(t’, a) lies on the curve through A which cuts all 
the extremals @ = const. transversely. In terms of the new coordinates let 


(x,y, dx, dy) = G(u, v, du, dv), 
so that 


Z| ft 
I= i LG ye gy Yat { G(u,v,u,v')dt, 
mn) ‘9 


where J is taken along the curve C’. The quantity, HW, the study of which is the 
main object of this paragraph, is then given by the formula 


H=I-J= i} (Gu, v,u',v')—w' jdt. 
a) 


*Annals of Mathematics, 2nd series, vol. 2, No. 3 (April, 1901), p. 105. 
floc. cit., chap. 3. 
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This quantity will be positive, and hence the integral Z will be made a mini- 
mum by C’, when the WEIERSTRASSIAN invariant 7’, (KNESER, p. 52) is always 
positive in 72, and this we assume to be the case. This completes the sufficient 
condition for a minimum. 

2. The determination of a lower limit (Abschatzung) for the value of H 
for the simplest class of curves C.— Consider first the case that wu’ > 0 
throughout the whole interval ¢,=¢=¢,. Then wu may be chosen as the param- 
eter ¢ and, setting 

Glu; e, 1, 8) = 7a s); 
we have 


[G(u,v,w,v) —w]dt= [g(u, v, s)—1] du. 


KKNESER shows that 
Gh, U,V) ah, ge Oa 
so that 


Uy 
HH = i () J,,(u, V, Us) s'du, 
u 
0 


the coordinates of A and B being respectively (w,, v,) and (w,, v,). The func- 
tion 7,,(w, v, 8) is a continuous function of its three arguments, when s has any 
value whatever and (w, v) is any point of the region 


I ( ty =U =U, lv —v,| =x 

where the constants @,, @,, « are so chosen that to each point of 7’ corresponds 

a point of /2, while the are AB of C lies wholly within 7. This function is 

positive for all such values of the arguments, since the invariant /’, is always 

positive. It may, however, have 0 for its lower limit when |s| =o. Let the 

minimum value of this function, when (w, v) is an arbitrary point of 7’ and 
= 


\s| =p (u being a constant to be determined later) be denoted by 7.* If we 
impose on the curve C’ the further restriction that s shall, at no one of its points, 





exceed in absolute value, then we have 
Uy 
H=M| sdu. 


ui) 


Now mark off an arbitrary neighborhood of the are AB of C’ lying within 
the field 7 and consisting of the region 


ZT: -u—LSusu,4+L, w—»|=L; L<8/2(u,—4,). 





*Tt will be necessary to consider later the minimum value of the function }9..(u, 0, 8) where 
G(u,», —1, 8) =g(%, 2, 8), for the same values of the arguments, and so we will choose J 
once for all as the smaller of these two minimum values, 


Trans. Am. Math. Soe. 19 


Pad 
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Fia. 1. 


Tf the curve C, restricted as above, does not lie wholly within T and(U, V) 
is a point of C lying on the boundary of ZT, so that |\V| = L, then, by the 


theorem of § 2 
U 3 
il 8" du = ee 
. (u, — U,) 


0 


and since 


r 


Uy U 
9 
i) s*du> 3’ du, 
e u u 


0 0 


it follows that 


DML’ 
a OF BE = 


3. Continuation; the general case. — We have thus obtained the desired in- 
equality, or approximate evaluation, (Abschitzung) for 47 for the simplest class 
of curves C’. The most general curve 


Cx C= Ol), yy = V1) t, =tSi,, 


connecting A and LB, having at each point (extremities included) a continuous 
tangent, and lying in 7’, but not wholly in T, can be broken up into a finite 
number of pieces of the following three classes : 





(a) 
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(a) ue = OF Mss ez: 

(d,) v’ > 0 and, when w’ + 0, |s|> dz; 
b 
(0) (b,) v <0 and, when uw’ +0, |s|> Lu; 








(c) a =< UF 
Instead of tu, any other positive quantity less than « would answer. — The 
integral /7 can then be decomposed in a corresponding manner into the three 
sums: 


(1) T= (+P + DV \{lE@, ov, v')—u' jdt. 


(@) (db) (ec) 


s| =p. 





We proceed to obtain approximate evaluations for these sums, and hence for /7. 
Consider a term of the first sum 


itl 
ip = { [G(u,v,w,v)—w] dt. 
t; 


Here, w = $(¢), w > 0 and hence the variable of integration, ¢, can be replaced 
by w. We will introduce, however, not w but w, where 


w=ut+a, 


and a, is a constant to be determined later. We have then . 


i+] wit] 
(2) Hs. = i 49,(U,v,8)sdw = M { dw. 
wy Us 


Next consider a term of the third sum 


k+1 
, , / 
H, = [G(u,v,w,v)—w]dt 
th 
and replace ¢ by w, where 
w= —uU+a, 


and a, is a constant to be determined later. Let 
Glu, v,—1,s)= (u,v, 8). 
Then, as before, 


gu,v,9)=1, 9,(u,r, 9)=9. 
Hence 


VR+1 hb 
(3) 2 BS aa { [29.,(« ois ds) ae 2] dw = uf s dw + 2 (44 — W,)« 
bel bad 


IV 


Finally, consider a term of the second sum for which 7 > 0. Replace ¢ by 
wv, and denote the smaller of the minimum values of the two functions 


Gu. 0,7, 1),. Glu, ver, — 1), 
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when (w, v) is any point of 7 and r = du/dv(= s~ when w’ + 0 and v' + 0), 
7} =1, by V. Then, since the maximum value of |r| is 2/u, if w is so chosen 
(1) that 2/u=1 and (2) that 2/4 < N, we obtain for H,, the following relation. 


+1 Rois é re 
H,,= | [G(u, 0, wv) —w]dem ff [G(u,v,7,1)—r]dv 
J t. VO. 
J u 


(4) é 
si rae) eis 


The same formula also holds for a term for which v’ < 0, since in that case 
the left hand member is positive, the right hand member negative. Further- 
more, the same reasoning shows that, when v’ <0, the quantity v,,, — v, then 
becoming negative, 

2 
(4,) Hf, > (v- * OF ts V;). 

We are now ready to obtain the final approximate evaluation of the quantity 
HT. Assume that the curve C’ leaves the strip T, and let (U, V) be a point 
of C’on the boundary of T. Two cases arise : 


(A) ta) thee a eda 
(B) Oe 08 Oe Uys 


Case (A). We begin by disposing of a simple special case, namely, that in 
which 


Do 2 (O41 = w,,) ’ 


the summation applying to those ares of C which belong to class (c), exceeds 
an arbitrarily preassigned quantity, which we take for simplicity as Z. Observe 
that the equation of the boundary of T for which w isa maximum is w= u, + L. 
Here, we have at once that 


(A,) Hiss 


This case being disposed of, we assume that 


Do 2 Gr MD Nes 1 


and that the point (U, V) is the boundary of an interval of some one of the 
three classes. This condition can be fulfilled by cutting an interval in two, if 
necessary ; both pieces belonging, then, to the same class. We now determine 
the constants a,, a, in such a manner that those intervals 


ns <= = = 
aw =eaw=w Ma nea 
W=SWEU,, Vv, =W=U,,, 
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which correspond to the ares of C lying between A and (U, V’) will follow each 
other without overlapping, their ends just touching; the initial value of w in 
the first interval shall be chosen as w,. Denote the final value of w in the last 
interval by w. We have, then, from (2) and (3), suppressing whatever terms 
of the form 2(w,,,—w,) may arise on the right hand side of (8), — this only 
strengthens the inequality : 





wv 


(5) & oT >) free, v,u,v)—w |dt>M] s*dw. 


(a) (¢) wo 


The function s that here enters is a single valued function of w continuous at all 
points of the interval w, =2 =w with the exception of a finite number of points; 
and s approaches a limit when w approaches any one of these exceptional points 


from one side only. Let 
(= { sdw. 


0 


Then v =f(w) is a continuous curve made up (1) of the pieces of class (a) 
carried in the field of the curvilinear coordinates (w, v) to a new part of the 
field ;* (2) of the pieces of class (c), first reflected in a line w = constant (or 
v = constant) and then carried like the former pieces to a new part of the field. 
Let f(w) be denoted by W; f(u,) = 0.- We have the relation: 


(6) W+ Ca — 2) = V. 
Collecting and combining results we infer from (4), (4,), (6) that} 


wy 9 
(7) H> M | #’dw+\ N—— } Ia, 
Mg ld 
where 


e= >> (v4, —%,)- 
Relation (7) we now proceed to transform by means of the theorem of § 2, 
which enables us to write the inequality 
wy : ] | We 
3 = 
¢ aed 54(u, + L —1u,)”’ 


0 





IV 


provided that |W| <3 V 2 (au. -- LD — u,)3 a condition that will surely be satis- 
fied when|W|=Z. We will assume this to be the case, since otherwise we 
could choose 0 << w, <w so that | f(w,)| = Z, and then we should have 





* We may think of the field 7’ as mapped ona rectangle by means of the equations v— 7, 
®—=y. The curves in question thus go over into curves lying in this rectangle and the trans- 
formation is then an ordinary euclidean rigid motion. The corresponding actual transformations 
in the field Z’ now become apparent to the intuition. They are given by the formulas : 

(1) U=W—4, V=Dd; (2) U=—W—Q, Y=. 


+ In obtaining this relation eviher (4) or (4,) is to be used for all values of j. 
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wy my Vie 
9 9 — 
s’dw > dw = 59 
i ans d4(u, + L — u,) 





0 


whence relation (A,) would follow at once. 
We have then, since W= V—a, 








M\V—-2x} 9 
(8) lige Tener Nek 
or, writing 
M 9 
54(u,+ DL — uy? A, (v- 3) hi) 
(8’) H>A|\V—x/+ Bla]. 


A and B are both positive quantities. 
When V and & have opposite signs, the inequality (8’) will only be strength- 
ened by replacing « by 0. Since |V|= L, 


(A,) Ja bse WES 
When V and a have the same sign, we can replace (8’) by the inequality 
(9,) H>A(L— &)’+ Bé, 
when |x| = € < L; and by the inequality 
(92) H> A(E—L)* + BE, 


when £=Z. To get the desired approximate evaluation, replace & in each of 
these formulas by a value that will make the right hand side of the inequality a 
minimum. The curve 


y= A(L— £)'+ BE 
has its minimum value in the interval 0=& < Z at the point 
E = L apr V/ BBA, 
provided that this is a point of the interval, i. e., provided L=/B/34A; 
otherwise, at the point §=0. In the first case the minimum value is 
B[L —2V BA]; 
in the second case it is A L*. 
When = LZ, the minimum is given by putting & = L, andis BL. 
Collecting results, we have 
H> B(L— 2/B/8A), when 0O=E<L, VBBA=TL; 
(A,) TSA when 0OSE<L, VBBA>L; 
H> BL, when £22. 
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on 


It remains to consider Case (4). It is sufficient to assume that U> w, for 
the case that U <u, can be dealt with in a similar manner, the points A and 
B merely interchanging their rdles. The curve C in this case crosses the curve 
u =u, (let ¢=7,, be the value of ¢ corresponding to such a point) and meets 
one of the three lines 

v= L, w<“usu+L; 


vo=—L, w<ueut LZ; 


| 
SN 
IIA 


=. —_ 
7; OSU. ie eth, tele, 







(wit, Vo) 
Ti 


EIG a, 


in the point (U, V) (let ¢ = 7, be the value of ¢ corresponding to such a point). 
Let the minimum distance from the point B to the above three lines be denoted 
by D. Then there exists a positive constant, /, such that 


D>kL, 
no matter what value Z may have subject to the conditions of the problem we 


are considering. * 
We may write /7 in the form: 


TI 72 
H= { [G(u,v,w,v)—w)dt+ ff G(u,v,u,v)dt 
to T 


af 
Fi 
ae {i G(u,v,u’,v)dt. 


The first of these integrals is positive or zero, since it is the difference between 
the integral J taken along a curve C’ drawn in the field from A to the curve 
u=u,, Which cuts the extremals of the field transversely, and the integral J 
taken from A to B along C’.. The second integral is also positive since G is 
positive. Discard these first two integrals and then introduce in the third as 
parameter the are s of C’. We have then 


(A,) fats. ace v, cos d, sin d)ds > AVL, 





* For the region about A a corresponding pair of quantities D’, &’ must be considered, and so 
we will choose D, & at once each as the smaller one of the two quantities to be considered. 
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where > 0 denotes the minimum value of G(u, v, cos ¢, sin ¢) when (w, v) 
is any point of 7’ and ¢ has any value whatever. 

This completes the approximate evaluation. The final result may be stated 
as follows: 

If L is any positive quantity so chosen that no point of the region Z will 
be exterior to the region T and that L <8 V2(u,—,), and if E denotes the 
smallest of the quantities entering on the right hand sides of the inequalities 
Jor H: (A,), (A), (A), (Ay), (A,)5 then the value of the integral I extended 
along any curve C' whatsoever that does not lie wholly within ZT. exceeds the 
value of this integral extended along C by a quantity greater than E ; or 


ie 
for such a curve C. 
The curves C’ considered in the foregoing investigation were assumed to have 
a continuous tangent throughout their whole course inclusive of their extremities. 
It is easy to see that the above results still hold for curves C’ made up of a 
finite number of pieces, each of which enjoys the above properties. In particu- 
lar, C may be made up of a finite number of pieces of straight lines. 


§2. THe FUNDAMENTAL THEOREM. 


4. FUNDAMENTAL THEOREM. Let f(a”) be a single valued continuous 


Junction of « in the interval a=x=b, and let f(x) have a continuous deriva- 


tive f' (x) at all points of this interval. Let 


IFO-/f(O| =L> 9, ae te 
Then 
l LT 
( (x) dx = 546 say 


aA eae 





provided that 


The theorem still holds under the more general hypothesis that f («) is con- 
tinuous throughout the interval aS=aSb and that this interval can be broken 
up into a finite number of subintervals throughout each of which, inclusive of 
its extremities, f (x) has a continuous derivative.* 

We may restrict ourselves to the case that /(7)—f(a)> 0, since the case 
that /(7) — f(a) < 0 can be referred to the former case by setting f(x) = — (2). 
We may furthermore assume that /’(x) = 0, since, if f’(@) <0 in parts of the 


interval, we may define a function /’(«) by the conditions : 





* Since this theorem merely serves the purpose of a lemma for the proof of the main theorems 
of this paper, no attempt is made to state the theorem in more general form than is needed for 
present purposes. 
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F (x) = f (x) for values of « for which f’(x) = 0; 
F(«)=90 for values of x for which f’(x) <0, 
and this function will have the property that 
FD)—F(a=L>L. 
If Z’ be so chosen that /’(/’) = Z and 0 <1’ </, then 


[rey de> [ Fe) de> [Fey dex = oa 


Thus the theorem will hold in all cases if it holds when (7) > f(a) and 
(2) =0 aSe=0. 
Finally, we shall for simplicity confine ourselves to the proof of the theorem 








under the hypothesis that 7’ (w) is continuous throughout the whole interval, for 
the more general case presents no principal difficulty. 

5. LemMa. TF (@) is a single-valued, continuous function of « through- 
out the interval a=v=B, and if 


Vesey rf) eee a 
at all points of the interval ; if, furthermore, 


JF (8) —f(Q) =r>A> 9 | andif rA<B—a, 


[Fer d> tera 


Let y, 7 be defined by the equations: 


then 





B = CS ts 
f f'@) dn =f(8)—f@)= (8 —2), 


so that yr =A, 0 < yl. 
Let the points of the interval (a, 8) be divided into two sets: 


/ 


(s,), the points in which f’(w) = dy, K 


bole 


/ 


(s,), the points in which /’(#) <4y; T—K 


and let «’, 7 —«’ denote respectively the internal content of (s,) and the ex- 
ternal Peon of (s,).* The quantity «’ varies with different functions /’ («) , 


* Cf. JORDAN, Cours @ analyse, vol. 1, 2d ed., 1893, p. 28, 736 
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and we wish to determine its lower limit. Consider the function f(x) defined 
as follows: 


d(e)=1, e=2>a--«K; d(a)=37, a+txKe<exSp, 


where « is so chosen that 


B 
[ $@)de =>, ie, K+ 4y(T—K)=)2, 


oa 




















Bi deg Bo as Bs 


Fia. 4. Fia. 5. 


This function ¢ is, because of its discontinuity at « =a + «, an impossible 
function f’(v); but there exist functions f’(w) that differ from (x) but 
slightly, and it seems likely that the number « thus defined is the lower limit of 
all the «”’s. This we will now show to be the case. 

A positive number ¢ having been chosen at pleasure, it is possible to divide 
the interval (a, §) into a finite number of subintervals (a,, 8,), (a,, 8,),--+5 
(a,, 8,), consisting exclusively of points of (s,) and such that 


nm 
eee >» (8, — a,) ice 
=. 


The sum of the lengths of the remaining intervals then satisfies the relation : 
nh 
ee / , 
T—K << (G4 B)<T—K +€, 
i=0 


where 8, = aanda,,,= 8. In particular, it may happen, as in the case indi- 
cated in the figure, that a, = a,so that the first interval, (a, — §,), may be 
suppressed. A similar remark applies to the last interval when 8 = 8. Fur- 
thermore, the above intervals may be so chosen that, 6 being a second arbitrary 
positive number, 


J'(@) <37 +8, 


at all points of each of the intervals (8,, a,,,). This follows from the uniform 
continuity of the function f(a). 
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From the formula 


B nv Bi n a; 
{ I (a) dx = | ST («) da + >> if "F' (a) dx, 
a t=1 Ua; i=0 B; 


we now infer, since f’(«)=1 in the interval (w,, 8,) and f(x) <4y + 6 in the 
interval (a,,,, 8,), that 
2) N<e' + (dy + d)\(r—#' +0). 
From (1) and (2) it follows that | 
K eRe +43 (¢).0)', 


where (¢, 5) is a quantity that can be made arbitrarily small by a suitable choice 
of eand 6. Hence 


and this is the relation that we set out to establish. It is unnecessary to con- 
sider whether the lower sign can ever hold. 
The proof of the lemma is now given by the relation: 


B ri B; 2 
ay 9 - : a 9 Y , 
fl SI (a) du> > fy (ac)? doe > G) (K’—e), 
a 1=1 ay a 


from which it follows that 


B : ‘ x3 
i TAR) POE tty a $e? q. e. d. 
6. Proof of the theorem. — To prove the theorem let us first assume that the 
curve y = f’(x) cuts the line y = 1 in a finite number of points, and that, in the 
intervals (a,, 5,), (d,, 5,), -*+5 (4,5 4,), 


of Ue) hae Or, 


a u 








Fia. 6. 
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while in the remaining intervals, (b,, @,), (0,, @,), -++, (0,5 @,,,), where 6, =a, 
Ca ifs 
of (0) Op ete ee 


(In particular, the curve need not cut this line at all. The result obtained 
below is still true, and the modification in the proof is but formal.) Observe 
that we may write down the relation : 


(3) 2. [LF (44) — f(6;)] 30 2 LA) — f(a,)] = D 
The relation on which the proof of the theorem turns is the following: 
[7@) ‘de= yf "h(a rio + fi ia): ° dx 


(4) a 
= EA) FO) +4 PGE 





the approximate evaluation of the first sum being given by the relation 
ST (wy >f' (w), and that of the second sum by the lemma of paragraph 5. The 
terms that compose the last sum we divide into two classes, namely : 

(A) The terms for which 


FO) ~ S14) 
b, — a, = Le 





where p is a positive quantity to be defined later. Let the values of the index 
for these terms be denoted by #,, 7,, +--+, ¢,3 
(L) The remaining terms. For these 


i 
F(6,) —f(G@) = “ L(b,—a,); 


let the values of the index j for these terms be denoted by j,, j,, ---, j,,- Notice 
that 


6) ELF) - fa] <5 2E G4) 35 EO-4) 


We now write down relation (4), suppressing all terms of class (2) and re- 
placing each summand in class (A) by a smaller quantity, as follows: 


LS b. ) =f d; ) Y ip b, S(a ' VEE 
. ee -| am S 2 [S(,, el AU! ie =e LF) — a 


iy; 
The result is the relation 


[rorw=d rau) -T6, 


r=) 











sab Le i,) ~F(4,,)]. 
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Next, let p be taken large enough so that Z?/8p? <1. Then 


[rod > {Er + E70) 2] 





The quantity in the brace we now transform by adding and subtracting the 
terms of class (6). The addition of these terms gives three sums whose total 
value is precisely 2. On the other hand, the inequality will only be strength- 
ened if, instead of 


m 


DD LF (4;,) —f(%,)] 


we subtract the larger quantity given by (5), namely, p-'Z(6 — a). We thus ob- 


tain the relation: 
l Vi ae | 
‘(xY¥ de> =} L— Pe 
i) te) oF | p 





The expression on the right hand side is seen to have its maximum value when 
p = $(6 —a), and hence it follows that 


l ' s VEE 
i (x) dx > 54(6 ap 


provided that the above is an admissible value for p; i. e., if it will make 
L?/8p? <1. This will be the case if 


{ef RON NY 


and this relation was made part of the hypothesis of the theorem for this very 
purpose. Since we are concerned only with small values of Z, this restriction 
is not embarrassing. 

We may note in passing that we could obtain a corresponding formula for 
large values of Z by choosing p so that 1 — Z’/8p’ will be an arbitrarily small 
positive quantity, and then replacing the factor Z/p in the brace by the larger value 
2/2. The resulting formula (which, indeed, is true for all values of L) is: 


U — 
{i J (ey dx > {LZ —2V2(b—a)}. 
a 


We have hitherto assumed that the curve y= f(x) meets the line y= 1 
only in a finite number of points. If this is not the case, then it is possible to 
divide the interval (a, 7) into a finite number of subintervals and to separate 
these into two classes : 
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(a) Intervals within which the curve and the line do not meet. They shall 
meet at each extremity of such an interval, the points «=a and «=/ ex- 
cepted. 

(5) Intervals within which the maximum value of /’() is less than 1 + e, 
where ¢€ is an arbitrary positive quantity. 

Let a function 7, («) be defined as follows : 


ft, (w) =f («) in the intervals (a) ; 
Fi (x) =f () at those points of the intervals (b) at which f’(~) =1; 
J (@) =1 at the remaining points. 
Then, if 
AO-A(QO=L,, L-el-a<Ll,<L. 


To the function /; («) all the reasoning is applicable that has been used above in 
the case of the function /’(~), if we introduce the following modification : 
The curve y =f, («) may be cut by the line y =1 in an infinite number of 
points. The points of this set in parts of whose neighborhoods Ff, («) is positive 
are, however, finite in number. These points play the role of the points of inter- 
section in the former case; and if we denote them by a,, b,,---a,, b,, the 
former proof will apply. Thus 


Senge, ieee aL 
{£@ dx — 54 (6 — a)?" 


Z 1 
{roy dz> {f@ des 


and we now readily infer that 


7 a8 eee L? 
fr (a) dx — 54 (b — a)?" 


This completes the proof of the theorem. 


But 


$38. THe Proor oF WErERSTRASS’S THEOREM. 


7. Let the points 4, B be joined by an arbitrary curve lying in the field 7, 


oO 


but not lying wholly within T: 


ae v=¢(t), y= v(t); t,=t=t, 


where ¢, w denote, to begin with, merely single-valued, continuous functions of 
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t, and let a polygon P be inscribed in C with its vertices at the points 7, = ¢,, 


T -, 7, =t,, where 7,<7,,,. Its sides may intersect one another. Form 


hors 
the sum 


ru— 


Sie a=. Fe, ) Yio Az;,, Ay;) - 
=0 
Let the curve C be now restricted to belonging to the class (A’) of curves for 
which S approaches one and the same limit when nm = o, no matter how the 
vertices of the polygon are chosen, provided merely that its longest side con- 


verges towards 0. Denote this limit by §. Then Werersrrass’s theorem is 
established if we show that 


(1) SET tay 


and this we will now do. 


Toy 
u,+L—u,)”’ 





Let ¢ and 6 be two arbitrarily chosen positive quantities, and let the polygon 
P be so chosen that 


(2) IS — 8 <e 


and that the length of the longest side of P is lessthan 6. Form the (improper) 
integral J for the curve C= P. This will be a proper integral provided we 
assign to the arguments @’, y’ definite (but arbitrary) values at the vertices of 
P. We have then: 


Ti+1 


‘ 
r= { Fey e'sy)u=> | (x,y, %,y)dt 
t 


0 


(3) ee 
x, 
=a ae Pie Yar Age 1 2) age Gd Aw;, Ay;), 


where 
x, = b(t; + FAL) = $(t) + &,, Ve = 1 
and 
=W(t,+ 7 At) =v(t) +9;, Uae 


By proper choice of 6, it is possible to make 
(4) lel <h, [ol<h (¢=0,1,-::,n—1), 


where /, denotes an arbitrary positive constant. 
The function /'(x, y, cos ¢, sin ¢) is uniformly continuous and hence, by 
proper choice of 4, we can insure that 


(5) |F(a,+ &,y,+§;, cos a,, sin a,) — F'(w,, y,, cos a;, sin a,)| <e, 


where Az,/p, = cos a,, Ay,/p, = sin a, and p,= “Aa; + Ay;. Multiplying (5) 
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through by p, and adding from i= 0 toi =n —1, we get, remembering that 
(op 44 pa Yr Xm 
F'(e,, Y;, C08 a;, 8in a,)p, = F'(x,, y,, Au,, Ay,) ete., 


(6) \Z— S| <el,. 


Since F(x, y, sin ¢, cos ¢) is always positive and is continuous, it has a posi- 
tive lower limit when w, y, ¢ vary arbitrarily, and hence it is only for curves 
that have a length that S can converge toward a limit, as is at once evident if 
the are S of P is used as the parameter ¢ in (3). Denoting the length of 
C’ by 1, we replace (6) by the relation: 


(7) eas ee ate 
From (2) and (7) it follows that 
3 — Z| ed + 1). 
But, from the theorem of § 1, 


x LP 
fae 54(u, + L — u,) 

| LT 

Sod t+ 54(u, Sy fe uy) ra eda 





and hence 





Since ¢ is arbitrary, the truth of the relation (1) is thus established.* 





* Note of July 6. HILBERT has given a definition of the integrals 


’ A» 02 
fF, y, y') du ffrle Y, 2; a wy Jae 


which, like the Weierstrassian definition of the former of these (written in homogeneous form), 
is a generalization of the ordinary definition for the case that the function y or z does not have a 
continuous first derivative or continuous first partial derivatives ; cf. E. R. HeEpRIcK, Ueber den 
analytischen Craracter der Losungen von Differentialgleichungen, Dissertation, Gottingen, 1901, 
p. 69. For the integral considered in the present section, HILBERT’s definition is in substance 
the following. Let the continuous curve ( be divided as before into n segments by the points 
T) =o) M1) °°*) Ta = hh, where 7; <_7i41. Through these 7 points pass an arbitrary curve, which 
HILBERT assumes to be analytic; it is enough to assume that it is made up of a finite number of 
pieces, each of which is a continuous curve having a continuous tangent throughout its whole 


extent, its extremities included. From the integral I= fF (2, y, %’, y’) dt for this curve. 


Then when all such curves through the 7 + 1 points are considered, the various values of the in- 
tegral will have a lower limit. In the case of the geodesic integral this lower limit is obviously 
the length of the inscribed polygon above considered. Next, consider the totality of values con- 
sisting of these lower limits ; to each one of the infinity of modes of division of @ into » parts 
corresponds one such value, and n=1, 2,---. The wpper limit of these values HILBERT de- 
fines as the value of the integral in question. 

Thus we have, in form at least, a new generalization of the integral I for curves C for which 
this upper limit is finite ; and the totality of such curves form aclass (A’). This class coin- 
cides, however, with the class (K ) and the value of the generalized integral for a curve of the 
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new class coincides with the value of the integral generalized according to Weterstrass’s defint- 
tion for the same curve. The proof of this theorem depends on the fact that the integral J can 
be made a minimum by a curve ¢ connecting any two points of 7, provided that the distance 
between these points does not exceed a suitably chosen positive constant /, and that these curves 
have continuous curvature which lies (numerically) uniformly below a suitably chosen positive 
constant G. Thus, when 7 is large and the maximum distance between two successive points 
Ti, Ti+1 is small, the lower limit of the integral will be obtained by employing the curve made 
up of the 7 curves connecting the 7 + 1 points, each curve being so chosen as to make Ja mini- 
mum over against all other curves having the same extremities. These curves differ but slightly 
from right lines in all of their properties that are essential for the above proof. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MAss., April, 1901. 
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CONCERNING HARNACK’S THEORY OF 
IMPROPER DEFINITE INTEGRALS* 


BY 
ELIAKIM HASTINGS MOORE 


INTRODUCTION. 


In this paper I consider the improper simple definite integrals of Harnack 
(1888, 1884). In the introduction I wish to characterize somewhat clearly the 
theories of the improper simple and multiple integrals recently given by JORDAN 
(1894) and Sroxz (1898, 1899), and in this introductory paragraph I summarize 
the contents of the whole introduction. These theories for the simple integrals 
have intimate relations with the Harnack theory. The definition adopted for 
the multiple integrals is more exacting than that for the simple integrals. The 
multiple integrals converge or exist (as limits) only absolutely. For the simple 
integrals we have then two theories, on the one hand, of the integrals with the 
milder definition, and, on the other hand, of the integrals with the stronger de- 
finition and so with a larger body of properties. The first class of integrals in- 
cludes the second class of integrals. The HArnack theory relates to the first 
and general class of integrals; this theory has not received systematic develop- 
ment; however, for the theory of the absolutely convergent HARNACK integrals 
this is not true, and these integrals constitute the second and special class of 
integrals. I discuss both classes of simple integrals simultaneously and by uni- 
form process; this is made possible by suitable determinations of the definitions ; 
the absolute convergence of the integrals of the second class appears only at the 
conclusion, and hence it is desirable to introduce terms of discrimination con- 
noting the two definitions, the milder and the stronger; the terms chosen, 
‘narrow,’ “broad,” connote the geometric form of the definitions, and likewise 
the fact that the class of narrow integrals has a less extensive body of properties 
than the (included) class of broad integrals. There has been a tendency to do 
away with the non-absolutely convergent Harnack integrals ; I hope to show 
that this tendency rests upon misconceptions.—The theory of DE LA VALLEE 
Poussin (initiated in 1892) is in form distinct from the Harnack theory and 


* Presented to the Society (Chicago) December 28, 1900. Received for publication June 12, 
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relates primarily to absolutely convergent integrals. It is not involved in the 
present paper. 

HARNAOCK, in papers* published in 1883 and 1884, in volumes 21 and 24 of 
the Mathematische Annalen, first gave a definition for the notion of an 
improper definite integral from a@ to b of a real function F’(«) having these two 
properties : 

(1) The function /’(«) assumes values indefinitely great in the neighborhood 
of points € constituting a point-set + Z lying on the interval ad and of content 
zero; and 

(2) The function #’(x)is properly integrable in the neighborhood of every 
other point a of ab, or what is equivalent, it is properly integrable from «’ to b’ 
where ab’ is any interval of ab, which contains no point ¢. 

HARNACK’s definition was formally a definition not so much of the definite 
integral 


(1) { F(x ) da 


itself as of the definite integral function 
xX 
Cx fi Baa (X of a’). 


Indeed his definition, in common with many limit-definitions of that period and 
of earlier periods, was not expressed in explicit form. From the context one 
may infer that Harnack was so desirous of passing to the less immediate 
applications of the notion that he was unwilling to attend to the systematic 
exposition of the fundamental elements of the theory. Thus he was led into 
error,—with respect to the general theory, notably in the theorem t: 
If the set Z of singularities of the function #’(«) is reducible (and so of 
content zero), and a continuous function ¢(a) of « on ab exists, for which 


p(w") — h(a’) = { i E(x) dx 


x! 


for every interval w’«” of ab, containing no singularity ¢, then the integral 





*Anwendung der Fourier’schen Rethe auf die Theorte der Functionen einer complexen 
Veranderlichen ; vol. 21 (1883), pp. 305-326 ; cf. pp. 324-326. Die allgemeinen Sédtze riber 
den Zusammenhang der Functionen einer reelien Variabelen mit thren Abletiungen, IL. Theil ; 
vol. 24 (1884), pp. 217-252 ; ef. p. 220 fg. 

+ It is convenient to use set as the equivalent of Menge and ensemble.—For CANTOR’s Punkt- 
menge OsGooD has used the English term Cantor’s set. : 

t Loe. cit., vol. 24, p. 222, theorem 3. This theorem depends on theorem 2, which is like- 
wise erroneous (cf. § 5 6°). 
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| F(x) dx. (x of ab) 


exists * or converges and has the value 


(2) — (a). 

This theorem was designed to show that the improper definite integrals defined 
by HétpErR (Mathematische Annalen, vol. 24 (1884), p. 190 fg.) are 
special cases of the HArNACK integrals, the set Z being reducible. And this 
does follow, by the elucidations of HOLDER as to the uniqueness of his definite in- 
tegrals, whenever the corresponding HaRrNACK integrals exist. ‘Thus the Har- 
NACK integrals with reducible sets of singularities are HOLDER integrals, and the 
HO6LpeER integrals for which the corresponding HARNACK integrals (with re- 
ducible sets of singularities) exist are these HARNACK integrals. By examples 
in $5 (4°, 9°) I show that each system of integrals is more extensive than their 
common subsystem. 

I accept the sharp formulation of the limit-definition of the integral (1) given 
by Sroxz+ (1898) as doubtless a correct expression of the content of HARNACK’s 
meaning. 

As SCHOENFLIES ¢ has remarked, the generalized simple definite integrals of 
JORDAN (Cours d’analyse, ed. 2, vol. 2 (1894), pp. 46, 50 fg.) are§ HARNACK’s 
improper integrals, although there is no reference to HARNACK and the form of 
exhibition is different. JORDAN (loc. cit., p. 46) selects two properties of the 





*T think of the integral as a limit, that is, as a certain number obtained by a certain limiting 
process, and prefer to say in general that the limit exists rather than that it converges ; the limit- 
and expression converges to the number in question as its limit. 

+ The full reference is given below. 

tJahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8: Bericht 
(1900), p. 176.—ScHOENFLIES (loc. cit., p. 186) gives suggestively but not explicitly a defini- 
tion of the HARNACK integrals in terms involving the set of non-overlapping intervals of ad 
which enclose no point ¢ and every point not-¢ enclosed by ab. One may form three explicit 
definitions in these terms. The third definition agrees with the definition given by STOLZ, and 
the second is equivalent to it, while the first, which alone fully expresses the implications to me 
of the language used by SCHOENFLIES, is a definition considerably milder. 

§ At least if the content of the set I’ of points ¢ (loc. cit., p. 50) is zero. SCHOENFLIES sug- 
gests that a condition to this effect may have been unintentionally omitted. But JORDAN defines 
(loc. cit., p. 76) double integrals without the insertion of the analogous condition ; for (contrary 
to a statement of SCHOENFLIES) he speaks merely of the interior content of the region of integra- 
tion. However, in the case of the simple integrals, if this condition is omitted, the theorem 


b 
cited in the text will fail, whenever the condition for ib F(x) dx is not satisfied, even for all 
a 


cases in which G(2) is a non-zero constant. It may be noted here that JORDAN’s set I is the 
set of all points c in whose neighborhood the function /’(z) is not capable of proper integration. 
Thus, the set l includes HARNACK’s set Z. But we have the theorem that the set I is HAR- 
NACK’s set Z, in case I’ has content zero and the improper definite integral exists. Cf. theorem 
VITA of §3. 
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proper integrals which serve to suggest the explicit definition of the gener- 
alized integrals. But the theorems of the sequel and the reference theo- 
rem implied (p. 226, ll. 9, 10) in the proof of the second mean value 
theorem for the generalized integrals, certainly need fuller proofs; indeed, 


the theorem* that ie '(F(#) +G («)) dx exists and 


{ (F (vw) +G4 («)) de = { F (aw) de + { | G («) dx 


in case the integrals on the right exist, is not in general true. In $5 8° I give 
a simple example in which the integral in question does not exist. 

Quite recently Harnack’s theory (without reference to JORDAN’s theory) has 
been considered systematically and critically by Srouz, first in 1898 in a paper + 
entitled “Zur Erklarung der absolut convergenten uneigentlichen Integrale,” 
and then in 1899 (with but slight modifications) in appendix III to volume 3 of 
his Grundziige der Differential- und_Integralrechnung, and further immediately 
thereafter, in 1899, in a paper entitled “Uber die absolute Convergenz der un- 
eigentlichen bestimmten Integrale.” + 

STOLZ gives t an explicit definition of the HARNAcK integral (1) as a certain 
limit, and then, considering the theory of these integrals, he affirmst that it fails 
to justify for the limit in question the notation and designation definite integral 
—that one has not even the property that if 4 F(e) dx exists, so do all the 


integrals f ‘F'(w) da (a<e<b). Contenting himself at this point with an 
affirmation, Stoiz turns to the theory of the absolutely convergent integrals 
(1), that is, those for which also the corresponding integral ip : |F'(a)| dx exists, 
and finds§ that these integrals deserve the name, since they possess certain 
four fundamental properties. 

The definition given by Srouz has application with respect to any point-set 
E lying on the interval ab and of content zero, which contains the set Z used by 
HARNACK, and in so far his definition is formally more comprehensive than 
HaARNACK’s definition. This extension was necessary for the formulation of the 
third and fourth of the four fundamental propositions which are as follows : 

Under the hypothesis that /’(«) is absolutely integrable from @ to 6 with re- 
spect to a point-set = of content zero: 

I. F(a) is likewise integrable from @ toc and from ¢ to 6, where ¢ is any 
point of ad, and 


* Theorem 3, §58, p. 56.—This theorem would follow directly from HARNACK’s erroneous 
theorem 2 cited above. ; i 

+ Wiener Berichte, vol. 107ma, pp. 207-224 ; vol. 108m, pp. 1234-1238. 

t Wiener Berichte, vol. 107, pp. 207, 211. Grundziige, vol. 3, p. 277. 

§ Wiener Berichte, vol. 107, p. 211, §2, and pp. 216-221, §5. Grundziige, vol. 3, 
pp. 277, 279-284. 


300 E. H. MOORE: CONCERNING HARNACK’S THEORY [Juiy 


|| Wine il “Fy det if F(e)dz. 


II. For every positive ¢ there is a positive 6, such that for any set of a finite 
number (vn) of non-overlapping intervals a,b, (a, <6b,; k=1,---, 7) of the 


interval ab of total length less than 6, the sum of the n integrals f eG (w) dxis 
A 


in absolute value less than e. 

III. /(x) is absolutely integrable from a to 6 with respect to the point-set 
= + H obtained by extending = by any set H of content zero, and the integrals 
with respect to % and to & + H are equal. 

IV. If G(x) is absolutely integrable from @ to 6 with respect to the point-set 
H of content zero, then /’(a) + G(«) is likewise integrable with respect to the 
ageregate set = + H, and 


b 
a 


il (F(x) a G (a) dx= { Fe) de + { é@ dx. 


As to these theorems it is to be noted that the third is an immediate conse- 
quence of the first two, and that the fourth is an immediate consequence of the 
third. 

As to the corresponding theorems for the HaArNAcK integrals in general I 
shall show ($38 V, VIII) that the first is in fact true, notwithstanding the state- 
ment* of Srouz to the contrary ; the second is the erroneous theorem 2 of HAr- 
NACK and the fourth is the erroneous theorem 3 of JorDAN. Indeed, the valid- 
ity of the second theorem for a HARrNAcK integral implies its absolute con- 
vergence (cf. § 2, def. 1, note 1, footnote, and $4 III). The second theorem is 
in effect a generalization of the uniform continuity of the definite integral 
function J(«); for the non-absolutely convergent Harnack integrals the uni- 
form continuity of J(#) holds (§ 3 LX, § 5 6°). 

The limit-definition of the integral (1) relates to the various interval-sets J of 
a finite number of intervals enclosing all points ¢ or & of the set Z or =; in 
notation J= J(Z) or J(=). According to the implication of Harnack and of 
Sroxz and the explicit statement of JoRDAN (loc. cit., p. 51, top) every interval 
of J encloses (at least) one point § or &. 

JORDAN’S definitions} for the improper simple and multiple integrals relate 
to closed. measurable regions D lying within the bounded or limited region /’ 





* This statement of STOLZ is reaffirmed by PRINGSHEIM (Mtinchener Berichte, 1900, p. 
220) in his recent paper on the second mean value of the integral calculus, and it is the basis of 
PRINGSHEIM’S rejection of HARNACK’s extension (Annalen, vol. 21, p. 326) of that theorem 
to the general improper integrals ; the theorem as extended is, however, correct, and the follow- 
ing development of the general theory makes HARNACK’S elegant proof effective. 

floc. cit., pp. 51, 76, and 87. The theory of the improper upper and lower multiple in- 
tegrals is first developed. 
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of integration and containing no singularity c. For the simple integrals the 
complementary region /’— DP is the interval-set /(=) = J(I') each of whose 
intervals encloses a point c. For the multiple integrals the corresponding con- 
dition is not imposed, and accordingly the condition for the existence of the 
improper integral is stronger, and JORDAN proves* that the multiple integrals 
as defined exist only absolutely. For the simple integrals the corresponding 
theorem does not hold, and JORDAN (p. 87) remarks that the loss of the theorem 
is due to the fact that the definition for the simple integrals is less exacting, 
although he expresses himself somewhat obscurely, in terms of one dimension 
not capable of immediate extension to more dimensions. 

Stoiz+ develops the JORDAN definition of improper double integrals for the 
case t of a region / with ordinary boundaries on which all the singularities ¢ 
lie. The one-dimensional analogue of this case is that of a finite interval Z’ 
with singular extremities, and for the simple integrals D is a sub-interval of 
#. In his last paper § Srouz, following Wirrrncer, notices that if (as in two 
dimensions) the J is allowed to be an interval-set the improper integrals exist 
only absolutely. (This, we have seen, was the implication of the remark of 
JORDAN.) And, further, he likewise notices (as a generalization for the special 
ease of the theorem of JORDAN) that the double integrals would still exist only 
absolutely even if they were given a less exacting definition, the region ) being 
required to be (as in the case of the simple integrals) connected || or of one 
piece. 

To revert to the general case of multiple integrals, it is now apparent that for 
a definition formally less exacting than JORDAN’s we may impose on the region 
DP which converges to # the conditions: (1) the region £'— D consists of 
one or more regions, each being of one piece and each enclosing a singular point 
c; (2) the region JD consists of one or more regions, each being of one 
piece and no two being capable of union as parts of an including connected re- 
gion J); (3) the region PD consists of a finite number of connected regions. 
And these conditions on the region ) may be imposed or not imposed indepen- 
dently of one another. 

In this paper I confine attention to the simple integrals over a finite interval 
# = ab; the conditions (1) and (2) then become identical; we impose the con- 
dition (3), and thus have the theory of the narrow or of the broad simple inte- 





* loc. cit., pp. 80, 87. 

+ Grundziige, vol. 3 (1899), p. 122 fg. 

{ This case is hardly equivalent to the general case, although SToLz considers that it is (cf. 
loc. cit., p. 122). The proof (p. 141 fg.) of the theorem of the absolute existence of the im- 
proper double integrals I find inconclusive. 

§ Wiener Berichte, vol. 108 (1899), pp. 1234-1238. 

|| SCHOENFLIES (loc. cit., pp. 203-205) in his report on this paper of SToLz seems to confuse 
definitional conditions for the existence of an integral and properties resulting from its existence. 
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grals, according as the interval-set “ — D is not or is required to have on its 
every interval a singularity c. By developing the two theories simultaneously 
we obtain a new insight into the varying properties of the general and the abso- 
lutely convergent HarnaAcK integrals. 

In my judgment the general integrals—even the non-absolutely convergent in- 
tegrals—deserve to be classed with the proper definite integrals under the desig- 
nation definite integrals. To be sure they lack in general many fundamental 
properties of the absolutely convergent integrals. We may however look at these 
matters in such a way that the properties of the different classes are more nearly 
equivalent. Let us think not of the proper or improper definite integral but, 
more generally, of the definite integral with respect to a point-set E of content 
zero and thus write for instance jhheng (~)dx, and speak of the =-integrals. 
Then for every = there is a theory of the narrow and of the broad Z integrals, 
and for the various sets E these theories, in so far as they relate to a single 
set = or toa single set = and its subsets &, including the set Z of singu- 
larities of the integral function #’(@), are to a large extent the same. (I 
remark in passing that the desirable theorem (§2 V): if #(#) is —-in- 
tegrable from a to 6 and the set Z is non-existent, then /’(”) is properly in- 
tegrable from a to 6 and [FP (x) da = ih i F(x) dx, holds only if the content 
of the set = is zero. And in this fact I see one of the strongest reasons for con- 
sidering only such sets E.) 

In the sequel the theories of the narrow and the broad Harnacxk integrals are 
developed from this point of view and otherwise essentially in the spirit of the 
original Harnack papers. The necessary fixed hypotheses, ete., being intro- 
duced in § 1, I give in § 2 for the E-integrals the definitions and a number of 
fundamental theorems, and then in § 3 I develop the properties of a function 
i(w) Z-integrable from ato 6. I bound the inquiry of § 3 in effect by the 
form of the four fundamental theorems of Stouz. Then in § 4 the questions of 
absolute convergence are introduced. And in § 5 (added July 1, 1901) after 
exhibiting an important condition necessary and sufficient for the existence of 
the general or narrow Harnack integral, I construct for the general closed 
point-set & on ab of content zero a E-integral from a to b for which the set = is 
the set Z of singularities, and which is near every point # = & essentially nar- 
row or non-absolutely convergent: and in connection with the simplest case, 
= = (b), I exhibit the examples needed to show the error of various statements 


already referred to. 
e1. 
FUNDAMENTAL HYPOTHESES, DEFINITIONS, AND NOTATIONS. 


1°. We consider the finite interval ab of values of the real variable x. In 
the proofs of the propositions we shall consider the case a < 6, to which the 
case ad > b is immediately reducible. 
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2°. We consider further a point-set 3 of points & which is of content zero. 
As explained in § 2 the set 2 will later be supposed to be closed ; this supposi- 
tion involves no restriction of generality. The aggregate or sum 2, + &, of 
two sets =,, =,, each closed and of content zero is again a set of the same kind. 

3°. On the interval ab the real function /’ (a) is supposed to be single valued 
wherever defined, and it is supposed to be defined certainly at all points x not 
of =. Moreover it is supposed that (x) is capable of proper definite integra- 
tion from a’ to b’ where the interval a’b’ is any interval lying on the interval 
ab and containing no point € and no limit-point &’ of =. 





4°. With respect to /’ (x) it is convenient to separate points « =, into two 


classes. The point «=a, is regular if near @, (i. €, on some interval 


0 
%,— 6---%, + 6) F(x) is everywhere defined, single valued, and limited; and 
otherwise it is singular. A singular point x = € may be both progressively and 
regressively singular or merely progressively (¢ = €,) or regressively (¢ = ¢_) 
singular. We speak of the singularities € and of the singular point-set Z of all 
points ¢. The set Z is closed. Obviously every singular point € is a point & 
or a limit-point &’ of =; if the set = is closed, the set Z is a subset of it. 

5°, A finite number of intervals: such that no two have a common point is 
called an interval-set. Denoting by J an interval-set we denote its length, the 
sum of the lengths of its intervals, by D,. 

6°. Two intervals 7,7, having a common inner point determine a definite in- 
terval 7,, = 7%,, common to 7, and i,. - Two interval-sets J, J, having a common 
inner point determine a definite interval-set 7,, = /,, which may be called the 
set of intervals common to J, /,, that is, every 7,, of J, is the interval com- 
mon to certain two intervals 7, of /,, 7, of J,. The set common to a set J and 
an interval «,«, is denoted by J". 

For brevity, especially in partitioning interval-sets, it is sometimes convenient 
to use these notations, even when the interval-sets in question do not exist ; for 
example, an interval-set J is, by an interval x7, separated into two interval- 
sets 7", I’ (of which one may not exist), and we write J= J)? +J’. 

7°. An interval-set J is said to contain any point-set S,, all of whose points are 
points of 7; and in this case Sis said to be of or to lie on 7. Further an 
interval-set is said to enclose a point-set S if every point s and likewise every 
limit-point s’ of S lies within some interval of 7; and in this case S is said to 
be an inner set of or to lie within Z. The interval-set 7 is said to contain or to 
enclose the point-set S narrowly, and S to lie respectively on or within J nar- 
rowly, if furthermore every interval of 7 contains or encloses at least one point 
sof S. It is convenient to denote by 7(S) an interval-set which encloses S 
narrowly, and by 7{S} one which encloses S not necessarily narrowly, or, say, 
one which encloses S broadly. Thus the broad is the generic enclosure, and 
the narrow is a specific enclosure. 
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8°. The set = being by hypothesis of content zero, for any positive number 
e there an interval-set J, enclosing = narrowly and of length D,; <e. 

9°. On the fixed interval ab in connection with any interval-set 7 (not neces- 
sarily lying on the interval ab) we introduce a function /’;(«) by the following 
stipulation : according as the point a of ab lies or does not lie on 7, 4’,(x) has 
the value 0 or #’(«), with the understanding that, if Z is the symbol of a non- 
existent interval-set, /’,(~) = /’(x) for every « of ab. It is to be noticed that 
if J encloses &, then /’,(~) is on the interval ab everywhere defined, single 
valued, limited, and capable of proper definite integration from a to b. 


5) 
ae 


s 
THE DEFINITE INTEGRALS NARROW AND BROAD 
b b 
F(x) dx, E(x) de 
«a (z) {x 
OF THE FUNCTION F(x) FROM a TO 6 WITH RESPECT TO THE SET BE: 
DEFINITIONS, CONDITIONS NECESSARY AND SUFFICIENT FOR 
EXISTENCE, AND FUNDAMENTAL THEOREMS. 


We consider simultaneously the two cases : 


5 
(1) the narrow —-integral, F(x) dx; 


a (ZB) 


ab 


(2) the broad Z-integral, F(x) dx. 


a {Zz} 
iz} 


When these integrals are considered simultaneously and disjunctively (as in 
§§ 2, 3) we speak simply of 


) 
(3) the =-integral : if F(x) dix. 
az 
In case J denotes an interval-set enclosing = narrowly or broadly the fune- 
tion #’,(x) is capable of proper definite integration from a to b. We consider 
the proper definite integrals : 


(4) . { ie, («) da , 


for the various interval-sets Z enclosing = [2"*v'", and denote by the respective 
limit-notations : 


I |i (8) It {mR} 


(5) L [Fe@d: L [ Fea, 


Dj=9 a D7=9 a“ 
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certain finite constant limits, if existent. Then we give those limits the specific 
E-integral notations : 
b b 
(6) F(x) dx ; F(x) dx. 
a (2) a {Zz} 
Thus we have the explicit 
Definition* 1. The (existent) pr’ integral : 


b I\I(=) 
Fi@\deaas f Fe aes 


a(B) Dy= 


(7) 


b 


cae ) aan 'F, (2) dex: 


@ ES Dj=0 TA 


is a certain finite constant such that for every positive number e there exists a 
positive number 6, such that 


Whe 
(8) Lf F(x) dx — { F@ du|<e 


Sor every interval-set$ I enclosing E por and of length D,< 6,. 

Note 1. The broad -integrals constitute a special type of the narrow 2-in- 
tegrals §. In this connection the adjectives narrow and broad may connote the 
fact that the body of properties of the narrow integrals is less extensive than 
and included in the body of properties of the broad integrals. The essentially 


narrow integrals are the not-broad narrow integrals. 








* This definition (of the narrow =-integral) seems to express (for = —Z) exactly HARNACK’S 
meaning in form as well as in content. 

HARNACK defines the improper definite integral over a certain interval as a certain limit of 
the proper definite integral over the same interval of a modified function. There are certain 
advantages (cf. the remark of § 3 VI) in this type of definition. A different definition of this 
type is that of DE LA VALLEE PoussIN for the absolutely convergent generalized definite in- 
tegrals. (With respect to this matter SCHOENFLIES (loc. cit., pp. 186, 187) has erred in setting 
in contrast the two limiting processes in question. ) 

+ To the various 6’s related in this paper to the arbitrary positive « I give the notations 
0, OP 02,0 oa ete., where the superscripts are discriminating affixes and not exponents. 

{ This fundamental definitional property of a function F(a) =-integrable from a to bd is (with 
modification of the 6.) considerably extended in theorem XIV of $3. 

$ That the narrow ace. (1) bea broad =-integral (2) it is obviously necessary and sufii- 
cient that for every a J exist such that, in the notation (11), 


J PO) ax <e 
for every interval-set J lying on a and containing no point £ and of length D7 << 53 . Indeed 


this condition (cf. JORDAN, loc. cit., § 74, p. 77) is necessary and sufficient for the existence of 
the broad integral (2). The reader will compare this remark with $3 XIII’. 
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Note 2. From the definition it is apparent that the H-integral and the 
(= + 3’)-integral, where E’ is the set of all limit-points &’ of E, coexist and 
are equal; that is, if either exists, so does the other with the same value.-—The 
set = + 2’ is closed and of content zero.— We suppose hereafter that the set 
E is closed. This supposition involves no essential loss of generality and it 
facilitates the phrasing of many proofs. 

If this B-integral exists we say that /’(«) is B-integrable from a to b. 

Definition 2. The function F(x) is progressively (vri" Fintegrable at 
v=, if thereis an interval x, +++", +€(€> 0) such that the pur F-integral 
Srom x, to ~, + € exists— Regressive B-integrability at a point is similarly 
defined. 

Definition 3. The function F (a) is pry integrable on ab (a < 6) if at 
a it is progressively, at b it is regressively, and at every other point of ab it 
parrot &-integrable. 

Remark. It willappear (§ 8, theorem V, corollary) that if 2’ («) is E-integ- 


rable on ab it is B-integrable from a to b. 


is both progressively and regressively 


One proves by the usual limit-considerations the following two theorems : 
I. The B-integral if existent is uniquely existent. 


— 


Il. For the existence of the definite pvr E-integral 


broad 


(9) Fou 


ag 


it is necessary and sufficient that for every € a 6. exists such that 


<e 





(10) [Poa f F(x) de 


Sor every pair of interval-sets I, I, each enclosing & jar’ and of length less 
than 6:. 

Remark, If the B-integral (9) exists, the number 6,, is effective as a num- 
ber 6! of the necessary condition (10). And if the sufficient condition (10) is 
fulfilled the number 6!,, is effective as a number 6, connected with the conclu- 
sion that the -integral (9) exists. 

Ill. Lf the function F'(«) is B-integrable from ato c and from c to b, where 
ce lies between a and b, then the function F'(«) is B-integrable from ato b, and 


b c b 
EF (xe\dac = I E(w) dx + i F(x) da. 


One proves this theorem by use of the corresponding theorem for proper defi- 
nite integrals together with theorem I. The converse of this theorem is theorem 


VIII of § 8. 
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Notation. For a function /(«@) properly integrable on the various intervals 
ab, (a,<6,; J=1, 2, ---, n) of an interval-set J we introduce the notation 


(11) [ feae, 


by the definitional equation : 


> nm b 
(12) | S(a)dx= > F(@) Ase; 
J l=le a) 
and, in case J is the symbol of a non-existent interval-set, it is convenient to 
understand by the notation (11) the constant zero. 
Lemma I. If the function f(x) is properly integrable from a to 6 and J is 
any interval-set of the interval ab, then 


|e (a) de 


where C’ is any positive number greater than | f(a) 
terval ab. 
This is a fundamental theorem of the theory of proper definite integrals. 
Lemma II. If the function f(x) is properly integrable from @ to b, then 
for every ¢ there is a 6. such that 


| { ST (@) des = ¢ 
de 


for every interval-set J lying on ad and of length D,; <6). 


<D, Ga 








for every point « of the in- 








Lemma II follows from lemma I immediately. Lemma II is a generalization 
of the theorem of the uniform continuity on the X-interval ab of the definite 


integral function di, ¥ I («) de. 

IV. If the function F(x) is properly integrable from a to b, then with re- 
spect to every set E of content zero the function F'(«) is B-integrable from a 
to b, and 


<v)) b 
i! Ei" (os) dt = if F(x) dx. 


Corollary.* If the function /’(x) is properly integrable from a to d and a 
function G(x) is defined and equal to /’(x) on the interval ab, except perhaps 
at points of a set & of content zero, then G (x) is Z-integrable from @ to 4, and 


® b 
i; G (a) da = if F(x) de. 


* Compare the remark of STouLz, Grundziige, vol. 3 (1899), pp. 283, 284. 
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Taking a definite set = we denote by J any interval-set enclosing = ji ; 
by J the interval-set 7’, and by A’ the interval-set making up with J the in- 


terval ab. Either J or A may be non-existent, but one at least is existent. In 
these notations we have evidently 


b 
if T(e) di = { F(x) de + i E(x) dee. 
va J ig 

b 
if Ee) dx. ——— { Fo) dx 5 

a Kk 

b b ‘ 

if f(x) dx — if F(x) dx = — {Fo da . 
a a J 


From this equality, since D,;= D,, the truth of theorem IV appears by the use 


and so 


of lemma II, the definition of the E-integral, and theorem I. 

V. If the function F(x) exists on the interval ab as a single valued limited 
function of x, and if it is with respect to a certain set Z of content zero E- 
integrable from a to b, then it is likewise properly integrable from ato b, and 


hence, by theorem IV, 
b b 
il Le) dani if F(x) dee. 


This theorem is a corollary of the known 

Lemma IIf. A necessary and sufficient condition for the proper integrability 
from «a to b of a function /’() existent on the interval ab as a single valued 
limited function is this, that, with respect to a closed point set S of content zero, 
the function /’(~) be properly integrable from a’ to b’ where the interval a’b’ is 
any interval of ab containing no point s of the set S. 

The theorem of lemma III was developed by Pascu* for the proper definite 
integral as defined by Riemann, and later independently by Sroxz+ for the 
integral as defined by PEANo.t The two definitions are equivalent in content. 

The lemma-theorem is a corollary of a theorem of Dint (1878: Din1-Lirorn, 
§ 185), which has close relations to the Peano definition, and which is likewise 
given by STOLZS independently, but with reference to another theorem of Din 
(Din1-Liinorn, § 184), a particular case of the one here referred to. 

VI. Tf F(x) is E-integrable from a to b and if E, is any subset of 2, such 
that for every interval-set I, enclosing =, the function EF, (x) is properly in- 


tegrable from a to b, then F(x) is E,-integrable from a to b, and 





*Mathematische Annalen, vol. 30 (1887), p. 147. 

t Wiener Berichte, vol. 107 (1898), p. 736; Grundzuge, vol. 3 (1899), p. 272. 

t Lezioni di Analisi infinitesimale (1893), § 103; Annalidi Matematica, ser. 2, vol. 23 
(1895), p. 157. 

§ Monatshefte fir Mathematik und Physik, vol. 7 (1896), p. 293. 
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b b 
(13) i) FF (x) da = FF (xe) dee. 


Remark. The set &, includes the subset Z,, lying on ab of the singular 
set Z of the function /’(~) (cf. $1 4°), and it will appear by theorem VIIA 
of §3 that E, may be any such subset of & 

We shall prove that 


: | b b 
(14) | ij F(x) de — if P(e)de| <e 





for every interval-set J, enclosing =, jwany and of length D,; < 36... 


€ 


We extend J, by an interval-set J so that the interval-set 7, a I, + J, en- 
closes E narrowly, Since = has content zero and in accordance with the present 


broadly 


hypothesis, in view of an obvious extension of lemma II from an interval ab, to 
an interval-set (in the present application, to the interval-set extending J,’ to the 
interval ab), we are able to choose J so that D,;< 16.,. and 


(15) | { F («) de | < he. 


le ye 


a 


Then D, < 6/,,, and hence 
(16) Lf F(x) dx — i Ef (a). das| < te. 
| a az s 


Then the desired inequality (14) follows from (15), (16) since 
{| EF (#) dex + th F(x) dx = { fF’; (@) dx. 
vu zr’ a 


§ 3. 
FUNDAMENTAL PROPERTIES OF A FUNCTION /’(x) E-INTEGRABLE FROM @ TO b. 


Fixed hypothesis. The following theorems concerning the function J” (.) 
involve the fixed hypothesis that the }""" =-integral 


b 
il F(«) dz 
exists. i* 


I. The function F(x) is E-integrable from b to a, and 


{ | F(x) dex = — { E(x) da. 
bz az 
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Il. The function cF'(x), where ¢ is any constant, is B-integrable from a to 


6, and 
{ el (x\du—=e [Fo dz. 


These two theorems follow immediately from the corresponding theorems con- 
cerning proper definite integrals together with the definition of the 3-integral. 
Ill. For every € there is a 6! such that the inequality : 


b . | 
il F, (2) dx — Hi Fv) de 7, 
| ey a c 


holds for every pair of integral-sets I,I,, each enclosing B jrrury and of 
length less than 6}. 

This theorem is the necessary condition given in theorem II of $2 

IV. For every € there is a & such that 


(1) il OF 7, (w) dee — il “FR 1, (x) de 
xy . wy x4 


Sor every two points xx, of the interval ab and every pair of interval sets L,, 
I, each enclosing B pri" and of length less than &. 

This theorem, whose proof will be given in connection with theorem X, of 
which it is a particular case, affirms that with respect to any two points ,, », 


of the interval ab the condition sufficient for the existence* of the E-integral 


iW 


on 





F(x) dx is satisfied, and we obtain immediately theorems V and VI. 


ty 
I E(w) dx 
v1 = 


exists where x,x, are any two points of the interval ab, and indeed uniformlyt 
on the set of all such point-pairs x, x,. 

Corollary.t If the function /’(x) is B-integrable on ab, then it is -inte- 
grable from a to b. 


V1. For every ¢ and every two points x,x, of the interval ab 


2 


V. The definite integral 


ay 


= 
= ( 


vo | 
(2) J F(x) do F(«)de| =e 
xe | 
= eb 





; : : aie - 7b 
*At this point one observes that our definition of the integral “| oars () dz is more convenient 


than a definition applicable merely to cases in which the point-set = lies on the interval ab. 

t In that é is independent of 7, 2,. 

{ Cf. definition 3 and theorem III of §2. The proof is indirect and quite analogous to the 
proof of the corresponding theorem as to proper definite integrals. 
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— 


Er! and of length less than &. 
Remark. Theorem VI is useful especially in case x, =a, 7,= X, when it 
establishes a relation on the X-interval ab between the various definite integral 


functions: 


Jor every interval-set I enclosing 


x x 
F(x) dx, ii Ff (x) dx, 


aE 
where J denotes an interval-set enclosing = juni’. 

VILA. Jf F(x) is B-integrable from a to b and if B, is any subset of E 
which contains the subset Z,, lying on ab of the singular set Z, then F'(x) is 
E -integrable from ato b, and 


b 
if OVE [Pesos {L Fiz) de. 
weg az 


VILB. Jf the function F(x) is integrable from a to b with respect to each of 
two point-sets E,, =, of content zero, then it is likewise with respect to their 
common subset =, and with respect to their aggregate set 2, + £,, and the 
Jour integrals are equal: 


b 6 
{ FP (x) da = FF (a) de = F (a) dae = {i E («) da. 


= ,T=2 Wey a 


The theorem VIIA is a generalization of theorem VI of § 2, and, in the 
light of §3 V and §2 V, it is a corollary of that theorem, the function 
/’,(w) for any interval-set J, enclosing =, being on ab a single valued limited 
function of «, as one proves from the definition of the singular set Z ($1, 4°) 
indirectly by the usual interval-halving process. 

As to the theorem VII B, the sets 2,, =,, =,, have the set Z of essential 
singularities as a common subset. Hence by VIIA the =,,-integral exists and 
we have: 





b 
E(x) de = " F(x) dx -. aa >) dar . 
ay WB az 
Denoting for the moment by 6, the least of the bs related to these three 
integrals, we consider an interval-set J enclosing 2, + —, pacy/Y and of length 
D,<6,,,. Then, setting in a definite way: 


Se a ita ee 


where J,, encloses &,, narrowly, and J, + J, encloses E, puny, and 2, + J, 
encloses =, }2"0"ly, we have obviously, in view of the equality of the three inte- 


broadly 9 


grals, the three inequalities: 





| b b 
| F(x) dx — i F(a) dee | = xé J=fyIzth,Iath), 
a a2 yo 


Trans. Am. Math. Soe. 2L 


* 


312 E. H. MOORE: CONCERNING HARNACK’S THEORY [July 


from which, in view of the fact that /’(~) is properly integrable on J, and J,, 
we deduce readily the inequality : 


b b | 
if F,(a)de— FF (x) da| <e, 


= 
= | 


ah Ip 





needed to complete the proof of the theorem. 


VIII. The relation: 


(3) oF (a) dae + oF (a) da = a (w) da, 


. =f — 
vx = 25 “2,5 


holds for every three points «,7,«, of the interval ab. 
This follows easily from the corresponding theorem concerning proper definite 


= narrowly 


integrals. We have for every interval-set J enclosing = pvray) 


(4) if “F() de + if “F(e)de = i} * F (ce) de. 
w) Ly xy 


For an interval-set J of length D; < 6 the two sides of the equality (4) differ 
respectively from the two corresponding sides of (3) by less than 2e. Hence 
the two sides of (8) differ by less than 4e and so are indeed equal. 

IX. The definite integral function : 

x 
Pil X |) ce F(x) dz, 

is a continuous function of the variable upper limit X on the X-interval ab. 

Introducing with respect to an € an interval-set 7 enclosing = narrowly and 
of length D, < 62),, we have by the use of theorems VIII and VI the relation: 


(5) 6 (X,) — $(X,)| <e, 
where X, and _X,, are any two points of the X-interval ad such that 
AX, me Xx, ss Ool2 ’ 





the 6),. being the number related to the properly integrable function 7’, («#) qua 
J («) by lemma II of § 2. And this relation establishes the uniform continuity 
of ¢(X) on the X-interval ab. This theorem is generalized in theorems XIII’ 
and XIII”. 

Remark. Up to this point of the present development the theories of the 
narrow and of the broad =-integrals are equivalent. From this point on they 
diverge; I secure for the narrow =-integrals conclusions analogous to the con- 
clusions for the broad =-integrals, by inserting an additional hypothesis in the 
first case of every theorem. 
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X. Kor every € there is a & such that for every interval-set J lying on the 
interval ab 


(6) Lee) de— { F(e) de: 


<AG 





Sor every pair I, L, of interval-sets satisfying the following conditions : 

(1) Hach interval-set I, I, encloses B parrouly » 

(2) Each length D, D,, is less than & 5 
and, moreover, in the first case, whenever J consists of more than. a single 
interval, 

(3) Every interval i of I, or I, which encloses an interval 1 joining two con- 
secutive intervals of J has with respect to every such enclosed interval l the fol- 
lowing property: the interval i contains either on the interval l a point & or 
on each of the adjoining intervals of J a point &. 

Remark. In case J consists of a single interval, theorem X becomes theorem 
IV ; and in case J consists of more than a single interval, the third condition is 
fulfilled in particular if there is imposed on J an obvious restriction, and likewise, 
if there are imposed on J, and J, obvious restrictions, which have reference to 
the interval-set J in question. In the theorem as here stated, the uniformity 
with respect to the set of all interval-sets Z,, J,, J of the nature specified is espe- 
cially important for the sequel. , 

We use the determination 


(7) OL = 350 


and have from theorem III the inequality : 


b b 
(8) Lf F, (@) de— | F,(0) dx 


valid for every e and for every pair of interval-sets J, 7, each enclosing = 
rarrowl’ and of length less than 262. 


broadly 


| 


<a Eig 





For the purposes of an indirect proof of theorem X, we suppose that the in- 
equality : 


(9) if F’, (wv) dx — if FF’, (a) das 
J : J a 


holds for a certain €, a certain interval-set J lying on the interval ab, and a 
certain pair of interval-sets J, Z, each enclosing = }iray’Y and of length less 
than 6°, and, in the first case, satisfying the condition (3) of X, and proceed to 
exhibit for this e« two interval-sets 7, 7, each enclosing = jivai’Y and of length 


less than 26? for which, in contradiction with (8), the inequality : 


b b | 
ee 


has validity. 


= 
a Girg 
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It is easy to see how the inequality (9) may be transformed into an inequality 
of the general form (10). For denoting by A the interval-set obtained by ex- 
cising J from the interval ab, we have for every pair of sets J, 7, enclosing E, 


the equation: 
( if £’;, (@) dx — { F’,, (x) de) 


}- ( | F,, (w) dx -f{ EF’, (@) dv) ; 
vk KE 


since the functions a (x), 4”; (w) are properly integrable from a to 6. Hence 
from (9) we obtain the relation (10) for every pair of sets J, 7, each enclosing 
E and such that 


b b 
(11) { F;, (x) dx — i} ff; (90) dar = 


fF, (2) Lee (x), 28> (oc) = ie (a) (x within J), 
(12) 
i; (a) = Yes (2) (w within K), 


the various proper definite integrals having values independent of the values of 
the respective integrand functions at the extremities of the intervals of J 
and A. 

Thus we seek to find two sets Z,J, each enclosing 2 ji0i)’ and of length 
less than 262, and, moreover, such that they agree on J with J, J, respectively 
and on A’ with each other. 


We denote by Z the complete w-axis with the omission of the inner points of 
J. Thus Z contains A. And we denote by J,Z, respectively the -J-section 
and the Z-section of an interval-set 7, so that 


(13) hea Be Sk 


Vith respect to J and Z an interval 7 may lie on J or nd so be itself an 
With respect to J and Z terval yl J or L and so be itself a 
interval i, or 7,. Otherwise the interval 7 is by J and JZ partitioned into a 
sequence of two or more parts 7,, 7,, two adjoining parts being a part 7, and a 
part i,. The two extreme parts may or may not be undivided intervals j or /. 
1e intermediate parts are undivided intervals j or /. 
The int liat ts are undivided intervals j or / 
We must for an interval-set J enclosing & }23V" distribute the intervals 7, of 
into two complementary classes. 
I, into t pl t 1 
n interval 7, is an interval 77, if it contains no point & and is either an ex- 
A terval i, terval 7, 
treme part of the interval i of Z from which it is derived or an intermediate 
part each of whose adjoining parts 7, contains a point €. An interval 7, is an 
interval 7; if it either contains a point & or is of its interval 7 an intermediate 
part one (at least) of whose adjoining intervals 7, contains no point &. 
Thus we have two interval-sets J; J; such that J, = J; + J7. 
Ls L L L 
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In ease J encloses & narrowly we notice two facts which are of use in the im- 
mediate sequel. An interval 7 which lies on J or Z is an interval i, or i,. An 
interval 7 undergoing partition with respect to J and JZ contains at least one 
part 7, and the sum of its parts 7,,7; is an interval-set every interval of which 
contains a point €. These intervals of 7 are the intervals arising by the excision 
from 7 of its various parts 77. The interval i itself contains a point &. If it 
contains no part 77, it itself is the interval in question. If, however, the interval 
i contains one or more parts 77, we consider any such part i;. If 7; is an ex- 
treme part the adjoining part 7, contains a point € or has in progressive con- 
secution an adjoining part 7;, since an adjoining part 77 would be an extreme 
part, and the interval 7 consisting of these three parts would have no point &. 
If this third part has no point &, there is a fourth part, i,. If this part 7, has 
no point €, there is a fifth part 7;. Thus the parts 7,, 7), enter in alternation 
and the interval consisting of this complete and unbroken sequence of parts i,, 
7; contains a point €. If on the other hand 77 is an intermediate part each ad- 
joining part 7, contains a point &. 

In these notations we take* I, I, as follows : 


(14) heljyt+fi+h,, L=h;+ 4.4 L£. 
And these sets satisfy the prescribed conditions : 


(1) Each set is of length less than 26? ; 


(2) A 19 l= Js 


(3) Ls, = L475 = Liz a Dns 


o 


(4) Each set encloses & para’ 


broadly * 


We need to prove that J, and so J, encloses & pinay’. The set & is by hy- 
pothesis closed. 

We consider first any particular point €. If & lies within J or Z it is en- 
closed by an interval of Z,, or J;,, and so by an intervalof 7,. If, however, & is 
common to J and Z it is an extremity of an interval of each set; the point & 
lies within a certain interval of J,, and it is the point of junction of two inter- 
vals of J,,/;, respectively, and in /,= /,,+ Jj, + J, these two intervals per- 
haps with others form an interval 7, enclosing the point €. Thus the interval-set 
I, encloses = at least broadly and theorem X is proved for the second case. 

For the first case we consider any particular interval 7, of 7, and now need to 
prove merely that it contains a point €. The interval 7, arises by the union 
of certain intervals of J,,/{,/,,. In the introduction of the notation J, 





* In the second case, one may determine suitable interval-sets J;, J, more simply as follows : 
b= hz ll, te Tap - F, 


where J’’’ is the interval-set common to fiz and fzz. 
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for an interval-set /= (=) it was noted that every interval 7, or 7, forms 
part of a sequence of intervals 7,7, constituting an interval containing a point 
&. Thus 7, contains a point & or it consists of a single interval i, which con- 
tains no point €. But this latter case is impossible. For an interval 73, con- 
taining no point € is an infermediate part of an interval 7, one of whose adjoin- 
ing parts 7,, contains no point €. But this is impossible, by virtue of the third 
hypothesis of theorem X. 

Thus, indeed, every interval 7, contains a point €. And now theorem X is 
proved also for the first case, and, hence, completely. , 

XI. For every interval-set J lying on the interval ab there exists a constant, 
in notation, 


(15) | Fa) de, 


J= 
Jz 


the integral on the interval-set J with respect to the point-set E of the function 
F(x), such that for every ¢€ the relation: 


(16) ([h@a- f Fede se, 
J Jz 


holds for every interval-set I satisfying the following conditions : 

(1) The set I encloses & farrewt » 

(2) The length D, is less than & ; 
and, moreover, in the first case, whenever J consists of more than a single 
interval, 

(8) Hvery interval i of I which encloses an interval 1 joining two consecutive 
intervals of J has with respect to its every such enclosed interval 1 the follow- 
ing property: the interval i contains either on the interval l a point & or on 
each of the adjoining intervals of J a point &. 

This theorem follows directly from the preceding theorem by the usual that: 
considerations, wherein it needs to be noticed that interval-sets J, Z, satisfying 
the conditions 1, 2, 3 of that theorem actually exist for every e and interval-set 
J of the interval ab. 

Remark. If J is a single interval a’b’(a’ < 5’) then obviously 


b/ 
(17) Li (oe) dae=—= | I(x) da. 
Jz P 


a’ (4 
This remark is generalized in the following theorem : 
XII. For every interval-set J of the interval ab, 


n b 
(18) | Fiayds= > F(a) dx, 


SJ Jz t=1 a,3 


where the intervals ab,(a,<b,; l=1, ---, n) ave the intervals of J. 


1901] OF IMPROPER DEFINITE INTEGRALS 317 


For every interval-set J enclosing = we have, by the definition (11) of § 2, 


(19) { Fe) dx = 3s " F(a) dx. 
J t=1 


al] 
We introduce a set Z which satisfies with respect to -J and so with respect to 


every interval a,b, of J the conditions of theorem XI for ¢ = e’/(m + 1) where e’ 
is any particular positive constant. Then by theorem XI we have 











| € 

») > <a a | = 
(20) [® (x) dv L peas dx |= aeeta 
21 Re a\de= | ome 1=1,2 
(2 ) Ae (x) dex ie ae (a) doe i af i) ( cee a, te), 
and then from (19), (20), (21) we have 
(22) [ E(x) du — ss ‘F(w) dx == 6, 

|\¢~JSE I=leva, 2 





from which the theorem follows at once. 

Remark. Theorem XI is to be understood as applying also to the case in 
which the symbol 7 denotes a non-existent interval-set, the constant in question 
having the value 0. Then in view of theorem XII it is evident that with 
respect to an interval-set J lying on the interval ab and a function #’(x) =- 
integrable from @ to 6 a definition of the symbol ip _/"(x)dv might be given 


similar to that given in $ 2 for the symbol i J (x) dx with respect to a function 
J (x) properly integrable from a to 6. 
XI’. For every ¢ there exists a 83 such that 
| 
(23) | F(x) dx 


ae 


<<a 6 





for every interval-set J satisfying the following conditions : 

(1) The interval-set J lies on the interval ab; 

(2) The length D, is less than & ; 
and, moreover, in the first case, whenever J consists of more than a single 
interval, 

(3') The interval-set J has with respect to every interval | joining two con- 
secutive intervals of J the following property: either the interval 1 contains 
a point & or each of the adjoining intervals of J contains a point &. 

XIII’. Jn the first case: For every two positive numbers ec’ there exists a 
63, such that 


(23) E(x) de| <e 





| J= 


for every interval-set J satisfying the following conditions : 


318 E. H. MOORE: CONCERNING HARNACK’S THEORY [July 


(1) The interval-set J lies on the interval ab ; 

(2) The length D, is less than 8 .,; 

(3°) Whenever J consists of more than a single interval, and has an inter- 
val l joining two consecutive intervals of J, and lying within the €' -neighbor- 
hood of a point &, it has with respect to every such interval 1 the following 
property: either the interval l contains a point & or each of the adjoining 
intervals of J contains a point &. 

Note 1. The condition 3’ of XIII’ is satisfied in particular by interval-sets J 
satisfying the condition : 

(8) Every interval of J contains a point &. 

Note 2. For an interval-set 7 enclosing E piv)’ and of length less than 6? 
the inequality 


| FF (sc) dae | <e€ 


[ere | 


holds. This is a particular case of XIII’. With 6? replaced by 6., it follows 


€ 


from the definition of the E-integral from a to b, in view of the relation : 


E b 
iL. gi (a) dit = [F (w) de — if F(x) de, 


derived from theorem XII, together with $2 IV. 

Theorem XIII is for functions E-integrable a generalization* of the second 
lemma of $2 for functions properly integrable and it is proved by means of 
that lemma and theorem XI. 

We take a particular interval-set J enclosing = jiu)" and of length D, less 
than 6?,,, and moreover, in connection with theorem XIII”, of intervals each of 
length at most e’. The function /’,(«) is properly integrable from a to b. 


An effective number 6°, or, for the second theorem of the first case, 6° 


ee’) 1S 
the smaller of certain numbers: viz., the number 6.,, connected with this fune- 
tion #’,(@) qua f(«) by the second lemma of § 2, and if Z’ consists of more than 
a single interval, the various lengths of the intervals joining two consecutive in- 
tervals of 7’. Thus an interval j of an interval-set J of length D; < 6? or 03., 
has points in common with at most one interval 7 of J. ; 
This number 6? or 6?,, is indeed effective. For the inequality (23) follows 


at once from the simultaneous inequalities : 


if F(x) da | < ie, 
¥ 


* The inequality (23) of XIII holds if on the right « be replaced by 2¢ and on the left the 
absolute value of the =-integral over the interval-set J be replaced by the sum of the absolute 
values of the integrals over the constituent intervals of J. This is seen by considering sepa- 
rately the intervals yielding positive integrals and those yielding negative intergals. Cf. JORDAN, 
loc. cit., p. 226, ll. 9, 10; pp. 224-5. 


(24) 
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(25) | {Ze dx — nae) dx | Ste, 





where J is an interval-set satisfying the conditions of theorem XIII. The in- 
equality (24) is by virtue of the second lemma of § 2, since D,< 6). The 
inequality (25) is by virtue of theorem XI. 

And theorem XI is, indeed, applicable. For J lies on the interval ab, and 
JT encloses = jr’ and is of length D, less than 62. Thus the double theorem 
XIII is proved, in the second case, and also in the first case, if J consists of a 
single interval. 

In the first case, if J consists of more than a single interval, we have further 
to prove that condition (3) of the hypothesis of theorem XI is satisfied. We 
consider the interval-sets J and Z with respect to an interval 7 joining two con- 
secutive intervals j’, 7” of J. If 7 contains a point € or if j’ and j” each contain 
a point &, then an interval 7 of J enclosing /, if one there be, has with respect 
to / the property of condition (3) of theorem XI, that is, the interval 7 contains 
either on the interval / a point & or on each interval j’, 7” a point €. For each 
point & lies in some interval of J, and since j’ and j” intersect 7 neither inter- 
sects a second interval of 7. If, however, / contains no point & and either 7’ 
or j contains no point €, then no interval i encloses 7; for we have now to do 
with XIII”, and by hypothesis (3”), the interval / lies within the e’-neighbor- 
hood of no point €, while every interval 7 contains a point & and is of length at 
most €’. 

XIV. The function F(x) is properly integrable from a to b and the in- 
equality : 


b b 
(26) if E(x) de — [ EF (x) dx 





< € 9 

| 

holds for every interval-set I whose length D, is less than 6? or &3,*, and more- 
over, in the first case, whose interval-set I’, qua interval-set J satisfies the con- 
dition* (3') or (3°) of theorem XIII, provided moreover (in each case) that the 
interval-set I contains the singular point-set Z of the function F(x) in such a 
way that if a singular point € is an extremity of an interval i of I it is singu- 
lar merely towards the interior of i. 

Note. This theorem is, in accordance with note 2 of theorem XIII, of the 
nature of an extension of the definitional property of the function F («) B-in- 
tegrable from a to b.—In particular, we see that the relation (26) holds for every 
interval-set I of length D, < & whose corresponding function F’,(x) is properly 
integrable from a to b, which contains Z, and, in the first case, whose every 





* The ee enters only in the first case and then only if the hypothesis imposes (merely) the 
condition (3) of theorem XIII”. 
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interval contains a point & of B. Such an interval-set J obviously may per- 
haps not enclose 3, for an interval i may have a limit-point &’ of & as an ex- 
tremity. 

We proceed to prove theorem XIV. The singular point-set Z was defined in 
$1 4°. From the final condition as to the interval-set J it follows by the usual 
process of indirect proof that the function /’;(#) is on the interval ab every- 
where defined, single valued, and limited. It is moreover Z-integrable from a 
to b, by virtue of theorems III and IV of $2, and V and VIII of $3. Thus 
by theorem V of §2 it is properly integrable from a tod. Further by these 
theorems and theorem XII we have the equality: 


b b b 
(27) | F(x) da = { FE, (#) de = i F(a) dx — ie FF (a) da, 
a az “=z eT 


from which the theorem follows by virtue of theorem XIII. 

XV. If the function F(x) is integrable from ato b with respect to a closed 
point-set = of content zero, and if H is any point-set of content zero, such that 
—& + H is closed, and which, moreover, in the first case, satisfies the condition 
specified below, then the function F(x) is (= + H)-integrable from ato b, and 


(28) line EF (a ) Ot ip F(a r) di Bs 


The set H in the first case has the following property: there exist on the 
interval ab at most a finite number of intervals a’'b’ enclosing no point & and 
no point n and having for extremities points n which are not points €. 

In the second case this theorem is evident, since the interval-sets Z enclosing 
= + H broadly are amongst those enclosing = broadly. 

We proceed to prove the theorem in the first ease. An interval-set A’ enclosing 
= + H narrowly is with respect to 2 separated into an interval-set J enclosing’ 
= narrowly and a complementary interval set J perhaps not existent. 


With respect to a number e we shall prove that 


(29) if F,,(v) dx — ' F@) da a¢ 
as | 


for every such interval-set A’ of length D,,<6!, where 6! is the least of the three 
numbers 6,,, «’, and 63, .,, where e’ is a certain positive number to be specified 
in the sequel. 


Indeed the inequality (29) follows at once from the fact that the relations: 


b b 
(30) i F(x) dx = il F(x) dx — i F(x) dx 
a a rez 


) 


(sy) 
bo 
are 
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a | 
(31) i F(x) de — | F(x) dx 





(32) [Fea 


| Jos 


<de, 


a 





hold simultaneously. Of these relations the first and second are clear, and 
the third follows from theorem XIII’’, in connection with the stipulations 
D> =D, <6! <’, &..,. In order to secure this application of theorem 

a 
XIII” we are to determine the positive number e’ so that every interval 7 join- 
ing two consecutive intervals of J? either contains a point € or lies within the 
e’-neighborhood of no point €. This determination is made by means of the 
final condition of the theorem. 

We denote by H* the set of points 7 = 7* which lie on the interval ab and 
which are not points €; by H, the set obtained by adding to H* the points « 
and 6; and for brevity by -/, the set J°. 

An interval j of J contains a point 7 and no point €. An interval 7, of -/, 
contains a point 7, and no point &. Two consecutive intervals j,, 7,’ of J de- 
termine an interval a’b’ where «’ is that point 7, of j; nearest to 7’, and where 
similarly 6’ is that point 7, of j,’ nearest to 7,. These points a’b’ are definite 
points, for the sets H, on the two intervals 7; 7’ are closed sets. This interval 
ab’ encloses no € and no 7 ,—except perhaps within the interval / joining 7, 
and j,’. Now if 7 encloses no point & it encloses no interval i of Z, and hence, 
since j, 7, are consecutive intervals of J,, it encloses no point 7. Thus the two 
consecutive intervals 7, 7,” of J, determine a joining-interval / containing a point — 
— or else an interval a’b’ enclosing no point & and no point 7 and having for 
extremities points 7,. 

Now a enters as an 7,-extremity of such an interval at most once, and like- 
wise 6 enters at most once. And by the present hypothesis at most a finite 
number of such intervals ab’ with n*-extremities exist. 

We denote by 3¢’ the least of the lengths of the various intervals ab’ with 
n,-extremities, setting 3e’ = 1, if no such interval exists. Thus e’ is a definite 
positive number. . 

Then, since D, <e’, the intervals 7; j’’ are each of length less than e’, while 
their interval a’b’, whenever it contains no point &, is of length at least de’ 
and hence their joining-interval 7, whenever it contains no point &, is of length 
greater than e’ and so lies within the ¢’-neighborhood of no point €.~—Thus 
theorem XIII” is available for the completion of the proof of theorem XVII. 

XVI. In the first case: If the function F(x) is B-integrable from a to b, 
and hence* Z-integrable, if however it is not (Z + H)-integrable, and hence * 


* Theorem VIIA. 
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not (= + H)-integrable, where H is a closed point-set of content zero, then there 
is at least one point €=, of Z on ab at which F'(«) fails either of progres- 
sive or of regressive (Z + H)- and so of (B+ H)-integrability. Hence, by 
theorem XV, in every progressive or in every regressive neighborhood of such 
a point 6, there is an infinitude of intervals a'b’ enclosing no point & and no 
point n and having for extremities points n which are not points &. 

For if there were no such point ¢,, then /’(~) would be (Z + H)-integrable 
on ab and hence from ato 6. We need to recall the statements of 4° of $1, 
the definitions 2 and 3 and theorem IV of § 2, and the corollary of theorem V 
of $3. 

Remark. According to theorem XV the hypotheses of theorem XVI imply 
that the -integral of /’() is essentially narrow (that is, not broad). It has 
not been proved however that, in this case, there exists a point-set H for which 
the narrow (= + H)-integral of /’() is non-existent. 

XVII. Jf with respect to two closed point-sets Z, H of content zero two 
Junctions F(x), G(x) are respectively integrable from a to b, and if, in the 
first case, =, H are so related (for instance, as indicated in theorem XV) 
that each function is (& + H)-integrable from a to b, then F(a) +G' (x) is 
(= + H)-integrable from a to b, and 


b b b 
i F(x) de + G (#) dx = il (F (vw) +4 («)) dx. 
an YaH a2+H 


This theorem is easily seen to be true. 


$4, 


CONCERNING THE ABSOLUTELY CONVERGENT *4®®°W E_INTEGRALS. 


BROAD 


broadly 


Definition. The je’ existent integral [_F@)dz is said to converge or 
ax 


exist (as a limit) absolutely in case the integral ‘L = | (a) 





dx exists porary 
Making suitable use of the references to the work of JoRDAN and STouz given 
in the introduction, the reader will readily construct the proofs of the following 
theorems. 
I. The upper limits 


ae b soa? b 
L i FOE eas 8 i F(x) da 
I\I(2)¢a I\I{E} Ya 


with respect to a non-negative function F(x) on the set of all the interval-sets 
L enclosing & respectively narrowly or broadly are equal. If they are finite, 


the B-integral 
b 
{ F(x) dx 
az 
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exists broadly and is equal to the common value of the upper limits. Con- 
versely, if the Z-integral exists (even) narrowly, then the upper limits are 
finite, and the E-integral exists broadly. 
Il. Uf the integral 
b 
|Z" («) 


as 


dix 





exists (if narrowly, then broadly), then the integral 


b 
{. EF (x) dee 


exists broadly, and hence as a broad integral it converges absolutely. Con- 
versely, if the latter integral exists absolutely (even) narrowly, it exists also 
absolutely broadly. 

Ill. Zhe broad and absolutely convergent Z-integrals are in fact identical ; 
hence, the essentially narrow and the non-absolutely convergent B-integrals are 
in fact identical. 


§ 5. 


CONCERNING THE GENERAL OR NARROW E-INTEGRALS 
b 

B(x) da. 
a(z) - 

1°. The following determination of the general point-set = lying on ab closed 
and of content zero is well known. 

Every finite or numerably infinite set 7 of intervals h, = a,b,(v=1, 2, 

-+,norv=1, 2,3, ---) lying everywhere densely on ad and no two having a 
common inner point determines a closed nowhere dense point-set 2; and, con- 
versely, every closed nowhere dense point-set — of ab is so determinable by 
its “ point-free”’ intervals 4,. Every inner point « of ab not a point & lies 
lies within a definite interval h,. The points & together with @ and 0 are the 
extremities @,b, of the intervals A, and the limit-points of such extremities.— 
For later use I introduce subintervals 4) = a/b; of the respective intervals 
h, =a,b,, with the understanding that a) =a, if 4,-=a= not-€; 6, =6b, 
if 6, = 6 = not-&; and otherwise a, <a) <b) <b,. 

The content of the set = so determined is |a — 6] — > |a, — 6,|, so that for 

y 


our purposes 


(1) > |a, —4,| = |a — 6 


v 





2°. We consider any such set = and have the following important theorem : 


* Addition of July 1, 1901. 
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THEOREM. Jor the existence of the narrow Z-integral 


b 
(2) f(x) dx. 
a(z) 
a necessary and sufficient (twofold) condition is this, that 
(a) The narrow =,-integrals 
by 
(3) F (a) dx (= — (dy, by) ); 
Gp (ep) 
exist ; 
and, if & contains an infinitude of points, 
(8) The infinite series 
(4) IEC) 
v=1 
converges, where for every O, denotes the oscillation on the X-interval a,b, of 
the continuous definite integral function 
xX 


(5) NOEs F (x) da. 


@y (By) 


This sufficient twofold condition being satisfied, the integral (2) has the value 


a) b y 


(6) ae (at) dar = xs 


a(z 


F (x) dx. 


ay (By 


As to the final statement, it is obvious that the terms of the series on the 
right of (6) are by (a) definite numbers, and that the series (6) if infinite is con- 
vergent by ((). 

The twofold condition is necessary. In fact, § 3 V gives (a) at once, while 
(8) follows indirectly * easily from § 38 XIII’. For the oscillation O, may be 
expressed in the form 


/ 


x 
y 


ty 
(7) Ose Lt (%) bx = { F (x) dx, 
=,,) x!"(z) 


; 


where Y/ X’ are points of a,b, at which /,(X) has its maximum and mini- 
mum values respectively. Now we suppose that the infinite series (4) diverges, 
and we consider any two positive numbers e€6. In view of (1) there is an inte- 
ger vs such that 


(8) Dees vee 


vy>vg | ¥ v | 





* The direct proof is equally simple. 
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Then in connection with the divergent series 


(9) x 


V>Vs 


there is an integer v;. > v; such that 


V=V 56 
(10) SO ees 

v=vetl 
The terms O, of (10) separate into two sets according as X/ ES Ole At ter A 


neaelaO8 pitgeyabox PEA. OO. SE L1G 
lying on ab and of length less than 6, and each having the property that every 
interval 7 joining two of its intervals contains a point €, and furthermore either 
J, or J, qua J having the property that 


and thereby determine two interval-sets J, de Cop. es h 


| 


(11) F (x) das) > e. 


| 7 J (z) 
And this result is in contradiction with $3 XIII’. 

It remains to prove that the twofold condition is sufficient. For a finite set 
— this follows at once from $2 III. We consider* then an infinite set =, so 
that vy =1,2,---. For every ea 6, must be exhibited such that for every 
interval-set J enclosing = narrowly and of length D,; <6, we have 


b by | 
(12) if F(v)de — > FP (x) du | <e. 
a = ) 


BF ay (Ey 





We denote by / the complementary interval-set on ab of 7’; J consists then of 
say m intervals a),b),(v’ =v,; /=1,2,---, m); thus we have 


(13) i F (a) dar = Hi F(x)de=>> {i One 
eh, J y/ ae : 


Here we have denoted certain m indices v by v’. Denoting the remaining in- 
dices v by v”, we have the desired inequality (12) in the more convenient form 


(14) pat’ i =f ‘Fe dn +O he ‘a Fade 


a yllAy 1) a a yp! (By) 


ec 


_- 


= €. 





The series (4) converges, and there is an integer v, such that 


€ 


(15) One. 


UPVe 





* By slight modifications the proof of the sequel may be made to cover also the case of the 
finite set =. 
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The pv, integrals 


F (x) dx (v=1, 2, ---, ve) 


dy (a) 


exist, and there is a number 6, such that 





Loy eto oT Gh = ') Pode <5 =i. 2 eee 
x if fal 


hy (2 vy 
if throughout 


(17) 





<6... 


This number 6, is the number desired: if J is any interval-set enclosing = 
narrowly and of length D,; < 6, the inequality (14) will hold. For 








(18) Dim 3 (ly. 07) 1 a ee 
and so : 
(19) a,, — b,,| — |a,, — 6), <8,,  |a,, — b,,| <6,. 














By comparison of (16) and (19) we see that the indices v’ include the first v, in- 
dices v, v= 1,2,---,v,. Denoting the left member of (14) by Z, we have 


Laxi(f" - [Few hice Fear 
+E lf Fees, 


ay 


+2 


VU>Ve 








so that by (15) and (16) in view of (19) we have indeed the desired inequality 
(14) 
meee’ 


3°. The preceding theorem reduces the problem of construction of all narrow 
=-integrals essentially to the corresponding problem for the case 5 = (b), and 
this remark holds likewise if the integrand function /’ (x) is required to be on 
ab continuous except at points « = 

In 5° I exhibit by a known process an essentially narrow or non-absolutely 


convergent integral 


(20) F(x) dx, 
a ((2)) 


and in connection with it develop examples designed to show the error of certain 
statements referred to in the introduction. 


a 
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In 4° I use such an integral (20), for the case ab = 01, as the element for a 
simple construction according to the conditions of 2° of a =-integral for the 
general set = of ab, non-absolutely convergent in the neighborhood of every 
point &. 

4°, We denote by /’(«) = w,, () a function on the «-interval 01 continuous 
except at « = 1 for which the integral 


1 
F (x) dee 
0 ((1)) 
converges non-absolutely. A function /’(x) = W,(«) of similar character on 
the interval ab (a=) is given by the transformation 


mee) Ne. (08) 5 we = (b—ajx+a. 


Denoting the middle point of ab by c, we denote by x, («) the function on ab 
everywhere continuous except at @ and 6 which on ac is ~,, (x) and on cb is 
v,(w). The functions y,, (~) are derivable from x,,(«) by the transformation 


used above. The integral 
b 
if Xiah («) dec 
a ((a; 6)) 


converges, non-absolutely near @ and 6. 
Then with respect to any set E (1°) we construct a function F(x) everywhere 
continuous on ab except at its singularities E and such that the integral 


. F(x) dx 


a(z) 


converges non-absolutely near every point €. The function #’() is on a,b, the 
function Nee (@), or Par, if d= @ = not-£, or Via, if 6, = 6 = not-€. 

The effectiveness of this construction follows easily from the theorem of 2° 
since the oscillations O,,, O,,, O%,, of the integrals 


x 


x x 
Vs (x) da ’ I Vo (x) dec ’ { Xad (x) dix 
) 0 ((1)) a(a,b) 


a ((b) 
on the respective intervals ab, 01, ab have the relations 
Of= 0. \a— tl, Up OU + O,= 0,.- 


5°. Construction of a function F’(a) everywhere continuous on ab except at 


b, for which the integral 
b 


(20) E(x) dx 
a ((6)) 
converges non-absolutely. 


Trans. Am, Math. Soc. 22 


328 E. H. MOORE: CONCERNING HARNACK’S THEORY [July 


We introduce any non-absolutely convergent series 


(21) DE Ts 
y=1 

—for instance, the modified harmonic series (wv, = — (—.1)’/v),—and further 
any infinite sequence // of intervals h, = a,b,(v =1, 2, 8, ---) lying progres- 
sively on ab, two consecutive intervals having no common inner point, and 0 be- 
ing the limit-point of each of the sequences (a,, @,, ---), (6,, 6,, --:). 

Then we determine the function /’(@) as follows. On the interval h, /’(x) 
is everywhere continuous, does not change sign, and vanishes at the extremities 
a,b,, and further 


b 
(22) il F(x) de =u,, 


a 


—for instance, y = /’(x) is given graphically by the two sides of the isosceles 
triangle of (signed) height w,/2(6,—a,) on the base a,b,. At points « of ab 
but of no interval a,b, /’(@) vanishes. 

Then indeed /’(x) is everywhere continuous on ab except atw=b. In view 
of (22) |#’(~)| has on A, an upper limit greater than |w,|/|a, — b,), and hence, 
since the series (21) is non-absolutely convergent, /’(~) has values indefinitely 
great positive and negative in every neighborhood of « = b. 


The narrow (0)-integral (20) is by definition (§ 2) 








X on ab x 
(23) if; I E(x) dx. 


X=) 


Now we have 


xX n 
(24) { F(x)da = Du, + Ou, 


y=1 


where * X lies on the interval b.b,., and @ is some number, 0=@=1. Hence 
it follows easily that 


: = 
(25) I(x) de = ire 


a ((b)) see 


and similarly that |/’(«) 
> |u,| diverges. 


is not ((2))-integrable from a to b, since the series 





Thus, the integral (20) is non-absolutely convergent, and so (§ 4 III) it is an 
essentially narrow (0)-integral. 





0 
* We set bp) =a and > -uwy—0. 


mb 
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6°. Hexhibition for the (b)-integral (20) with respect to any two positive 
numbers €8 of an interval-set J not containing the point b, for which 


S165 — 


(26) DI eae [Fou 
J 





An example contravening HARNACK’S theorem 2. 

In accordance with the footnote to note 1 of the first definition of § 2 this 
exhibition furnishes a more direct proof that the (6)-integral (20) is essentially 
narrow. And it evidently serves to disprove HARNACK’s theorem 2. 

In view of the convergence for vy = o of the intervals h, to d there is an in- 
teger v, such that 


(27) ote 


v> Vo 
The series 


ru, 
vrvy 

converges non-absolutely, and so contains a finite number (m) of positive terms 

Uy (v =V,>v; l=1, 2, ---, m) such that 


(28) > by SS ee 


For the interval-set J consisting of the m intervals h,, the inequalities (26) fol- 
low from (27) and (28). 

T°. Exhibition for the (E)-integral (20) (& = (b)) of a set H closed and of 
content zero such that the corresponding (= + H)-integral does not ewist. 

The set H of all points a,b, (v= 1, 2, 8, ---) and the point 6 has the desired 
property. This follows directly from the exhibition of 6° in view of $3 XIII’. 

This example serves to show the presence of errors in certain statements of 
Harnack* and BropEéN* concerning the possibility of modifying the func- 
tional values of the integrand function at points of a set of content zero without 
altering the determination of the integral. 

8°. An example contravening JORDAN’s theorem 8. 

We have by T° for the function (x) of (20) the (&)-integral existent and 
the (= + H)-integral non-existent, and furthermore = + H = H. 

Now we take by 4° a function G(x) for which the (H) = (= + H)-integral 
exists. Then the (= + H)-integral of F(x) + G(x) is non-existent; for its 
existence would by § 8 IJ and XVII imply the existence of the (= + H)-integral 
of F(x). 

9°. An example contravening HARNACK’s theorem 3. 

The example of 8° is etfective. For, if we set 


*Mathematische Annalen, vol. 24 (1884), p. 220, and vol. 52 (1899), p. 222. 
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(29) J (xt) = : F'(a)de, K(x) = : G (x) dx, 
) 


a(a a(H) 


(30) L(e) =J(a) + K(@), 


the functions /J(«), A’(«), Z(«) are everywhere continuous on ab; further 


Lie’) — La) = le (F (e) + G4 ()) dic 
for every interval «’x” of ab containing no singularity ¢ of /’(x) + G (x); 
and the set of singularities Z = = + H is reducible; and yet by 8° the Har- 
NACK integral 


b 
(31) [ (F@+ €@) ae 
a(Z) 

does not exist. 

The HOLDER integral (31) however exists and its value is L (0). 

The non-existent integral 

b 
(82) i EF («) da 
a (2+H) 

would afford a simpler example from the point of view of this paper. However 
from the original HARNACK point of view one would object that the set of sin- 
gularities of /’(«) is & and not & +H. j 

In the example given the integrand function (x) + G (a) is everywhere 


continuous on ab except at its singularities ¢. 


THE UNIVERSITY OF CHICAGO, 
June 12, 1901. 





ZUR LINEAREN TRANSFORMATION DER #-REIHEN* 


VON 


F. MERTENS 


$1. 


Es sei » eine complexe Grosse, in welcher der Coefficient von 7 positiv ist, 
und zur Abkiirzung 


iv 
° 


q=e 


Definirt man die #-Reihen durch die Gleichungen : 


Ij(e,0)=  (—1pgt err, 

9, (@ a) = — 4 (—1rgeremrnrs, 
3,(@, @) = >i gti” eenrtrte, 

Os (x, @) a > q”" Gates 


(n=0, £1, +2, +3,-°-) 


so besteht die lineare Transformation dieser Reihen in der Ersetzung von w 
durch (y + d)/(a + Bw), wo a, 8, y, 6 ganze der Gleichung 


gentigende Zahlen sind. 
Wird zur Abktirzung 


at+tPBo=WN, y+s0o=M 
gesetzt, so kann mit Hilfe der elementaren Transformationsformeln : 
O (el wo) ae (a, wy, 
0, (v,1+)=e! # (a, o), 
J,(c¢,1+o)=e1 (a, a), 
b(e, 1+ 0) =d,(a, o), 
x 1 pene 
dv, sh cent) Fos V—iwne» J(u, o), 


* Presented to the Society (Chicago) April 6, 1901. Received for publication March 5, 1901. 
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a (=, -,) =—_— iY — ioe et A(x, @), 
ze eee 
(5, — |, )=¥a lees J, (@, @), 
2 1) je 
Alero a seo 


leicht gezeigt werden, dass #, («/N, MV) die Gestalt ae” J, (a, w) hat, wo a, b 
Constanten bezeichnen. 
Ist nimlich 8 nicht = 9, so sei 8’ der kleinste nicht negative Rest von 6 in 
Bezug auf den Theiler 8 und 
6 =9g84+8', y=gat+a’, 
y =—a, 6 = — 8, 
at+tBlo=N’', vy +co0= MM". 


a0 Bly tena | cna 
o M — a eve ane Bo eV 
(spar) = (Gro oar )=— 8" Ge Gr ) 


ost [GM we eo Me 
cod 1é 4 eM'N’ ry, = = = . 
LV" BAN GV eC seek eye 


d (a/N, M/N ) wird also die behauptete Gestalt haben, wenn ?, (x/NV’, J'/N’) 
sie hat. Die Ausdriicke J/’, VV’ sind aber insofern einfacher wie J/7, JV, als 
|B"| <|A| ist. 


Ist 8’ noch nicht = 0, so kénnen ebenso Ausdriicke 
MM” eee y” ot O45 o c Va) — ris aE jek o 


angegeben werden, in welchen |8"| < || ist, und @, (w/N, J/N) hat zugleich 
mit & («/N”, M”/N”") die behauptete Gestalt. 

Durch Fortsetzung dieser Schliisse gelangt man zu einer linearen Transfor- 
mation (y” + 6)/(a” + Be), in welcher 8” = 0 ist. Es gentigt daher die 
behauptete Gestalt von ?,(x/V, JZ) ) fiir den Fall 8 = 0 nachzuweisen. 

Der Gleichung 


Es ist dann 











adb=1 
zufolge ist dann a= 6= +1 und daher 


aytt 


oe. ayrt 
9, (spe gy )= Alan, a7 + 0) = ae 40 (a, @) 


Um die Constante 6 zu bestimmen, ersetze man x durcha+ 1. Es wird 
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c+ N M eo M Peay 


J, (x, @) 


82 2B riz 


gre 


— geht t+mNe+bNn? (= Lear 


2 
und nach Forthebung von ae’ #, (x, @) 


— 1 = eOr-iBr)z oon? q-* (— 1)-+8 : 
Es muss also 
Bri 


a 


bN— Bri=0, b= 
sein. 


Die grosste Schwierigkeit bereitet die Bestimmung der Constante a. Dif- 
ferentiirt man die Gleichung 


wv MM 2 
(a Wr )= ae? 8 (@,2) 
nach x und setzt hierauf x = 0, so ergiebt sich 


ise M ; 
wr (0, 4 =a, (0; @). 


Es ist aber, wenn mit Herrn DEDEKIND 


n(@) = g=II (1 — q’") (n=1, 2,3, <*-) 
gesetzt wird, 


(0, w) = 277? () 
Bd 1 (n(M/N) . 
a7 n(e) 


Die Bestimmung von a ist hierdurch auf die von »(J//V ) zuriickgefihrt. 
In dem Folgenden soll der Ausdruck »(J//V) mit Hilfe der Formeln 


und daher 





n(1+o)=e"n(o), 


n(-5)=V— no) 


@ 


ermittelt werden.* 


*HERMITE, Liouville’s Journal, Ser. II., T. III. 
DEDEKIND, Hriduterungen zum XXVII Fragment in Riemann’s Werken. 
H. WEBER, /lliptische Funktionen und algebraische Zahlen und Zur Theorie der ellip- 
tischen Funktionen, Acta Mathematica, Bd. VI. 
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§ 2. 

Hilfssatz. Es seien A, B von Null verschiedene complexe Grossen, deren 
reelle Bestandtheile nicht negativ und nicht beide = 0 sind. Zieht man die 
Quadratwurzeln “A, “B so aus, dass ihre reellen Bestandtheile positiv sind, 
so hat auch das Product “AB einen positiven reellen Bestandtheil und ist 
daher derjenige Werth der Quadratwurzel “AB, welcher dieselbe Eigenschaft 
hat. 

Setzt man 

VA=a+ia, WB=640, 
so ist 


Aw — a Wide. 2b = abe 
JVAVB=ab—ab + i(ab’ + ba’), 


und nach der Annahme a, 6 positiv, eine der Grossen a? — eo says positiv, 
die andere nicht negativ. Ist etwa a? — a” positiv, so sind a + a’, a—a’ posi- 
tiv. Da ferner die Gréssen } + b’, b — b’ nicht entgegengesetzte Vorzeichen 
haben und ihre Summe positiv ist, so ist eine derselben positiv, die andere nicht 
negativ. Daher ist auch eine der Grossen 


(a+a)(b—b), (a—a)(b4+0) 
positiv, die andere nicht negativ und ihre Summe 2 (ab — a‘b’) somit positiv. 
§ 3. 
a+ Po=N, y+so=WM, 


Es sei 


wo a, 8, 7, 6 ganze, der Gleichung 


gentigende, Zahlen sind, und es handele sich um die Bestimmung des Ausdrucks 
n(M/N ). 

Es sind zwei Falle zu unterscheiden, je nachdem aé oder Sy ungerade ist. 

Sind a, 6 ungerade, so darf a positiv angenommen werden, da man eintreten- 
denfalls die Vorzeichen aller vier Zahlen a, 8, y, 6 umkehren konnte, ohne den 
Quotienten J//NV zu indern. 

Es sei zunichst 8 gerade und vom Null verschieden. 

Der absolut kleinste Rest 6, der ungeraden Zahl 6 — 8(y +1) in Bezug auf 
den Theiler 28 ist ungerade und liegt demzufolge, vom Vorzeichen abgesehen, 


unter 8. Setzt man 
6=98+ 6, YH I+ N: 


aé, — By, =1 


so ist 
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und y, den Congruenzen 


g =7+1 (mod 2), 
Y=v—g9 (mod 2) 


zufolge ungerade. Es sei ferner 8, der absolut kleinste Rest von 8 in Bezug 
auf den Theiler 26, und 


B=hb,+8,, a=hy,+a,, 


so dass h, 8, gerade, a, ungerade sind. 
Bezeichnet a die Einheit mit dem Verzeichen von a, und setzt man 
a,=aa, B,=a8’, y=ay, 6 = 08, 


1 


a’ =f B'w = Juba Yy = OM Ate, 
so ist 
a’d’ — B'y’ = 1, 


a’ positiv und die Bestimmung von 7(J//V) auf die von »(J/’/N') zuriick- 
fulhrbar. 
Man hat, wenn zur Abkiirzung 


a+Bo=N,, 7,+5o= i, 


int 


fe a 
ch =p 


=: M, =: J M, 
=) eas V8 = pn Wt) 
iV N 
—N pee } ay — pn—h =< ly, | 
rs, atl Ad Wed aTeals marr i ate a ’ 


— JN, NE iM, ( MM, Be VUE Iga 
ee NAG aN I ON’)? 
wo die Quadratwurzeln, wie tiberall in dem Folgenden, mit positivem reellen 
Bestandtheil auszuziehen sind. Hiernach wird 


1 Ae Se iM, (M’ 
U7] N ye MM, ee oe W’ : 


Bezeichnen c,d die Einheit mit dem Vorzeichen von y, beziehungsweise 6, , 
so hat 6 der Gleichung 8 = (a6, — 1)/7, zufolge das Vorzeichen von cd und jede 


gesetzt wird, 
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der Grossen (V/M,, — iv IZ,, — icdV einen positiven reellen Bestandtheil, da- 
her ist 


iN 
Re tf ai —ioM, = Vo, 





/—io~N Vi=vVoN, V—idbN Vodi= VV 
und sonach 
ae VN Vu 
M,~ / iM, Voi 
Ist 8, von Null verschieden, so hat es, der Gleichung 8, = (4,6, — 1)/y, zufolge, 


das Vorzeichen von a,6,/y, oder acd und die reellen Bestandtheile der Grossen 
—iM/N,, —1/iM,,—icdN" sind positiv. Sonach ist 


Ja R 1 5. af ao 1 
—ol, Vo, VadNv’’ 


/—idNW’ Vai=NaoW’, “Y—idN’ Voi=VN’, 




















und demzufolge 
= —il, /— il, M, Y cdi 
NC Oe 





Diese Gleichung ist aber auch noch richtig, wann 8, = 0 ist, weil dann a,6,"= 1, 


also 
a=d=a=)d, N’'=1, 


1 1 


—iM a oo ao 
cee —oM, Viac= Vedi 


1 
1st. 


Die Einsetzung der gefundenen Werthe von ViWV/I,, /—il/,/N, ergiebt 


eae ee (Fr) 
NN} Voi VN "VN 








da aber 
i=, acti i 
ist, so wird 
crt acts 


Vai=set, Vaci=e?t, 





. , = 
Sct as ga a-*) a He Be 


1 & faa) 1 n(¥-) 
et) hae | = Pt ae ae —}. 
S/N LE aN VN’ \N 





und demnach 
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Die Potenz 
ae 
lasst sich mit Hilfe des LEGENDRE-J AcoBI’schen Zeichens vereinfachen. 
Die Identitat 
c(1 —a) =(1—a)a’'y, + (a—1)(a'y, — ¢) 
= (a —a)y, + (@— 4,)¥, + (a —1)(a'cy, — 1) 
ergiebt nach Ersetzung von a — a, durch hy, 
(1 — a) = hy + (a’ — a) y, + (a — 1) (ae —1), 
und es wird daher, weil y, ungerade ist, 
c(l—a) =h+ (a —a)y, + (a—1)(a'cy, —1) (mod 8), 


¢(1—a) h+(a/—a) y4 a—1 a/cyy—1 
My oun a ae ae > —_—_ 
4 2 


ates 2 (—1)? 2 


Cr apaueles al GV 
8 el (ite ormencll Be (iter a ned 
a’ cry, a Y, 


(a/—a) y1 a—a’ a/—1 y4+1 a= yk 


ae (— Tyee (— 1408 





Es ist aber 








und nach dem quadratischen Reciprocititssatze, 


95)" -G)) 
P(A) GE" 


Aus den Gleichungen 
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¢ (1—a) h+a—a!’ B fog 
a a 


Nach Ersetzung von 7"? durch p* ergiebt sich daher 


Somit wird 





1l—a 1—a’ 


Bp Week ° M — itz B ee MM 
a a pial Ponts a’ Wales | DViewy. 


Der Factor p’*”’ kann in zwei andere zerlegt werden, welche beziehungsweise 





nur vona, 8, y, 6 und a’, 8’, y’, 6’ abhingen. 

Der einfachste Weg zu dieser Zerlegung beruht auf dem Umstande, dass die 
Produkte (a? —1) (8° —1), (yj —1) (6; —1) Vielfache von 24 sind. Denn 
einer der Factoren a? —1, 8? —1 muss nach dem FERMAT’schen Satze ein Viel- 
faches von 8 sein, weil a, 8 nicht beide durch 8 theilbar sein konnen, und a? — 1 
ist ein Vielfaches von 8. Dieselben Griinde gelten fiir (yj —1) (6; -1). Es 
ist daher 

i} et oh! Sa iniee 
! _ (mod 24), 
Leyte — 1% 
und die Multiplication mit g, / ergiebt 
g=aga+PgB—aBgf 


(mod 24). 
h=y, hy, + 6,16, — hye? 


1 


Nach Ersetzung von ga, g8, hy,, h6,, durch y — y,, 6— 6,, a—a,, B—B, folgt 


1:9 
hieraus 


I= a(y —%) + B(6 — 6,) — @’B8(6 — 8) 
h=,(@—4) +8,(8 — B,) — hyo; 


und man erhalt durch Addition 


(mod 24), 


gth=ay—ay,+ Bb — £856, — ad + a?86, 
+ 6, (a8 — aiB,) — hyi6; (mod 24). 

Ersetzt man aber in den Identititen 

a°B — aiB, = (a* + aa, + at) (8B — B,) + (a + a,) (a8, — a,B), 

aB —a,B,=(a+a,)(8—f,) + a8, — 4,8, 
8 —B, durch hé,, a8, — a,8 durch — h, so wird 

8, (a8 — a?f,) = hd?(a? + aa, + a?) — 13,(a+a,), 
aB—a,P,=hb,(a+a,)—h, 
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und die Addition ergiebt 
6 (78 — ai8,)=—aB+a,8,—h+hd\(a’ + aa, +a‘). 


Mit Hilfe dieser Gleichung nimmt die vorstehende Congruenz fiir g + h, 


wenn zur Abkiirzung 
A = ay + so—eso— ap, 
A’ = a'y + BS — a" B'S —a'f, 


C=h(a@ + aa, + ai — ¥;) 


gesetzt wird, die Gestalt 
g+2h= A—A’+8&C (mod 24) 


an. 
Nach Ersetzung von a durch hy, + a, wird ferner 
C= (W? —h)y} + 8h7a,y, + 8hai. 


Ks ist also einerseits, weil h* — h nach dem FERMAT’schen Satze ein Vielfaches 


C= 0 (mod 3) 


von 3 ist, 


und anderseits, weil 2 gerade, a, und y, ungerade sind, 
h (h 
—A+h'+ 3h= 13(5 + 1) (mod 8) 


= 0 (mod 8). 


Da hiernach C ein Vielfaches von 24 ist, so folgt 
g+2h = A—A’ (mod 24), 


A—A’ 











pet =p 
und man hat 
l—a Tal 
Bas: po M iz BN Gee p74 M' 
Naas acon OW): 


Diese Gleichung zeigt, dass der Ausdruck 


1l—a 
Bye (a 
(“) ae n(x) 


a 





ungeindert bleibt, wenn man von den Zahlen a, 8, 7, 6 zu a’, 8’, y’, 6’ tiber 
Letztere Zahlen besitzen aber dieselben Eigenschaften, welche bei den 


geht. 
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urspriinglichen Zahlen a, 8, y, 6 vorausgesetzt werden und sind insofern ein- 
facher, als |8’| < || ist. Denn es ist 


a’ é’ =n B'y’ = a Be 


a’, 8’ ungerade, 8’ gerade, a’ positiv und |f’| <|6,| <|A|. 

Ist 8’ noch nicht = 0, so kann eine neue Reihe von vier Zahlen a’, 8’, y', 5 
ermittelt werden, fiir welche der vorstehende Ausdruck denselben Werth hat 
wie fiir a, 8, 7,6. Dadie Zahlen |f), |8’|, --- eine abnehmende Reihe bilden, 
so fiihrt dieses Verfahren nach einigen Schritten zu vier Zahlen a”, B™, y™, 
6”, deren zweite = 0 ist. 

Hiermit ist die Aufgabe in allen Fallen auf die Bestimmung des vorstehenden 
Ausdruckes in dem Falle 8 = 0 zuriickgefihrt. Dann ist aber 


ee (2) (2) 


und der fragliche Ausdruck wird 


v 





=p n(y+o)=7(e). 


Somit ist bei geradem 8 


M Bivne = 


Ist @ ungerade, so ist 8 — a gerade, 6 — y ungerade, 
a(6é—y)—(B—a)y=1 


und daher nach dem vorhergehenden Falle 


M 
n (x) ==) 


wo 


4 Oe | 
: any = (FS) oe Jato (e35)- 
L Loe 

C = ay + (8B —a)(8—y)(1 — a?) —a(B —a). 
252)-(8) 


C—A—1=(1—a’)(ay — ad — By —1) 











Es ist aber 


= (a*° — a) (26 — ¥) 


= 0 (mod 24), 
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weil a® — a durch 8 und 8 theilbar ist, und 
@ i(1 + @) i 
n(p25)-\ 2 »(—-1-5) 
_ feats) (_1 
rate J @ a as 
pe ee V—ion(w). 


Da uberdies die Grossen 7V/w, — iw/(1 + ), — iw positive reelle Bestandtheile 
haben, so wird 


iN |—iwo N a anes ee 
stasis th OS. as CE ete ete BR Jae ae AT 
Ag = 1a oN ae ue Yh 


und demnach 
(ee /N ee 
1l+o S/_jgaNl+o 


Daher ist, wie bei geradem £, 


1) @)rerrve, 














§ 4. 
Es sei By ungerade. Man darf 8 positiv annehmen. 
Man hat 
5 ie 
( M va 
Th Weer ar, 
NV 1 
| B+ os | 


und daher auf Grund des bereits erledigten Falles 


M a eee (Nl 
(7) -(G) Fe Jo9(): 


B= £6 + ay — ayP’ + aB 


)-(3)G)--¥""(5) 





wo 


ist. Es ist aber 
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Wipes fo gve Sn = 
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GEOMETRY OF A SIMULTANEOUS SYSTEM 


OF TWO LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS 
OF THE SECOND ORDER* 


BY 


EK. J. WILCZYNSKI 


In a former paper} I have laid the foundation for a general theory of invari- 
ants of a system of linear homogeneous differential equations. I have actually 
determined the invariants for the special case of two equations, each of the second 
order, i. e., for the system 


(1) y" SR bai Vie ae WY + Ve = 0, 
B+ Pa + Pot + In + Int = 9, 


the independent variable being «. The transformations, which were considered, 
were the most general which could convert (1) into another system of the same 


form and order, viz: the transformations of the group G 


(2) w=f(E), y=a(E)n+hE)o, z=7(E)n+ 6(€)6, 


where f, a, 8, y, 6 are arbitrary functions of £, subject only to the condition 
that 

ad — By 
must not vanish identically. 

The present paper, besides deducing some new theorems, will be mainly con- 
cerned with geometrical interpretations. We shall again confine ourselves to the 
special case of equations (1) for two reasons. In the first place this will enable 
us to make use of the concrete results of our former paper, and in the second 
place we can thus avoid the consideration of configurations in hyperspace. It 
will not be difficult to generalize our considerations so as to include the general 
case, if only a space of the proper number of dimensions be employed. 


* Presented to the Society April 27, 1901. Received for publication April 9, 1901. 
+E. J. Wixczynsk1, Invariants of systems of linear differential equations, Transactions 
of the American Mathematical Society, vol. 2 (1901), no. 1. 
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Geometrical considerations of a similar nature have been applied to the theory 
of a single linear differential equation by HALPHEN and Fano.* 


$1. Definition of the general solutions, and of a simultaneous fundamental 
system of solutions. 

According to the fundamental theorem of the theory of differential equations, 
the equations (1) define two functions of «, which are analytic if the coefficients 
are analytic, and which can be made to satisfy the further conditions that y, z, 
dy/dx, dz/dx assume arbitrarily prescribed values for the particular value of 
w= @,, provided that the coefficients p,,, ¢,,, are holomorphic in the vicinity of 
wear 

Such a system of functions, y and z, is said to constitute a system of general 
solutions of (1). 

Now let (y,, z,) for i=1, 2,38, 4, be four systems of simultaneous solutions 
of the given system (1), so that 

Vit Pai + Pie: + UY t+ U%=%, 
(3) ((=1,/2,5780 
+ Pas + Poi t+ Unit Cori = 9 


ae 


Then, denoting by ¢,, ¢,, ¢,, ¢, four arbitrary constants, 
4 4 
(4) hes 2 CYis tage Dei 
t= t=1 


will also form a simultaneous system of solutions. Moreover, they constitute a 
system of general solutions, if, and only if, the determinant 


[MY Ys Ya! 


(5) ns | 








does not vanish identically. For then, if ~, is a value of w for which D+ 0, 
c,++-¢c, can be so determined as to make y, z, dy/dx, dz/dx equal to arbitrarily 
assigned constants for 7 = @,. 

If (y,, 2;) are such functions of « which satisfy (1) and do not make D identic- 
ally zero, we say of them that they constitute a fundamental system of simultane- 
ous solutions. Equations (4) then furnish the general integrals of system (1). 


We can express the condition 
D+ 0 





* For the history of this subject Mr. FANo’s excellent paper in Mathematische Annalen, 
vol. 53, may be consulted. 
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in another way. If D=0, it is possible to find four functions of x, A, u,v, 
p, so that the four equations 


(6) hy, + HY, + Vz, + pz, = 9 (4&=1, 2,3, 4), 
may be verified. 


If (y,, 2,) form a fundamental system of simultaneous solutions, it must there- 
fore be impossible to find functions X, u,v, p so as to satisfy (6), or what 
amounts to the same thing, it must be impossible to find functions a, 8, y, 6 
which satisfy the system of equations 

ay, + By, + Vy, + %y,= 9, 
ay, + By, + Vy, + Sy, = 9, 
az, + Bz. + yz, + dz, = 0, 
az, + Bz, + yz, + 62, = 0, 


(7) 


which, in particular, prevents y,---y, and z,---z, from verifying simultaneous 
relations of the form 


4 4 
(8) » CY: = 9; D o% = 9; 
t=1 


t=1 


where ¢, --- ¢, are constants. 

Suppose now that four pairs of functions (y,, z,) which verify no relations of 
the form (6) or (7) are given. Then we can consider them as constituting a 
fundamental system of simultaneous solutions of a system of differential equa- 
tions of the form (1). The relations between the coefficients p,,, ¢,, and the 
functions (y,, z,) follow from (8). They are 


4? / / ‘rf 

Dp, = — DY;,; eo Yas 2) Dp,, = — Dy,» Ys Yur 2)» 
Lad / / 4; 

Dp, naa D(z, qn Yas 2) 104%. oor Dy, 9 Yas Zp) s 


(9) Dy = — DY, %9 us %)»— PN 2 = — D Yer Fes Yur Ve) 
D4q,, > Dy, ome Zs 24) DQ, = En Diy, Za Yio zs 


I 


EINE ORAL 


where we have adopted the notation 





ieee OC OL, | 
ee Te Cre Cs | 
(10) D(a. 07, Cry dy) = | 8 oz i. 
Ve Opie c,d, | 
Geet Ci d,. 
We have moreover 
1 dD 
(11) Pu + Pa = eld. dae? 
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whence 


(12) peo! pi ial. 


where C is a non-vanishing constant. 

All of these theorems are simple generalizations of well-known facts, but it 
is necessary for the purposes of this paper to formulate them explicitly. 

If we subject the general solutions of our system (1) to a transformation of 
the form 
(13) n=ayt+ Be, SC=yy+&, 


where a, 8, y, 6 are functions of x, then 7 and ¢ will be the general solutions of 

a system of differential equations of the same form as (1). Moreover, if we put 
7]; —— Oy; “ir Bz;, 

(18a) (t=1, 2, 3, 4), 
o= VY; + &, 

the four pairs of functions (7,, ¢,) will form a definite fundamental system of 

the new system of differential equations, and its general solutions will be 


4 4 
= DCM» f= Dies. 


Thus, if we consider instead of a pair of general solutions of system (1), 
four pairs of solutions which form a fundamental system, these are transformed 
cogrediently with each other, and with the pair of general solutions. 


$2. Geometrical interpretation. 


Let us interpret (y,, 7,5 Y35 Y,) and (2,, 2,, 23, 2,) as the homogeneous codrdi- 
nates of two points in space. If (1) is integrated, we shall have all of these 
quantities expressed as functions of a: 


ie) Y,=Si@) + %, = 9A) (k=1, 2,334 


so that we can say that the system (1) defines two curves in space Cand C_, 
whose points moreover are put into a definite correspondence with one another, 
namely, those being corresponding points that belong to the same value of a. 

But there is a restriction on these curves, owing to the condition that (y,, 2,) 
are to be the members of a fundamental system, so that equations (6) must not 
be verified. Let us write (6) as follows 


(6a) AY, + PY), = — (v2, + pz;,) (K=1, 2, 3, 4). 


Now the quantities Ay, + my), for each value of « denote the homogeneous co- 
ordinates of some point on the tangent to the curve C’, constructed at the point 
whose parameter is x, and vz, + pz), denote the coordinates of a point on the 
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tangent to C_ at the corresponding point of this curve. If equation (6a) is 
satisfied these two tangents intersect for all pairs of corresponding points. 

In order, then, that the curves C, and C, may be the integral curves of a 
system of form (1), it is necessary and sufficient that the tangents of these 
curves at all corresponding points do not intersect. 

In particular the curves may be plane curves, but they must not be in the 
same plane. 

What is the geometrical meaning of transformations of form (13) ? 

Let us mark on the curves Cand C, the points P, and P, corresponding to 
the same value of w, and let us join them by a straight line Ly Then it is 
clear that the transformations (13), or more properly (13a), convert the points 
P,and P, of the line Z,, into two other points P, and P, of the same line. 
Moreover, since a, 8, y, 5 are arbitrary functions of a, it becomes possible to 
convert P and P, into any other two points of this line. The line L,, then is 
invariant for all such transformations. 

If we make this construction for all values of «, we obtain a ruled surface 
S, whose generators are the straight lines L,,. A change of the independent 
variable 


vc =f (&) ’ 
where /(&) is an arbitrary function, interchanges the generators in the most 
general way. 

Thus, there belongs to every system of two linear homogeneous differential 
equations of the second order a ruled surface, which we shall call the inte- 
grating ruled surface, whose generators are the lines joining corresponding 
points of the two integral curves. This ruled surface is the same for all such 
systems which can be transformed into each other by a transformation of the 


form 
15 n= ay + Bz ’ £ 
=f (a 

(15) remy ae, ETLO 
where a, B, y, 5, f are arbitrary functions of x. 

There is one important restriction, however, viz.: the ruled surface cannot be 
a developable surface. For, in the case of a developable surface, and only in 
that case, would the corresponding tangents of the two integral curves be co- 
planar, and therefore intersect. 

This consideration also teaches us the meaning of the singular values of the 
independent variable for which 

De 0, 


They are the values of « for which two consecutive generators of the ruled 
surface intersect, i. ¢., they correspond to the generators upon which are situ- 
ated singular points of the surface. 
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It should be remarked that the ruled surface S will be different for different 
fundamental systems of solutions of (1), if we regard the tetrahedron of refer- 
ence as fixed. All of the ruled surfaces belonging to the different possible fun- . 
damental systems of the same system of differential equations are obtained 
from one of them by projective transformation. 

By means of equations (13a) we associated with each fundamental system of 
the original system of equations, a definite fundamental system of the trans- 
formed system of equations, and it is only for such associated fundamental sys- 
tems of the two systems of equations that it is true that they have the same in- 
tegrating ruled surface. In general the two integrating ruled surfaces will 
only be projective transformations of each other. If we call two systems of dif- 
ferential equations of form (1) equivalent, when they can be transformed into each 
other by a transformation of the form (15), we can state our theorem more pre- 
cisely as follows: 

Tf two systems of differential equations of form (1) are equivalent, their in- 
tegrating ruled surfaces are projective transformations of each other. More- 
over if the fundamental systems of solutions be properly selected, the ruled 
surfaces coincide. 

Conversely, if the ruled surfaces of two such systems coincide, the systems 
are equivalent. 

If the ruled surface is not of the second order, this converse is clear at once. 
For the arbitrary functions a, 8, y, 6 in the transformation (18) can be chosen 
so as to convert any pair of curves on the surface, which are not generating 
straight lines, into any other pair, for instance the pair of curves corresponding 
to the first system into that corresponding to the second. Moreover this ensures 
the equivalence of the two systems, if the surface is not of the second order. But 
if it is of the second order it may be generated by straight lines in two different 
ways. But even then the theorem holds, since we can transform one set of 
generators into the other by a projective transformation. 

Suppose that any non-developable ruled surface S is given. There corres- 
ponds to it a class of mutually equivalent systems of linear differential equations. 
To find a representative of this class, we trace any two curves, not generating 
straight lines, on the surface and express the coordinates of their points as func- 
tions of a parameter 2, in such a way that to the same value of « correspond 
points of the two curves which are situated upon the same generator of the sur- 
face. The system of differential equations whose integral curves are these, 
parametrically represented in this manner, is the required representative system. 

We see further that it is always possible, by a transformation of form (15) to 
convert any system of differential equations of the kind here considered into an- 
other with plane integral curves. We can even take the planes of these curves 
parallel, and moreover this can be done in an infinity of ways. 
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If the ruled surface is algebraic, the system can be transformed into one whose 
integral curves are algebraic space or plane curves. 

Any equation or system of equations between p,., q,,5 ete., which remains in- 
variant for all of the transformations of the form (15), expresses a projective 
property of the integrating ruled surface. For, it expresses a property common 

: : f : 
to all possible pairs of curves on this surface, and p,,, q),5 P;,5 °°: ave differ- 
ential invariants of the general projective group of space. Conversely any pro- 
jective property of the integrating ruled surface can be expressed by an invari- 
ant system of equations. 


§ 3. Hupression of the integrating ruled surface in line coordinates. 


The surface S is generated by the motion of the line Z,, which joins the 
points ¥ = (Y15 Yo. Yo Y,) Of the curve Cand z= (2,, 2, 2, 2,) of the curve 
(eke 

The Pluckerian line-coordinates of L,, are the six determinants of the second 
order in the matrix 


Mis Yor Yar Ys) 
° 
| 


| 2 g 2 2 
ri? ad, aye a 
Put 
(16) On = Ue, — YF; (t, Bao 12,/3, 4), 
then the identical relation will hold 
(17) W054 TF W.0), + OO), = 0. 


Corresponding to the transformations of the infinite group G, we shall have 
for w,, the transformations 


@,,= (a6 — By)o,, v= f(€). 
But the six line-coordinates will verify a linear homogeneous differential equa- 
tion, in general of the 6th order, say 
(18) Po + P.o® + Pio + Po + Po® + Po + Pw=0. 


Now the most general transformations which convert such an equation into 
another of the same form and order are those of the infinite group /7, 


o= >(x)o, w= f(é), 


where f and ¢ are arbitrary functions. Such functions of P,, ---, P,, 
P|, ---, P., ete., which remain unaltered by all transformations of the group 
Hf are called invariants of (18). 

It is clear, then, that the invariants of the linear differential equation of the 
sixth order, which the line-coordinates of a generator of the integrating ruled 
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surface satisfy, are also invariants of the original system of differential 
equations. 

We proceed to set up this linear differential equation of the sixth order in a 
normal form. We have shown, in a former paper, that every system of form 
(1) can be reduced to a particular form, which we have called the semi-canonical 
form, for which p,, = 0.* Let (y, z) and (7, ¢) be any two simultaneous solu- 
tions of a system of differential equations in the semi-canonical form, so that we 
shall have 

Y =— MW — Les 1 = — J — Nab 


(19) ; ” 
o! <= = Gay = app ee ea 
Let us put 
(20) @ = yf — 2n = (y6). 


We wish to find the differential equation satisfied by o. To do this, let us 
first notice the relations 
(21) (ny") = + Us (72") = T Yn, (Sy") pe nants ite (o2”) = aes 
which are obtained from (19). Then, by successive differentiation, and using 
the abbreviations 
20 = 0 + (G1 + Im); 
(22) wav —2 (111 Fo0 om L191) ® zr (Qu ar Yo) ¥ 5 
t =w — (M22 ae Gai al Ldn cm InVi2) © ca (Qn T Yo) > 
Pao ges CAVES ap Gaia = ORES — InQi2) © ap ve i qo) Ms 
we obtain the system of equations 
OS Te) ee 
v= qu (nz") + pe (52') ant (ny’) — Yr (Sy’), 
(23) © = Qi (mM) + Y2(S%) — Gr (MY) — Gn (SY) » 
t = qi lm’) + 12(%) — di (MY) — Go (SY) » 
P= n(n’) + Gia (&') — Gr ny") — Yo (Sy’) 
Eliminating the determinants (72’), ete., we find the required differential 
equation of the 6th order for @, viz: 





3 (3 3 3 
Oe COGS CL ee Oa ena. 
t Lay 4 ad wr a) | 
t bs Gays F199 = Yar F982 
/ , , , 
Oe Ws, Vis Vie. — Wer. — 422 | = hes 
/ 
RTP IRG EY Play he mess pt) Kew ita 
/ 
ae Nee 1 ’ 0, 0; +1 








*Transactions of the American Mathematical Society, vol. 2 (1901), no. 1, p. 19. 
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This differential equation reduces to the 5th order if the minor of p in this 
determinant is zero, i. e., 1t 
vr 47 vr 47 
Gin — Yaa Gies? Yas 
, / , / =" 0 
Gia “Fea ease ey 4? 
Fir — Una» Zina = F213 
or, when the equation is not written in the semi-canonical form, if 


U 


i ee ee 


a a5 See 


11 12? 21 


Wy — Wrg2 igs Pay 


It is clear from this, that A must be an invariant, obviously of weight nine. 
This may also be verified analytically. A, being isobaric of weight 9, cannot be 
rationally expressed as a function of the seminvariants involved in it, for it can 
be shown that no such rational invariant of weight 9 exists. But there is a 
simple syzygy between A and the invariant of weight 18.* By expressing 


both of these quantities in terms of w,,, v,,, ”,,, it will be found that 


“ak 
(26) A? 4 46,,=0. 


We have seen that the differential equation for » reduces to the 5th order if 
and only if A= 0. 

Therefore, the equation 
(27) A=0 


means, that the generators of the integrating ruled surface belong to a linear 
complex ; for, the six line coordinates w,, must, in this case, satisfy a homo- 
geneous linear relation with constant coefficients. The condition A= 0 is 
necessary and sufficient. 

If the linear complex, to which the generators of the ruled surface belong, is 
special, additional relations must be fulfilled. For any two linear complexes 
which are not special can be transformed into each other by a projective trans- 
formation, while a non-special complex can never be so transformed into a special 
complex. 

A special complex consists of all lines which intersect a given straight une 
called the axis of the complex. If 


O10 34 =i @, 0 14 ch 4 24 a ® ,Fo5 ar @,,0 31 is O40 Cows = 0 
is its equation, then a,, are the line-codrdinates of its axis, and 


4,4 34 st G0 14 a A345, = ay, 0. 





*Transactions of the American Mathematical Society, vol. 2, no. 1, p. 18. 
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Every ruled surface contained in such a complex, therefore has upon it a 
straight line which is not a generator of the surface, namely the axis of the com- 
plex. Take this as our fundamental curve C,, and also as one of the edges of 
the tetrahedron of reference. 

Then we can put 


(28) y= Yi — 0 


while y,, Y,3 2% > 2%» %3, 2, may be arbitrary functions of «. Since y,= y,= 0 


3 
we can take as the first Aifenen eal equation of our system the linear differential 


equation of the second order of which y,, y, form a fundamental system, so that 


Poise 0, 
whence follows 


(29) U. = ,,= U,=0, 
which makes 
(30) os iy oF a 0.3 a 


while 6, and @, do not vanish, unless there is a further specialization. Since, 
moreover, in this case 
pee 2 
6, a (1 va Uz») ’ 
we may assume 


(29a) Uy — Ung = 9. 


The conditions (29) and (28a) are sufficient to insure that the integrating 
ruled surface shall be generated by lines belonging to a special linear complex, 
for from them follows p,,=4,,=9. But they are not necessary. The neces- 
sary and sufficient conditions must form an invariant system of equations, which 
the conditions here found do not do. The conditions (30) on the other hand 
are necessary, as they form an invariant system, but they are not sufficient. 

To find conditions for this case, which are both necessary and sufficient we 
proceed as follows. If the ruled surface belongs to a special linear complex, it 
must be possible to transform the given system, by a transformation of the form 


Y= 4,9 + a,b, 


Ds a1 oF ites 


into another, for which 77,, = p,, = 9, if the coefficients of the transformed sys- 
tem be denoted by Greek letters. 
But the conditions 77,, = p,, = 0, give 


(31) 2(a,,a 27 Ay.Ay9) tH Py %2% 22 + Py @5 22 — Py ti, — P24 29% DL = 0 ? 
and 


(ei é 


F 1 9% — A + Pu 12 A + Py zo 22 — Py % 12 — Py ao 


(32) 
“T G18 12% 22 cr Gi2% a — Yn wr Yo9% qo 12 = 0. 
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Differentiating the left member of (31) and subtracting from the resulting 
expression twice the left member of (32), we find 


(33) (45. — Bj ono) ae + Doo) he BoM Wie 20 nx (Pas Ta 240) | 

mi a32( Pia ty 29,2) aa Bink Pay can 2901) = 0. 
Multiplying (381) by — (p,, + p,,) and (33) by 2, and adding we find 
(34) Ayo (Uy, — Uy) + a3. — ai uy, = 0, 


where the quantities uw, are the same as those so denoted in our previous paper. 
Dividing (384) by a3,, we have 


2 
a a 
12 12 
oy (U,, — Uy) + Uy, - (") th = 0, 
whence by differentiation 


a da a * 
( _12 pee eee ent ee ee geeaes = ; 
(35) (», od ea 2 a un) dea. Ur» a (u, 11 Uy) ae (3 :) ays 
? a. 23 A 


But from (81) we have 





d a, _ wy aaNe 
27 dx Gy, rate aja Pin) = Put (=) Pas 
which gives on substitution in (35), after pyre and clearing of fractions, 
(36) A Ay (My a Vs0) ar A309 -_ ist pees = 0. 


Differentiating (386), we get by a repetition of this process 
(87) Ay, (Wy — Wy) + BpyW 12 — O14, = 0. 
We have then three equations (34), (36) and (87) for 


2 
4 


a 
a=. 
a 


It is at once seen that A must vanish, and if we put 





2 (v,,0 21 — Vga) =U, 2 (10,92, — Watt.) =V, 2 CE i Un,%) =VW, 
(38) UW, — WU, = U.,, WU, — UW, = Vio, UV. — VU,, = Wiss 
VW, — Wl, = (oe ’ WU, — Ub, = Ue ’ I Re tha Nae Wa ’ 
Un — Ug = Uy Vy — Vg = UV, Wy — Wy = WV, 
we obtain 
OG V W 
SS ee ee ee ae ee 
OU, 2V,, 2W,,’ 
(39) 
UES Ne me 
aiaal RT same ’ 
OC, Van Wa 
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whence 
VEY reer av = WU, —UW,, =UV,,—VU,=9, 
(40) Vis ae Wala = (On — Un a Oe ee ee 
U'—4U,U, =V?—4V,V, —W'-4W,W, 0. 
It will be noted that U7, V, W, ete., are the nine minors of the second order 


of the determinant A, and that ail of the minors of the second order of their 
determinant 


UT Uy Us 
(41) Lanai Ate: 
We BU Les 


vanish in consequence of the relations (40). Moreover the quantities 
U, U,,, Uns Vs Vies Vans W, Wi, W.,; are all cogredient with each other 
and wu, w,,5 U,,, ete., for transformations of the dependent variables, and we can 
write 


(42) 9, aa Z w* — Wy Wey ’ 


The conditions (40) which are necessary for the case under consideration are 
also sufficient. For, let us suppose these conditions fulfilled for a system of 
differential equations. Then let us transform this system as before, putting 
now 


(43) eee WW, as aes We = 


We find by actual computation that the left member of (81), which is equal 
to 7,,, vanishes. Denoting this left member, in general, by 7,,, and the left 
member of (32) by p,,, the left member of (84) will be 


21 .— Apis al Ce + Pz») Ti9° 


But this vanishes under the given conditions, and since 77,,= 0, p,, also will 
vanish. Therefore the first equation of the transformed system will actually 
have the form 


dn dn 
(44) ae rele > Fe +pyn=9, 


which proves that the ruled surface in this case belongs to a special linear com- 
plex. This proof is insufficient only if W=W,,=0. 

If W= W,,= 0, we have either wu, =v,,=0, or else also W,,— 028i 
the first case, if w,, = v,, = 0, and w,, — u,, + 0 we find from the equations defin- 
ing these quantities that p,, and g,, must vanish, which means that in this case no 
transformation is necessary, one of the original equations already being of form 
(44). Ifhowever, in addition to w,, = v,, = 0, we have uw = 0, we find from (40) 


that either W,, = 0, which comes under our second case, or else UV, V, U,, and 
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>», must all vanish. But this again gives either vw = 0, w,,= 0, w,, = 0, which 
we shall see later makes the ruled surface of the second order, or else w,, = 0. 
This again gives rise to two sub-cases. Either p,, = ¢,, = 0 as in a former case, 
or v = 0 and therefore w,, = 0, which is again the case of a surface of the second 
order. In all of these cases the ruled surface belongs to a special linear complex. 
In the second case mentioned above, we have W= W,,= W,, = 0, or 


U, ot 


wo — Unig = 9, w,—04,,=9, uwv,— vu, = 9, 


») 
21 21°12 


whence, denoting by p a proportionality factor, 


(45) Or Rese Crest Pie eee day > 


unless w = u,, = u,, = 9, which is the case of a surface of the second degree. 
Using the equations (32) of our former paper,* which defined v,, we find 
from (45) 
pu = 2w + 2(pyyty — Paths) 


/ 

pu, = 2u;, 23 Ce, ie) Ug — Pits 
/ 

pu, = 2u5, cs (Pu aa Pop) Ua, + Py» 


and similarly, from the equations (389) in our former paper, 


(46) w= (p+ 2p )u, Wy = (p+ 2p’)wy,, Wy = (~” + 2p’) U5 
but these expressions of v,,, w,, show that, in this case, not only 


W= Wis= Wa =0, 
but also 
C= U,,= OU, = V= Vi.= Vi, = 9, 


i. e., all of the minors of the second order of A vanish. In this case also, the 
ruled surface belongs to a special linear complex although our method of reduc- 
tion fails. That this is so will, however, be apparent from what follows. 

We have seen, then, that the equations (40) are the necessary and sufficient 
conditions for an integrating ruled surface belonging to a special linear com- 
plex. Moreover we have seen how the axis of this complex, i. e., the straight 
line on the surface, which is not one of the generators, may be found, for this 
is the geometrical meaning of the transformation which we have just completed. 
The cases in which this transformation fails are those in which more than one 
such straight line exists on the surface. 

If the generators of the ruled surface belong to two different linear complexes, 


Q, = Ons, HF Ox.) 4 TF Os) Gyy D1 4Upg PF Dogg) F OyyAy9 = 0 ’ 


(47) 
Q, <> O05, ne W504 + O,, ae 0,45, ss Obs, ne 5,1, a: 0 9 





*Transactions of the American Mathematical Society, vol. 2, no. 1, p. 8. 
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or if they are lines of what PLiicker calls a linear congruence, they belong to 
every one of the o' complexes 


(48) pmsl seh 14). 


Now, among these there are in general two, which are special. For (48) rep- 
resents a special linear complex, if and only if, 


(49) BN +0714 A=0, 


where we have put 
A= AypUy, + Aggy y 5 As) Faq 


(50) Babe dapsone 


12> 34 3 14 
C= Ards, om Ay, 4 te Asb,, 28 Gy {0-3 ts A, 405 °F A,4b, : 
But (49) has two distinct and determinate roots if 
C?—-4AB+ 0. 


In this case we can assume that the complexes (47) are special, so that 
A= B=), and consequently C+ 0. The congruence consists of all of the 
lines intersecting two distinct, non-intersecting straight lines, the directrices of 
the congruence. 
If C’—4AB=0, we have a congruence with coincident directrices. 
A sub-case of this, 
A= i= Ore) 


must be excluded from our investigation. For in this case the directrices of the 
congruence intersect, so that the congruence consists of all straight lines inter- 
secting a pair of intersecting straight lines. In other words, all of the lines of 
the congruence are situated either in the plane of the directrices, or else pass 
through their point of intersection. Any ruled surface contained in such a con- 
gruence is either a plane or a cone, and therefore a developable surface. But a 
developable surface cannot be the integrating ruled surface of our system of 
differential equations. 

It wili be easily seen that the necessary and sufficient conditions, which must 
be fulfilled in order that the generators of the integrating ruled surface may 
belong to a linear congruence, are that all of the minors of the second order 
of A must vanish. 

In this case then 


(51) U=U,= U0, =V=V,,=V,=W=W,,=W,=9, 


and as a consequence, 
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In the case of a congruence with coincident directrices additional conditions 
must be fulfilled. Such a congruence may be described in a number of ways. 
It consists of all of the lines of a complex which intersect a given line of the 
complex. Or, we may consider the line with which the two coincident direc- 
trices of the congruence coincide, as a generator of a surface of the second order. 
All of the tangents to this surface, passing through the given generator, consti- 
tute the lines of the congruence. Finally, for actual use, we can define such a 
congruence in the following manner. Take rectangular axes w, y, 2 in space. 
Through a point P on the a axis, and the origin O pass a plane, whose projec- 
tion on the yz plane makes an angle \ with the z axis, where 


(alk Ace 4 
wv 


k being a constant, and x the distance of P from the origin. Then the lines of 
this plane, which pass through P, are the lines of the congruence.* 

Let us take the axis, which must be a line on our surface, intersected by all 
of the generators, as the fundamental curve C, and the abscissa OP = x of 
the point P as the independent variable of our system of differential equations. 
Moreover, suppose that we have chosen our homogeneous coordinates so that the 
ratios 





YY Ys Pla he mess 
9 9 ’ 9 9 ’ 
CF ea Pee er ed 


are the cartesian coordinates of the points (vy) and (z) respectively. Then we 
can put 


(52) ¥,= u, eas Ye aac) peat 
Moreover the equation of the plane mentioned above, will be 
y =z tand, 


whence follows the single relation between z, and z,, 


or 


(53) x2, — ket, = 0. 


There exists then, in this case, a system of differential equations, equivalent 
to the given system, for which 


(54) 





* PLUCKER, Neue Geometrie des Raumes, pp. 57 and 73. 
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where 2, and z, are arbitrary functions of x. 
Substituting these values in equations (9), we find 


Pa Pu Sw fea = 0, 
if ; 
Pater, aes Es aie 22,2; aX (w I z,) (2 (2) i ia ayy } | : 
2 
(55) “ 
| Pe se 


qn = 


A 


bo bh 
a 
bo 
Cant 
xR 
we 
“" 
to 
x 
bo 
2 
w > 
Lod 
~ 
we 
Qo pet 
to to| 
| aman | 
bo 
SES 
x 
wt 
— 
bw 
cn 
bo 
x2 
to > 
—_—, 


whence we derive the relations 
2D» ws 49, + Pos = 0, 
(56) Iu t+ n=, 


Pp Si ee 4 ee 0. 
Therefore 
(97) Hy = Uy = Uy = 9, y= %y_H%y_HO, Wy = Wy = Vy = 0. 


Substituting these values, it will be seen that all of the invariants vanish. 

The conditions (57) are sufficient to make the ruled surface belong to a con- 
gruence with coincident directrices. For, if we assume in the first place the 
additional relation u,, = 0, the surface will be of the second order, as we shall 
show very soon, and therefore it will be a surface of the kind here considered. 
If u,, +9, we find from the conditions w,, = u,,=v, = 9, that p,, must 
vanish. From w,,= 0 then follows ¢,,= 9, and from w,, = u,,=9, 


(58) 2p11 roa £04 + Pay <= 205» = 4¢., A ia = 0. 
Our system therefore has the form 
y+ Puy +My = 9, 
2 PaY ar Pook F Yn F Yo. % = 0, 


with the relations (58). If we now transform, by putting 


—1 pide =3 [ ropae 
YyY =e Ns 2>=€ 3 


the system will become, owing to the relations (58), 
n= 0 ; 
"4 mn! + en =, 


where 7 and « are functions of x subject to no condition. 
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But this system has the fundamental system of solutions 
n=, 0. nes (i, Hoa, 
‘ Sect kG “fs Ka) de” , c =hk, 4 rae. , IT J Jude, 
where & is a constant, which must be different from zero, for we find that 


Dn, Ch Ue) Ge) =k, 


Making another transformation, by putting 


(ae 
ifcda 
it will be seen that 7,, 7,, 7, 7, and cr ee & €, form a fundamental system of 
solutions of a system equivalent to the given system, and of the form (54). This 
proves that any system of differential equations, for which the relations (57) are 
satisfied, has a ruled surface which belongs to a linear congruence with coinci- 
dent directrices. 
But the sufficient conditions (57) are not necessary. The following condi- 
tions 


(59) Bera fien ie — fo 0 eG 4h = 0, 


are both necessary and sufficient. For, in the first place it may be verified that 
they form an invariant system of equations. 

In the second place, any system of differential equations of the kind here con- 
sidered can be so transformed that the relations (57) shall be satisfied. But then 
the relations (59) will also be satisfied, and moreover, since these relations form 
an invariant system of equations, they must have been satisfied for the untrans- 
formed system of differential equations. The equations (59) are then necessary 
conditions. But they are also sufficient. For, suppose that they are satisfied. 
We can then assume 


eo — Uo OF, tte OF 


For, we can, by a transformation of the form y = Ay, 2 = wf, make w,, and 
u,, equal to any functions of « whatever, and therefore it may be so chosen as 
to make w,, = 0 and w,, = 0. 

Moreover, since then w,,w,,=0, either w,, or w,, must vanish. Suppose 


U,, +9; then u,,= 0, and v,,= 0, while 


Cy a 2D otto, 


must vanish, on account of (59). But since w,, + 0, we have p,,= 0, whence 

V1, = V9 = 9, andalso w,, = w,, = w,, = 9, or, taken together, the sufficient con- 

ditions (57). If w,, = 0, together with w,, = u,, = u,, = 0, we have the case of a 

ruled surface of the second order, which also belongs to a linear congruence with 
Trans. Am. Math. Soc. 24 
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coincident directrices. Had we assumed w,, + 0, instead of w,, + 0, we should 
have found the conditions 


Uy, = Uy, = Uy = 9, V1, = Vy, = Vy, = 9, Wy, = W,, = W,, = 9, 


which are the same as (57) except that the order of the two differential equa- 
tions is interchanged, i. e., except for the notation. 

The necessary and sufficient conditions for a ruled surface belonging to a 
linear congruence with coincident directrices, are therefore 


(MH ai Uy)” Se AU, Us, = 0, 
See (Y, Pas DEN + 40,0, = 0, 
(01, — Wy)” + 4w,,0,, = 9, 


for these are equivalent to (59). 

If the ruled surface is made up of the lines common to three distinct linear 
complexes, it is a surface of the second order (not a cone), and all of the elements 
of the determinant A must vanish. 

Therefore the necessary and sufficient conditions for an integrating ruled 
surface of the second order are 


(61) u 


ty eg ye SS a 0. 


This is the case treated in our former paper in §4. It is possible to so trans- 


form the system that the new dependent variables 7 and ¢ satisfy the same linear 
differential equation of the second order 


7 + pn +qn=9; 


the geometrical sense of this reduction is that any two generators of the second 
kind are taken as the fundamental curves Cand C,. The differential equa- 
tions for y and z are then the same because the point-rows cut out of any two 
generators of the second kind by a moving generator of the surface are projective. 

This reduction can be made analytically by reducing to the semi-canonical ” 
form. 


$4. Geometrical interpretation of the semi-canonical form of the system of 
differential equations. 
We have shown in our former paper, that every system of differential equa- 
tions of the form here considered, can be reduced to the form 
y+ Puy + Pye = 9 
(62) : 11 12 ’ 
2+ PnY + Pot = 9, 


which we have called the semi-canonical form. We have also determined the 


1901] TWO LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS 361 


most general subgroup of the group (2), which leaves this semi-canonical form 
invariant. Its finite equations are, 
dé dé 
(63) f= E(x), ee dx (Cuy aE C2), c= ees (Cyy 4 Cyz) 
where C,,, are constants. 

Now, of course, equations (62) define a pair of curves on the integrating ruled 
surface. This is transformed by equations (63) into another pair, whose defin- 
ing system of differential equations also has the semi-canonical form. 

Since (638) is the most general transformation which leaves the semi-canonical 
form invariant, we see that there exists upon the integrating ruled surface a 
single infinity of curves, whose defining systems of differential equations have 
the semi-canonical form. It is also clear from equations (68) that a moving 
generator of the ruled surface intersects any four of these curves in a row of 
Sour points whose anharmonic ratio is constant. 

On any ruled surface the generating straight lines constitute one set of 
asymptotic lines. We shall now prove that the curves just mentioned constitute 
the other set of asymptotic lines. 

Let the homogeneous coordinates be so chosen that 


Wipe aa Be 
UE Sea ae ae Pi at | 
are the cartesian coordinates of the points describing the curves C’, and C, re- 
spectively. Then if X, Y’, Z denote the coordinates of any point in the oscu- 


lating plane of the curve C) at the point (y,, ¥,, ¥3, y,), the equation of this 








plane is 
Ix pik gts 
Y4 Y4 V4 
Be 5 UE ay Le 
dey, dey? duy,|  ’ 
CE ROSE aE 
ie yar yi) Nae yy, 
or 


XY, — Y) Vy, Yes ZY, — Ys; 
YY. —YYi >» Ys —Y8r> Yr —YYs |= 9- 
| WY. —YYi > Ys —YGr> YUL —YYs 


But since y,, 2, are solutions of (62), we have 





Ys = — Pas — Paris 


at 


A el mt ae Eee at 


(ioe 1,354), 
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and, therefore, 

YY: — VY = — Pris @n— Ver)» 
which shows that the osculating plane of C, at the point (y,, ¥,, y;, y,) also 
passes through (z,, z,, 23, 2,), 1. €., 1t coincides with the plane tangent to the sur- 
face at the point (y,, Y, Y;, Y,)- This proves that C, is an asymptotic curve of 
the surface. 

Our remarks furnish a new proof of PauL Srerret’s theorem: the double 
ratio of the four points, in which any generator intersects four fixed asymp- 
totic curves of the second kind, is constant. 

We shall leave the geometrical interpretation of the canonical form for a 
future occasion, when we shall also treat some other important problems not 
touched upon in this paper. In particular, it will be interesting to introduce 
the idea of duality into this theory. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, March 30, 1901. 


THEORY OF LINEAR GROUPS IN AN ARBITRARY FIELD* 


BY 


LEONARD EUGENE DICKSON 


$1. Introduction. 


Various branches of group theory may be correlated by a treatment of groups 
of transformations in a given field or domain of rationality. In view of the 
simplicity of their treatment and of their importance as well in applications as 
in the general theory,+ groups of linear transformations offer a natural start- 
ing place in the construction of a theory of groups in a given domain of rationality. 

The chief result of the present paper is the exhibition of four infinite systems 
of groups of transformations which are simple groups in every domain of ration- 
ality. For the case of the field of all complex numbers these groups are the 
simple continuous groups of Liz. By the well known investigations of KILLING 
and CarTaNn, the latter groups give the only systems of simple continuous 
groups of a finite number of parameters. 

As in the theories of algebraic and differential equations, so also in the theory 
of groups of transformations, it is of first importance that the definitions, con- 
ceptions and developments shall have reference to a given field or domain of 
rationality. For example, it is important to have a theory of continuous groups 
in the field of complex numbers and a theory in the field of real numbers. 
Two real continuous groups may not be isomorphic, although the corresponding 
complex groups are isomorphic.{ If we allow complex transformations to canon- 
ical types, there results a complete list of real groups; allowing only reductions 
by real transformations, the list is often more extensive. 


* Presented to the Society at the Ithaca Meeting, August 20, 1901. Received for publication 
June 7, 1901. 

+ For example, a continuous group @ with a finite number of parameters is simply or multiply 
isomorphic with a linear homogeneous group called the adjoint group of G. If @ be simple, it 
may be exhibited as a linear fractional (projective) group. From the fundamental réle played 
by the adjoint group and by the simple groups, the theory of linear groups is of capital impor- 
tance in Lik’s theory of continuous groups. 

t Dickson: Bulletin of the American Mathematical Society, (2) vol. 7 (1901), 
p. 340 ; Stocum: Proceedings of the American Academy of Artsand Sciences, vol. 
36 (1900), p. 105. 
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The chief results in the theory of linear groups in a finite field are presented 
in the author’s treatise on Linear Groups, * to which reference will here be made 
by the initials L. G. 

In certain questions cencerning continuous groups, as that of the structure of 
a mixed group, the methods here presented often give additional knowledge, not 
obtained by following Liz’s method. 

In §§ 9-10 is investigated a group in an arbitrary field which corresponds to 
the simple continuous group of 14 parameters, an isolated group not in the four 
systems of Liz. For the case of a finite field of order p”, we are led to a new 
simple group of order p"(p™ —1)(p” —1). 


$2. Definition of fields and groups. 


A set of operators forms a group if the following properties hold: 

(a) The product (compound) of any two operators of the set is itself an opera- 
tor of the set. 

(b) The composition of operators is associative: if A, B, C are any opera- 
tors of the set, then (AB)C= A(BC). 

(c) To every operator A of the set corresponds an operator A, of the set such 
that 4A, = A,A = J, where J is the operator identity, which leaves unaltered 
all possible operands. This A, is called the inverse of A and is designated A’. 

A set of elements forms a jield + if they can be combined by addition, sub- 
traction, multiplication and division, the divisor not being the element zero (nec- 
essarily in the set), these operations being subject to laws of elementary algebra, 
and if the resulting sum, difference, product or quotient be uniquely determined 
as an element of the set. 

A field may therefore be characterized by the property that the rational opera. 
tions of algebra can be performed within the field. 

As examples of fields may be noted the finite fields, ¢ the field R of all rational 
numbers, the field # (7) of numbers a + 67, where a and 6 are rational, the field 
of all real numbers, the field C’ of all complex numbers, the field #(@) of all 
rational functions of the algebraic number @, a root of an equation belonging to 
and irreducible in the field ?. 


$3. General linear homogeneous and linear fractional groups. 


Let &, &,---,&, be arbitrary variables. Consider the linear homogeneous 
transformation 


mm 


Ap ware otete (i=1, 2, +++, m) 
j= 


* B. G. Teubner, Leipsic, 1901. 
tT Domain of rationality or Koérper. See WEBER’S Algebra. 
t Each is necessarily a Galois field of order a power of a prime (Moore). 
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with coefficients a,, in a given field /” such that the determinant 


A 








= |a,| + 0 (fefenl, 2,%.9, 9%). 


- Such a transformation A will be said to belong to the field #’. Consider a 
second transformation belonging to F’, 


ne 
vale E.= > 4,8, (i=1,2,--+, m). 
j=l 
By the compound, or product, of A and A’ we mean the transformation 


A”: & —= a a; .€, (t=1, Bee oe m), 
vies 


where 


I 


ue 
ay , : ‘ 
a; De inte tre fies PRD, 1) 12970.) 
k=1 


We have here compounded the transformations in the order A, A’; the relation 
between A, A’, A” is written 
AA'= A”, 


By the theorem for the multiplication of determinants, 


|A” a’ 
ik 





= |a 











is ‘|| = [4°] [4] + 0. 

Since a,, and a, belong to the field 2” by hypothesis, the coefficients a;; also 
belong to #. Hence the product A” is a transformation belonging to the field 
F’. The transformation 


Y ogee = —-. & (teed 2s aoa 
f= 2074 § 

where A, is the adjoint (first minor with proper sign) of a,, in |a,,|, has its co- 

efficients in the field #’ and has the determinant |A|~'. The product AA™ is 

the identity Z; indeed, it replaces &. by the function * 


ae 7 m 6.,|A 
oy 14) B= > er = &,. 


j,k 1B | 





Hence the inverse A of A is a transformation in the field #’. Moreover, the 
transformations of the form A are seen to obey the associative law [§ 2, prop- 
erty (b)]. It follows that the totality of transformations A constitutes a group. 
It will be called the general linear homogeneous group on m variables with co 


efficients in the field F’ and denoted by the symbol} GLH(m, /’). 





*In KRONECKER’s notation, 6; = 1, 5ix—O0(k +7). 
+ A finite field is uniquely defined by its order, necessarily a power of a prime number, p” 
(MoorE). The corresponding group is GLH(m, p"). [See L. G., §§ 97-98. ] 
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The group GLH (m, F) is generated by the transformations 


rk Cian =e (¢= 2, 3, °°", Mm), 
eats Cpe ee Ac ay he (t=1,-+-:, mM; tr, r+8), 


where X is an arbitrary quantity + 0 in the field FP. 

The proof is identical with that in L. G., §100. The proof shows that any 
transformation A of the group can be expressed uniquely as a product A,D, ,, 
where X = |A| and where A, is derived from the transformations 1 24> allot 
which have determinant unity. 

The totality of transformations A of determinant unity forms a group T° called 
the special linear homogeneous group SLH(m, fF’). It is generated by the 
transformations B,, ,. 


The product B-'A B is called the transform of A by B. Since 
JBC AB =|B%|-|A] |B] =|B/°-|4] |B = [4], 


the transform of A has the same determinant as A. 

A subgroup I of G is called invariant (self-conjugate) under G if the trans- 
form of each transformation of I‘ by an arbitrary transformation of G' belongs 
to (7, i. e., symbolically, if g—yg = 9’. 

The group SLH(m, #’) is an invariant subgroup of GLH (m, F). 

By making A, correspond to A = A,D; \,,, we establish an isomorphism of 
SLH(m, F’) with GLH (m, ’). The identity corresponds to the (commuta- 
tive) group of the transformations D, ,. The latter is called the quotient-group 
of the general by the special linear group. 

The special linear homogeneous group I’ contains an invariant subgroup /7 
composed of the transformations 


i. ea (th, [we = 1] (¢=1, =, ude 


Let J be an invariant subgroup of I’ which contains all the transformations 
M, and still other transformations. By the proof in L. G., §104, interpreted 
for an infinite field Z’, it follows that J = I if m > 2; while, by $105, it fol- 
lows, for m= 2, that / contains a transformation of the form B, , ,,., with 
X + 0, and p an arbitrary quantity in the field #/”. Having B,, ,,2, the group 
J contains its inverse B,, _,,2. Hence J contains the product, in which p and 
o are arbitrary in J’, 

By 1, x2 By ,-rg2 = Bz, 1, (p2—o2) * 


To make p’? — o? = 7, an arbitrary quantity in 7’, we set 
p=h(r+1), o=}(r—-1), 


thereby excluding the case in which /’ has a modulus p = 2. 
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With B, , ,,, J contains every B,,,,« arbitrary in #. But B, , , is trans- 
formed into B,, _, by (€ = &,, & = — &), which belongs tol’. Since B,, , 
and B,,, generate I‘, we have J= I’. Hence, for any m, H is a maximal 
invariant subgroup of '. The quotient-group I'/# is therefore simple. 

The group SLH(m, F’) has (f, 1) isomorphism* with a simple group, 
where f is the number of solutions in F' of x” =1, and Fis any infinite field 
or any finite field of order p", provided p" > 38 ifm=2. 

Introducing the linear fractional transformations 


p Hy BH GL, or T Vig 1 Vy Tt Gin 
; aa wy + 4n9%, che c's Pesta sie 


a 





(¢=1,---,m—1), 


we may derive, as in L. G., § 108, the following theorem : 

The group LF(m, F’) of all linear fractional transformations on m— 1 
variables with coefficients in an infinite field F’ and of determinant unity is a 
simple group. 


§ 4. The Abelian linear group. 


A linear homogeneous transformation on 2m variables with coefficients in a 
field #’ is called Abelian if, when operating simultaneously upon two sets of 
variables &., 7,; E., 0; (i =1,---, m), it leaves formally invariant (up to a fac- 
tor belonging to #’) the function 


m 


Die 2 (Ein, 7 cay 


The totality of such transformations constitutes the general Abelian linear 
group GA(2m, #’). Those transformations which leave ¢ absolutely invariant 
form a subgroup called the special Abelian linear group SA(2m, F’). 

If #’ be a continuous field (real or complex), the group SA(2m, F’) is 
simple + (in Lir’s sense). If we take for ¢ the function 


> (é, dn, ss n,dé,), 


we recognize SA (2m, F’) to be the homogeneous form of the largest projective 
group on 2m — 1 variables which leaves invariant a linear complex.{ 





* In speaking of the index of an invariant subgroup H of a group [ of infinite order, we mean 
the number of right-hand multipliers J/; such that the products 2¥/;, when / runs through the 
set of operators of H, give once and but once every operator of [, If His of order f, wesay that 
T has (f, 1) isomorphism with I/H. 

{Bulletin of the American Mathematical Society (2), vol. 3 (1897), pp. 267-270. 
With LI£ a simple group is one containing no invariant continuous subgroup. 

tIbid., pp. 270, 271. 
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TueoreM. Jn any field F’, the group SA(2m, F’) is generated by the 


transformations, all of determinant unity , 
Mae) beat ee ee 
Lys &, = £, + Ay,; 
Ny 5,27 Eo=E,+2n,, §& =& +n 


where X is an arbitrary quantity in Ff. The group has a maximal invariant 
subgroup formed of the identity I and the transformation T which changes the 
signs of the 2m variables.t The case m= 1 is exceptional if F be of order 2 
or 38. 

The proof proceeds as in L. G., §§ 110, 111, 114, 116, the statements on 
p. 97, lines 1-3, being replaced by the following argument. Since J contains 
Li, ,,2, in which X + 0 and 7 is arbitrary in /’, it contains the inverse L, _,,» 
and therefore the product 


Ly 


, AT 


7 eae _ Lig, x32) 


2 


Taking 7, = 4(« +1), 7,=4(«—1), we reach ZL, ,,, where « is arbitrary in 
Ff’. Hence J contains L, ,, » being arbitrary in #. An analogous change is 
to be made on p. 97, lines 25-28. 

The group obtained as the quotient-group of SA (2m, /’) by {Z, 7} will be 
designated by A(2m, /’). It is simple except in the cases m = 1, / of order 
2 or 3. 

THEOREM. A transformation of period 2 of SA (2m, F’) is conjugate within 
that group with one of the m non-conjugate transformations 


mae yen Ih oe A be ig ve, T= De ee 


m,—19 


where T, _, alters only &, and yn; whose signs it changes. 

The proof proceeds as in L. G., $$ 120-121. 

The study of the conjugacy of the operators of period 2 in the quotient-group 
A(2m, F’) is not so simple for infinite fields as for finite fields (L. G., §§ 122- 
123). For the simplest case m = 1, a transformation of period 4in SA (2, F’) 
is conjugate within that group with one of the transformations 


Vo eay 
S,= (as A 


The most general transformation of determinant unity which transforms S, into 


S, has the form 
diy, bd 
— Oye ae On ae 





{ For the second part of the theorem and for the remainder of this section, it is assumed that, 
if there be a modulus p for an infinite field /’, p + 2. 
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Hence S, and S; are conjugate within SA(2, /’) if, and only if, the ratio y/6 
is expressible as the sum of two squares (including zero) in the field 2’. 

For the field of rational numbers, S, is conjugate with S) for y=1, 2, 4,5, 
8,9,10,18,16,17,18, 20,..-,4,4,4,2, 4, ---, a series containing every 
prime number of the form 4¢ + 1, but no prime number of the form 4¢ + 3.* 
It follows readily that there is an infinite number of non-conjugate transforma- 


Pere ere esi O0 pte T1S.5, Ay 5! 555s sa et ages gay 9! Orgs 
every S, for which 7 is a prime number of the form 4¢ + 8, of which there are 
an infinite number by DrricHLet’s theorem. 

In the field C' of all complex numbers, every S, is conjugate with S, = J, 
within the group. As in L. G., §§ 122-123, we obtain the theorem: 


If s = m/2 or (m — 1)/2 according as m is even or odd, the group A(2m, C) 


-++, including 


contains exactly s + 1 sets of conjugate operators of period 2. As represen- 
tatives we may take 


M= M,M, --. M, Leys Li-ion dye a tag 


m 9 8,5) ° 


In the field of all real numbers every S, is conjugate within the group 
SA (2, #) either with S, = Jf or else with S_, = M,Z, _,. Bya simple mod- 
ification of the developments in L. G., § 123, we find that, within SA (2m, ’), 
every transformation S, such that S’*= 7, _,7, _,---TZ,,_1, 18 conjugate with 
one of the transformations 1, M7, ,, MT, 17>, 14, ->+; MT, _1--+ Tn, 1. 
For m = 1 these transformations have been shown to be not conjugate. That 
they are not conjugate when m = 2 may be shown as follows. A transformation 
which transforms M/M, into either 1, M,7, _, or M,M,7,_,7, _, must have 
the form 

ary Vu Ae Vie 


in a iy Vg ag f 7 


so that, by one of the Abelian conditions, 


2 2 2 A ee 
= = 9 — Ye = 1. 


The commutative transformation 7, _;7, _, being introduced, it follows that 
MMT, _,T,, 4 


is not conjugate with MM, 7), _, or with M,/,. 

For general m, it follows by a similar proof that neither J nor A/T’ is con- 
jugate with any one of the series M7, _,, MTZ, _,T, 1, ---, MT, 4-+*Tn-a, a1 
nor M with MT. 





*Cf. WEBER, Algebra, vol. 1, 1st ed. (1895), p. 585. 
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For the field F' of all real numbers, every operator of period two of the 
group A(2m, F’) is conjugate within the group with one of the following 
operators 


T,, 15 Ly, -1Te a» eet Tei ae Lee MU= MM, .-- M, 


m? 
MT, -1; MT, ,T,4, aE Me) Miia te Ti, -15 


where s = m/2 or (m — 1)/2 according as m is even or odd. 
At least in the cases m=1 and m= 2, no two of these 2s + 1 operators 
are conjugate within the group. 


$5. A generalization of the Abelian linear group. 


Those linear homogeneous transformations on mq variables with coefficients in 
any field #’ which, if operating simultaneously upon q sets each of mq variables, 
the jth set being exhibited by the notation 


(7) (J) (7 — 
wits C59 ey tk) wy? (t=1, 2,---, m), 


leave formally and absolutely invariant the function 


gl pl ae, eget) 
| Vii Cras 9 Ui, 
m 
0) = | ’ 
ae OMS C) mC) 


il? i2? ’ ig 


form a group G(m,q, /’). For g = 2, it is the group SA(m, /’) of §4. 
Proceeding as in L. G., §§ 124-128, we obtain the theorems: * 
For q> 2, the group G(m, q, £) is generated by the substitutions 
P= (8 Bq) (ip %q) > ++ (%,,, (¢, j=1, 2,---, m), 


iq’ Iq 


and the totality of transformations in F of determinant unity, 


q 
Mi = Dy My (J=1, 2,---,¢). 
k=l 


For q>2, G(m,q, F) has an invariant subgroup which is the direct 
product of m commutative groups each the special linear homogeneous group 





* For the case in which /’ is a continuous field, these theorems were established by the author 
(using the LIE theory) in the Bulletin of the American Mathematical Society (2), 
vol. 3, pp. 271-273, May, 1897. 
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in F on q variables,* the quotient-group being generated by the substi- 
tutions P,, and thus holoedrically isomorphic with the symmetric group 
on m letters. 


$6. The compounds of a linear homogeneous group. 
To the transformation (a,,) of §3 we make correspond the transformation 
Oey Cue oe CET 


| 2 1 


/ | 
: en lane Gace, 9 
[a] q° Ee ie io, sees Uy oe Ss | tay tolo tglg 0, la, «+s, 14? 
a . . . . . . 








where the sets 7,,7,,---, 7, and 1,,/,,--+, 4, take ragga! all the dis- 
tinct combinations g at a time of the integers 1,2,.---,m. Likewise, to the 
transformation (a;,.) we make correspond the Deere [a’],- Then 
(L. G., § 153) to the product (a7) = (a,,)(a;,) corresponds [a”], = [a], [2’],- 
Hence, if the transformations (a,,) form a group, the transformations [a], foam 
an isomorphic group called the gth compound of the former. 

By simple modifications of §§ 154-164 of L. G., we obtain the results : 

The general linear homogeneous group GLH(m, F’) has (d, 1) isomor- 
phism with its qth compound if the equation «t= 1 has exactly d roots in F’. 

The special linear homogeneous group SLH(m, F’) has (g, 1) isomorphism 
with its gth compound if the equations x1= 1, «"=1 have in the field F ex- 
actly g common solutions. 

The second compound of GLH (m, FP) leaves invariant the Pfaffian + 
[1,2,---,m]. For m odd, the transformation [a], gives rise to the 
transformation 


1 SSS We (t=1, 2, ---, m) 
Jaa] 


upon the Pfafians F,= [1,2,---,j—1,j+1,---,m], where A, denotes 
the first minor of a,, in the determinant |a,|. The transformation [a], effects 
upon the 4m(m — 1) Pfaffians [1,, i.) +++) %,-2], where eachi=1, 2,---,m, 


* The transformations of the 7th group are given by the formula 


vi, = Bile in? yy = Ez (SLM; SHES J=1,-*+, 9), 
where, for each i =m, the determinant |B: a al 8 I a 

+ Inversely, in a continuous field 7, the largest linear group on }m(m—1) variables which 
leaves the Pfaffian invariant is the second compound of GLH(m, Ff), Bulletin of the 
American Mathematical Society, vol. 5 (1898), pp. 338-342. 
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such that i, <i, <+--<i,_,, a linear homogeneous transformation identical 
with the transformation [a],,_, of the (m — 2)th compound. * 

The qth and (m — q)th compounds of SLH(m, F’) are holoedrically isomor- 
phic. Indeed, the number of solutions in /’ of #” = 1, #?=1 equals the num- 
ber of solutions in / of w=1, 2" 7=1. 

The general Abelian group GA(2m, F’) is the largest linear homogeneous 
group in the field F on 2m variables whose second compound has the relative 
invariant 


EES UE of ce 


The second compound of SA(2m, F) is a simple} group with the absolute 
invariants Z and the Pfaffian [1, 2---, 2m]. 
The simple group A(4, #’) is holoedrically isomophic with a subgroup of 


the quinary linear group in F' which leaves absolutely invariant 


ie Date GF, in 8 a 


1 


According as the field F’ does not or does contain a primitive fourth root 
of unity, the second compound of SLH(4, F’) is holoedrically isomorphic with 
the simple group LE(4, Ff’) or has a maximal invariant subgroup {I, T}, 
where T changes the signs of the six variables, the quotient-group being 
holoedrically isomorphic with LF(4, ff). 

The second compound of SLH(4, £) contains the transformation 


es 7 Fit are | Re Pc Wve ie =o Fit el 
J 2 = Vd 12? J is = 7 13) Ue! 14? ¥),=4 239 NN a. a PY mals DG, 


if, and only if, v be a square in the field F’. 
By §3,the group SLH(4, #’) is generated by the transformations B, , , 
(r,s=1,2,3,4;r+ 8), and hence by B,, , and 


A,,: ( = ,6=— £1), A,,: (f= &) §5= — &), A,, (&=o. &=— g). 
The second compounds of these transformations are respectively 


Bie Yi,= Ne? =n AP oss Y\,= dey 15 x 
ayy: De Pola Y= —L 3 Y= — ls 
Ais De de Na Nee See: 8 eel Ve 


13> 23? 


/ iP / / / 
Ay: Fi = Pigs Fus=—li) Ya = Pu: Vy = — Fs. 
The second compound possesses the absolute invariant 


(AES Wap Ey ee Plane 2 Pad ie 





* For the case of a continuous field #’, these theorems were established by the author in the 
Bulletin of the American Mathematical Society, vol. 5 (1898), pp. 120-135. 
tIf there be a modulus p, we assume that p+ 2; as also in the rest of the section. 
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The second compound of SLH(4, #’) may be exhibited as that senary 
linear group G,, leaving En, + En, + &n, invariant, which is generated by the 
transformations S,, = (En;)(En,) and 


Wisrt = Est any, FH E— Wy. 
The group G’, will therefore contain the transformations 
So Wi 58i = Vigan? m= Mm +A 1 = 1, — MES 
i Weg S=HVWirat =F $A, y= 1 — An 
Ys, 1, 1%, 419,41 = Pig G, a3 
where Vege = (€, E) (7;7;) and 7, denotes £0 AES ne Ag et 
Gy) ¥,=& Fy =6, Y.=8 Ra Yn, Vy = —1- 


1 


Then B; , ,, Aiz, Ais, Ag, become W,,, _,, SieZo, 1 Pie, S23 Pos To, 15 Pix To, 1; 
respectively. Hence G’, contains the transformations which correspond to the 
generators of the second compound. Inversely, from them we derive W,, ,, 
P 3,1; _;, Si, and therefore the transform §), of S,. by S3P.,7,_,. We 
then derive S,,S,; = S,,; and P,,7, _,. The latter transforms W,, , into 
W,,3,,3 and P,,7, _, transforms W,, _, into W,,,. - We have therefore de- 
rived the generators S,,;, W;,, , of G;,. 

By § 4 the special Abelian group SA (4, #’) is generated by M7, JL, L, ,, 
L,, and V,,,. Their second compounds are respectively A},, Ay, By»), 
B; ,, and N,’, ,, the first three being exhibited above,* while 


Bay Ac Av = Hee a MNKs die = 1s “ Vy 3 
ey. DA es 10 re Ep 7 Aes 
NVi,2,0% 


eg 7 Fis a. AF, oa AF, v3 MP 


The last five transformations leave invariant 6, and Z = Y,,+ Y,,, by the the- 
orem stated above. We introduce the new variables + 


(2) E,=3(¥,.—Y5,): E=Y,, m=; el ae UPikaston i Ghe 


/ / , / f yo 
GeGrast 4500, 5 , aldeb, , become: Sigls ily, Pig ls 15 Wi,o 24, and 
Q;,2,, respectively. Finally, WV, , becomes X, , ,, if we use the notation 


Xo,5,7 & = &, — AN; 5 gE = é + 2r.€, — rn; « 
For later use, we introduce, for the transform of X,,, by Si,.(4 +), 


I rae £, —— E, tag rE, n; = 1; eT 2r£, a Whee 


* The present variables £,, 7,, £,, 7, correspond to the former ¢,, §,, 53, &, respectively. 
{ The last four have the same definition as in the case of the group G,. 
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The second compound of SA(4, #’) is a simple group which may be ex- 
hibited as that quinary linear group G, leaving E&, + En, + &,n, invariant which 
is generated by Py.T, 15 Siz» Wi,2,.5 Qi,2,, Md X12: 

We obtain an important subgroup of G‘, as follows. The second compound of 
the special Abelian transformation 


on 0 ee 
Ope even 
(ad — By =1) 
0 Ba 0 
Ne LUE PAE se 


affects only four of the six variables Y,, and has the form 


aan 


13 


1 ey 


ad ay —Bd — By 
Yipa a8 eet een 

| 

| 





=|— 7 —/¥ 3° 76 
Fi,='— By —ay BS ao 


The latter leaves Y, + ¥,, invariant. Expressed in terms /of the’ variables 
E,, &,, », defined by (2), it takes the form 





g, & 
& = a8 + By ay — Bd 
(3) =| 208 a —# (ad —fy=1), 
ni =| —28 —-Y #8 


a transformation of determinant unity leaving &* + & 7, absolutely invariant. * 
The transformations (3) form a simple group isomorphic with LF'(2, F). 

To exhibit a subgroup of both G, and G’‘, which leaves &, + &, invariant, 
we form the second compound of 


a B 0 0 

rye oo) an) id eee 
(he) 4 eee AD— BC=1/’ 
Op 0aeCaeD 











* Among them occur Xo,1,, and Yo,1,a, the latter fora—d=—1, B=0, y=—A. 
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and obtain a transformation affecting only Y,,, F,, ¥,,, ¥,,. Introducing 
E, &, — 7,5 1,5 respectively, for the former [as in (1) or (2)], we obtain the 
transformation 


's Un é, Ne 


4 


ia aA BB aB —BA 
| 





yC dD yD — s8C 
aC BD aD —£BC 
n= —vA —d8 —yvB 6A 


(4) ce 


— 
| 


The group of these transformations has, in view of its origin, the factor groups 


LF (2, Ff), LF (2, ),and {7, 7}, where 7 changes the sign of each variable.* 


$7. Concerning linear groups with quadratic invariants. 


Consider the group G'(m, #’) of linear homogeneous transformations 


™m 


fant, ts (@,€ + 7;7;) be OT ees Fe) 
S: - 
1: = Biyf + 2s (8, + 6,7,) (t= 1, SOE 
I= 


with coefficients in a fieldt 7’, which have the absolute invariant 


nt = - ae BP ae EN, oi aes a id | Se 


The conditions for the formal invariance of g,, are 


me 


(5) Big 2 s 2 4, By = 1, 
(6) 2a, Ay, > (a, By, + i, B;,) = 0 
(70,1, -++, m; K=1,.->+;m) , 
(7) aya Vox oF pa (%20., 9 Yin) = 0 (j,k=1,---, m) ’ 
m j1 (kf), 
(8) 2a Yon ta yD (a, On fae B;,) ar | 0 (kj), 
(j=0,1,---,m;k=1,---,m). 





* To compare with the earlier proof for finite fields, American Journal of Mathematics, 
vol. 21 (1899), p. 248, we have only to replace 3 by —y, y by —8, B by C, Chy B. 
+ If there be a modulus p, we assume that p+ 2. For a finite field of order 2", the structure 
was given by the writer in the American Journal of Mathematics, vol. 21 (1899), p. 243. 
Trans, Am, Math. Soc. 25 
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lt follows from these relations that the inverse of S is 
EF = Ay &) +3 p> (By 7 - a) 0;) 
Se : E= 2m, + 2 (0,8, + %6,) ((=1, +) mM) «, 
j= 


n; a 2a,; ZF ta ye (B:; ig se a ”,) 
j= 


The conditions for the invariance of g,, under S7' are seen to be 


m 


(9) ay +4 24 HY; = 1, 
(10) ay ayy + D(a Ver + Mi V;i) = 9 
(j=0,1,-+-; m;4=1, ++, m), 
(11) $B Bi + 22 (8 ii on spe 6.) = 0 (j,6=1,---, ™), 
m at (A= 9) 
(12) 2 24 Buy + 2, (a ji ki +8 a%) =| (eb §) 


(j7=0,1,---,m;k=1,---,m). 


Sand S-' have equal determinants, so that |S|=-+1. In fact, we take 
the variables in the order &,, &,, 7,, ---, &,, 7,,, and reflect on its main diago- 
nal the determinant of S~’, then interchange the second and third rows, the 
fourth and fifth rows, --., and likewise the corresponding columns. ‘The re- 
sulting determinant, aside from the factors 2 and } which may be dropped, is 
identical with the determinant of S. 

If in the above formulz we drop the variable &, and the coefficients a,,, a,,, 
Yio ++» we obtain results valid for the group Q@(m, #’) of all linear transfor- 
mations in /’ which leave invariant * 


Ge = Sh ar Em, a8 eae 3h Cine: 


With such modifications, the following investigation of the structure of the 
group G(m, /) will hold for the group @(m, /). 

Let S be an arbitrary transformation of G'(m, #). We proceed to deter- 
mine a transformation >, derived from 


(13) Waar Vey A? Qij,n9 Xo, 4,09 WB va 5 Sg Py; 

* For the case in which F is the Galois field of order p”, this group was studied by the writer 
in the Proceedings of the London Mathematical Society, vol. 30 (1898), pp. 70-98. 
The calculations of pp. 77-80 are here avoided by the use of the simplicity of the group G,. 
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which replaces € by the same function that S does, viz., 


yy =o coe »» (a,,§ + %y7;) ’ 
where by (10), for j= k=1, ' 


mm 


(14) Z%9 + > a: = 9. 


The a,,, y,,(@=1, ---, m) are not all zero, since otherwise a,, = 0 and f, = 0. 
(a) If a,, + 0, we may take for > the product 


T,, pee 1, 2a10 Q:, 2, a12 W, 2, yi12 ar ee Q1, mM, Bim W, Mm, Yim? 
which replaces &, by 
m 
Eal/ 1b 2 ay 

Bink, as a €, mer begifh (441, te OyVie tare Bin Vim) * Ss (4, & + Vy ”,) =f, 
j=2 

(6) If y,, + 9, we may choose for = the product: 

Sy Ly, eet 1, %a10 Q:, 2, y12 W,, 2,012 1, 3, a13 W,, 3, y13 Q:, ™M, Aim W,, mM, Yim * 


(c) Let a,=%,=%0j=1,---,s—1), whilea,,, y,, are not both zero. 
By case (a) or (0), we obtain a transformation >’ which replaces & by f,. Then 
will 2 = =’P,, replace & by /,. 

We may therefore set S= S >’, where S’ is a transformation of G(m, F) 
which leaves &, fixed. Let S’ replace , by 


Fi = Bub + By 6 + 8y7)- 


For S’ wehave a, =0,a,,=1,4,=—0(j= 2, ---,m),¥,=0(j=1, ---, m). 
Then by (12) for j = k=1, we haved, =1. By (11) forj =4=1, we have 
(15) 18 + DA 8i= 0. 
i=] 
The transformation 
=, = Te 1, %B10 V,, 1,—Bio Q», 1, —8yg “°° Fas, 1,—Bim Os 1, —81,, 
leaves &, fixed and replaces 7, by f,. We may therefore set 
fu) ODS a Uae ear 


where S, is a transformation of G(m, /”) which leaves €, and », fixed. Hence 
S, is of the form S, written above, with 
a= By = 9, a,,=6,=1, a,,=6,,= 0 (j= 2,-+-, m), 


"=f, =9 (j=1,--+, m). 


378 L. E. DICKSON: THEORY OF [October 


Hence, by (11) and (12), for 7 = 1, we get 
C= 0, 90. (== 25-7 
By (10) and (12), for k = 1, we get 
%=9, a, = 0 (j=0, 2, --:, m). 
Hence 5S, is a transformation of G'(m, /’) involving only the variables 
fy Fin 0, (¢=2, +++, m). 


We proceed with S, as we did with S. After m— 1 such steps, we reach a 
transformation S_, affecting only &, &, 7,,. Let it replace € by 


m—1 


as a a0 is a Dam Bo a Yen Vn? 
where, by (10), 


1,2 es 
Eno aT; eared a 0 S 


If am + 0, the transformation 7), , Xo, m, xan replaces E&, by fine If Gum = 9; 
then a,, = 0 and ¥,,,, + 9, so that we may set 


poms == (ee Nn) T, A, 


Mm, Ymm 


where A leaves also & fixed.* Let A replace 7, by 
Fn = Bro &o + Baum En + Sram Mn * 
By (11) and (12) fori =7=k=m, we get 
OF Ly Oya Cree) 


Hence A = ¥, ,, 4’, where A’ leaves — and 7 fixed, and is therefore the 
0, m, 2B mo 9 m m 9 


identity or C,, where C;, alters only &, whose sign it changes. But 
(16) Ci = Xo Vos X oes fb =i (E;7;) : 


It follows that an arbitrary transformation of G'(m, /’) or of Q(m, #”’) may 
be given one of the two forms A or A(& 7), where A is derived from the 
transformations (13) of determinant unity. Hence these groups contain sub- 
groups of index 2, designated by G'(m, F’) and Q’(m, /’), generated by the 
transformations (138). 


Consider, for m= 8, the following subgroups of G'(m, F’) and Q’(m, F’): 
G(m, FP) = {Sy Wages DGGAN (¢,j=1,---,m;i+j)}, 
Q.(m, F)={S8,, We. (¢, J=1,---, m3 tj) P OT 


* For the group Q(m, #’), K is necessarily the identity. * 
{ For m=3, Q,(m, fF’) is the group G, of § 6. 
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where X is arbitrary in the field #’. By the formule of $6, they contain the 
transformations 


Viaas Qi. j,a9 J gry A (4, j=1, ---, m; t+), 
while G‘,(m, #’) contains also Y,,,. Hence they contain 


(17) Dip c= Sol ee ae W,,» Vi» 


) el >“) & ) M19 
(18) Digs 3 De Te Ly ocak nas ta Wl a 


Baty7, transforms W, 13 Viras Vegxs 03,02 20 


tions of the same respective forms. Also 


(19) T, Sy =— pee bat VE, eae — Ped. 


a9 Li,, Into transforma- 


Hence every transformation of the group G'(m, /#’) or Q’(m, #’) may be 
given one of the forms >, = 7, ,, where = belongs to G,(m, /’) or Q,(m, F’), 
respectively, while v runs through the series of elements of /” which are not- 
squares and whose ratios are all not-squares. 

These results hold true for the group G',(2, #’) = G, of § 6, viz., 


G,(2, f)\= Sah as Sia; Wir Q1,2,a3 Mig oy 


Indeed, the latter group contains Vy, ., Xo,o.5 Voex> Vior2 Vo1,09 24, plow 
and, by (16), C,(&7,)7;,.,- The latter transforms 7, 7, , into 7, ,475 ,5 
so that the product 7) ,. belongs to the group. 

The group G(m, F), for m>=8, contains the invariant subgroup 
G,(m, &); the group Q'(m, &), for mS 2, contains the invariant subgroup 
Q,(m, &). The invariant subgroup is extended to the main group by the 
right-hand extenders T,, ,, where vruns through the series of those not-squares 


of I, the ratio of no two of which is a square. 


§ 8. Structure of the groups G,(m, F) and Q,(m, F). 


By § 6 we have the results : * 

The group G,(2, &) on five variables is simple. The senary group 
Q, (3, 2) is simple or has the maximal invariant subgroup composed of the 
identity I and the transformation T, _,7, _,7;,, according as —1 is a not- 
square or a square in the field F’. 

We employ these theorems in dealing with the case of general m. Let J be 
an invariant subgroup of G,(m, /”) containing a transformation S not the 
identity 7. To treat simultaneously the group Q,(m, /’), let J be an invari- 
ant subgroup containing a transformation S neither the identity nor 


T= The dP , dhs, —19 


* If there be a modulus p, we assume, in this section, that p + 2. 
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in case the latter belongs to Q,(m, #’). The groups G,(m, #’) and Q,(m, F’) 
will be considered together under the notation G'. We assume that m=3. 
Lemma I. The group J contains a transformation which multiplies &, by 
a constant and does not reduce to I or T. 
By hypothesis, J contains a transformation S neither J nor 7. Let S re- 


place & by 
Ty => Nats + dX (a,,& a6 1; 1;) a Ou é, 


the coefficients being subject to the condition (14). 
(a) If y,, + 0, the group G contains the product 


PEMD, yp Da, yr Po, 1 36 99 M253, rye49 D2, 3, pw 


where AC denotes the transformation 


ies V;, 1, —a1g Qs, 1,—yis°** Ve 1, —a1m Qm, 1, —yim* 
Employing (14), we find that P replaces &, by y,'&, and , by f,. Hence J 
contains S, = P-'SP, which replaces & by y7'”,- 

If S, multiplies €&, by a constant, J contains its transform S| by P,.7, _;. 
This S} multiplies &, by a constant and is neither J nor 7’, 

If S, does not multiply €, by a constant, there exists in G a transformation B 
leaving £, and », unaltered and not commutative with S,, so that J contains 
S;'B"SB, which leaves €, fixed and is neither J nor 7. In fact, if S, be 
commutative with V,, ,, we find, on equating the expressions by which S, V, 5 , 
and V,, ,S, replace ,, that 


1, — AE, = 7, +( 8 + ( és. 
Similarly, if S, be commutative with Q,.,, we get 
E+E =F +( E+ ( ) ms: 
Hence would &) = (_ )&,, contrary to hypothesis. 
(6) If y,, = 9, we may take* a,, +0. Then G contains 
R= 1H Pe ed) wa, 2, 4aro Qo, 1, an Q» 8, altars W, 3, poe tae ’ 
Le Qatag Vege ema ie tae 


Employing (14), we find that replaces &, by f, without altering &. Then J 
contains S, = R-'SR which replaces & by &,. 

If S, multiplies &, by a constant, J contains its transform S) by P,;7;,_. 
But S} multiplies €, by a constant and is neither J nor 7’. 





*If aj, =a3—=--+=d1n—0, then a, =0 by (14). Not every yy is zero by hypothesis. If 
Yi2 + 0, for example, we take in place of S its transform by S,,, for which a, + 0. 
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If S, does not multiply &, by a constant, S, is not commutative with both 
V31,, and V;.,, since S,V;,, and V;,,S, replace », by 9, —€, and 
n, +( )&+( )&,, respectively. Hence J contains 


Sy' Vs, So Vs, 4, (k=1, 2) 


which leave & fixed (so that neither is 7’), and are not both the identity. 
Lemma II. The group J contains a transformation which leaves E, and n, 
unaltered and is different from the identity. 
In view of Lemma I, we may suppose that J contains a transformation S, 
different from J and 7’, which replaces &, by a&, and 7», by 


B,, 2 oe > (B,, - sw 8, ”,) 5] 


where by (12), for 7 = k = 1, we have 6,, =a", and by (11), for j= k4=1, 


™m 


(15) tot 2 BS: = 


(A) Let 8, =9, 8, =d,=—0(7=2, --., m). Then 8,,=90 by (15). 
Hence S= 7, ,S,, where S, leaves £&, and 7», unaltered. Hence,* S, involves 
only the variables &,, €., »,(i=2,---,m). Ifa=1, the Lemma is proved. 
Let nexta+1. 

If S,=J, or if, when ieee TG ee AR Gea ay Pine — era 
group J contains 7, , or S’ = 7, ,. respectively. In the second case, a = — 1, 
since S+ 7. Transforming e jue T;, 1, we obtain in either case a transfor- 
mation leaving &, and », fixed and not the identity. 

If S, be neither J nor 7, there exists in G a transformation =, affecting the 
same variables as S, and not commutative with S|. Hence J contains 


aay Om = = Sy Dis S (eee 16 
which leaves €, and 7, unaltered. 


(B) Let @,, = 9, and £,,, 8,(J = 2,.--.-, m) be not all zero. Then, by §7, 
G contains a transformation Z which leaves & and 7, fixed and replaces &, by 


Bie es =r De (B,, & a. 8, ”,) Ez a 2 Big 1; a 0| 3 
j=4 j=2 


Hence J contains S, = L-'SL, which replaces & by a&, and », by &, + a~'n,. 
The latter function is invariant under the transformations Q, 5, Vos... Zs, ,2 


and 7), 7, ,-. belonging to G’. If any one of these, say =, is not commuta- 





* See § 7, case (c) . 
{For G=G,(m, F), the transformation changing the signs of £, 5), 7, ---, &m, %m is of 
determinant — 1 and hence does not belong to G. 
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tive with S,, then J contains S7'2—'S,= + J, which leaves &, and 7, fixed. 
Suppose next that they are all commutative with S,. Equating the two ex- 
pressions by which S,V,,, and V,, ,S, replace 7,, and the two by which they 
replace 7,, we get 


= a ce i Pig br e eo On; Ga as Ogee: 


Equating the expressions by which S,Q,»., and Qs» ,S, replace &,, and those 
by which they replace 7,, we find that 
E = 453, — Yq231 13 = — Bag E, + 9x03. 


The field /’ contains an element » different from 0 and 1. If we equate the 
expressions by which 7, 7) ,.S, and S,7Z,, 7). replace »,, we find that 
B., = 6,,= 0. Hence S, merely multiplies €, and 7, by the same constant 6,,. 
Transforming S, by P,,7)_,, we obtain a transformation of the kind treated 
in case (A). 

(C) Let 6, +9, 6,,5,(7=2,---,m) be not all zero. By a simple 
transformation, we may take 6,, + 0. Transforming S by 7, ;,, 73 5,., we reach 
a transformation S’ with 8,,+-0,6,—=—1. Then 


MPa APNOEA Mee iF 
0, 2, 6 B10 3, 2, —d13 Vy, 3, Bis m, 2, —81m Vz, m, Bim 


leaves &,, ,, and &, unaltered and replaces », by 
Byo&) + (Buda + By) + m + Yo (By, § + 8,7) 
j=3 


Then J contains S, = o~'S’o, which replaces &, by a£,, and 7, by 


Bie + a—'n, ae Tiraveh te. aR UP 


Let »=—f,a'+0. If among the transformations Q,, ,W25:=¢, 
T's, , D>, S235 ete., of G', which leave &,, n,, and w&, + 7, invariant, there exists 
one, say /?, which is not commutative with S,, then J contains S7'R-'S\R 
which leaves & and 7, fixed and differs from the identity. In the contrary ease, 
we find, on equating the functions by which S,o and oS, replace &,, that 


73 = ( eG — 4.9. + Pay, E,. 


Then, by (11) for 7 = & = 3, we have a,,=0. Finally, if S, be commutative 
with 7, , Z,, , S23, it must multiply € and 7, by the same constant. 
(DD) Det" 8 -e10,; B= 8, =(0(j=2,---,m). Then, by(15), 
tRi, <F 8,8, =0, Oy =a". 
Hence S replaces &, by a€, and replaces 7, by 


hag: mE Bae ae a~'n, =a! (n, ot 2nrE, = re i ; 
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if we set 2A =af,,. Hence S= F,, 7,5, where S, leaves &, and », un- 
altered and so involves only &, &., 7,(i=2,---,m). Then 


ay —1 _ 
f Mie 8 id ioe) Lie == eek 


belongs to J and is not the identity if p+ 1. Transforming it by P,,7) _,, 
we obtain in J a transformation + J, which leaves &, and 7, unaltered. 

In the proofs of lemmas I and II, we assumed the existence of the variables 
EE, m5 & > m5 &, 7, only. If m=4, we may therefore conclude that J con- 
tains a transformation different from Z and 7’ which leaves €,, 7,, &, 7, un- 
altered. After m — 2 applications of the lemmas, we reach in J a transforma- 
tion, neither J nor 7’, which affects only &, & 4, 7,15 &,5 %,- + Transforming 
it by P,,,,.,,, Which belongs to G’, we obtain a transformation, neither J nor 
T, which affects only &,, €,, 7,, €&, 7,- From the simplicity of G',(2, #’), it 
follows, when G= G,(m, #’), that J contains all the transformations of 
G,(2, #). Transforming them by the P,,Z7,_,, we reach in J all the gener- 
ators of G',(m, #”). Since @,(8, #’) is simple or has the maximal invariant 
subgroup {Z, 7’}, it follows, when G = Q,(m, #’), that J contains the gener- 
ators of Q,(8, /’) and, therefore, by transformation by the P,,7;, _,, the gener- 
ators of Y,(m, fF’). 

[fm 2, the group G,(m, F) is simple. Ifm =8, the group Q,(m, £) 
is simple or has the maximal invariant subgroup {I, LT}, according as — 1 is 
a not-square or a square in the field F’. 


$9. Definition and generators of a subgroup of G,(8, &). 


We next define and investigate the septenary group in an arbitrary* field ’ 
which becomes, for the case of a continuous field, the continuous group of four- 
teen parameters studied by Kitiine, ENGEL,} and CarTan.t 

The totality of linear homogeneous transformations S on seven variables with 
coefficients in /’ which leave absolutely invariant 


9, = & + En, + &n, + &n, 


form a group G(3, 2”). Taking m = 3, and giving S the notation of § 7, we 
may take as the conditions upon S the relations (9), (10), (11), (12). We 
study the group # of transformations S, belonging to G(8, #’), which, when 
operating cogrediently upon the two sets of variables 


(20) in ae eens No» Pe Ns 5 ae a ths £5 bree Ns) 








* As in §$ 7-8, we assume that p + 2, if / has a modulus p. 
+ Liz-ENGEL, Transformutionsgruppen, vol. 3, pp. 763-765, 777. 
{ CARTAN, T’héses, Paris, 1894, pp. 146, 149-151. 
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leave invariant the system of equations 


a ba Logan). Xe Pe Oe, ete time 


¥,+ X,=9, ¥,+ X, =9, F,+ X,, = 0. 


We have here employed the notations 


g, 
EE 


Multiplying the equations in the first row of (21) by »,, 7,, 7,, respectively, and 
adding the results, we get X,n, + X,n, + X.7, = 0, since 


Ean, 
S LF 


‘ X= |e) Vee | TREES Z, =|" 


i $y! | 7; 7; | 1; 1; 




















Nay et ee 


| 
i‘ | 
Fm = y VES aP 2a = 7 Ns 7s. ee Ale 
| 


in, Ns 3 


s 


Similarly from the equations in the second row of (21), we get 


Tes Ras V,é,=0. 


In view of the identity 

¥,£,— X,n, = (En, — En) = b Sus 
we derive the equation * [a consequence of equations (21) | 
(22) Zi 4+ Zo + Zo = 0. 


An inspection of equations (21) and (22) leads to a proof of the following 
‘Lemma: A linear equation involving X,, Y,, Xo Va, Zz will be a conse- 
quence of equations (21) if, and only if, the coefficient of X, equals that of 
Y,,,, the coefficient of ¥, equals that of xX. the coefficients of Z,,, Zo, Zo, are 
all equal, and the coefficient of each Z, .(r, 8 =1, 2, 3; r + 8) is zero; where 
t, j,k is any cyclic permutation of 1, 2,8. 
When operating cogrediently upon the variables (20), the transformation 


G5 = GF + a8, + AF, + Ob, + Ya + Va + Yg%3 (6=0, 1, 2, 3) 
9; = Bok + Bak, + Bibs + Bids + 9% + Oct, + 55%,  (¢=1, 2, 8) 





* Other equations may be derived from (21) ; for example, 
¥y.X12 + Yo3Xo3 + Yq Xq = 0, Vis + ZyoXo9 + 23X53, = 0. 


Since they are quadratic in each set of variables £, 7; £, 7, they do not enter into the discussion 
of the invariance of equations (21). 
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replaces the function XY, by the expression 
























































Se) ge aie Sart SOULE es 123 | Oy, Yay | 
X+h Yi+> az, 
et May Fn mi ited 1 | eR Ne || 
het eee: ee Ye i | 
| Ov 0) Oz 07 
ae Os 3 | a a iu f Yi | 
Sot 3 wy Ya Vy 
Let 7, m, n be any cyclic permutation of 1, 2,38. Then S replaces Y by 
: Bio Bri | = | B,, Oni Bi ony 
3 [Xt] 2” r+D sa 
ia foe Voter ale | PB; on ie ne nj 
Se 8 mi 8 mj mi mj V 
+ Gh ihe 
oh Aoctpe z See bon, i 
ne nj ni nj 
Hence S replaces the equation X,+ ¥,,,=0 by an equation which is linear in 


X;, ¥;, X;,, ¥;;, Z,,. Applying the above lemma, we see that the resulting 
equation will be a consequence of equations (21) if, and only if, the conditions 
(23), (24), (25) below are satisfied. Similarly, S replaces the equation 
F, + X,,, = 9 by an equation which is linear in X,, Y;,, X,,, ¥,,, Z,, with 
coefficients obtained from the corresponding coefficients in the earlier equation by 
interchanging a,, with 6, a,, with 8 .,y,, with 6, for r=1,2,3;1=1, 2,38. 
In view of the lemma, the resulting equation will be a consequence of equations 


(21), if, and only if, the conditions (26), (27), (28) are satisfied. 


rt? 



































“ ay | oe Bai | Yo; Vox | on On i 
(23) 00 az ash 0j a j h | 
| ad) Oy gee B,, | | Vy Vix 8 8. 
Sf Voi Boo on a; Bey, | lela es 
(2 4) 00 Yo y ey meg a I 
dT VG J Bo 6, yt ay, B,; By. 
: Qo; Yo; 63°. C1 = Cy, = C, 
(26) |" “|+)” “lec, mE (6 FH 1, 2, 35 OFS). 
ar Vy | ni 6, H Gy ma 0 
Woy Fat no Seni You You Noa Yank 
26 - = 
Pa B,, a0 ai 8, Oy Le te 
Ao Yoi a0 Vani | QQ; Xo, ee tai H 
(27) ~ 1) eaaea eee 
By 8, 2.9 Ves B, ise nj nk 
i Vy Bins Vj dy, ant dy, e A ’ 
(28) "| + ‘i =d,, (4, j=1, 2, 3; 045). 
By, é, Ae Vay y= 9 








The formule hold for any cyclic permutations 7, 7,4; 7, m,n of 1,2, 8. 
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The transformations S of the group H may be defined by the conditions 
(9), (10), (11), (12) and (23)-(28). 


Among the transformations of /Z occur the simple types: * 


(29) 0:5, 7? T, van ally es A, 4,7 V; ¥, W, 


b; 45 1 Pe) 0, 4,7 J; k,7? 


where 7 is arbitrary in the field /’, andi, 7, k form any cyclic permutation of 
1,2,38. From them we obtain, as in § 6, 


Li, Py = Py Lj, 1 = Qj, 4, 1 Qi, 5,1, i, —13 
*-63 yal Vi, wall & Ye : Ea W,, Neale X), Gui V,, ea! 
= X), 1, iY, il; Xo, ileal 3 Vy, 3.1 WwW, anil ee 3,1 
= C, (E,n;) 1 ae iH apres = (Em) (E,n2) (E75) C,T,, aya _1P os : 


upon applying formule (16), (17), the latter with » = 1, and with 2, 3 in place 
of 1,2. Since 7, _,P,, belongs to H, it follows that 7 contains 


(30) 2= (E,,) (E,n.) (Ens) CQ, iy =e 


The transformations 7, 7; ,, leave invariant g, and the equations (21), and 
therefore belong to the group H. From the transformations (29) we readily 
derive 7; 7, __., for the case in which 7 is a cube in the field. 

THEOREM: The transformations of H of determinant + 1 form a subgroup 


LT’ of index 2 which is generated by the transformations 


= 
(31) 0,4, 7? Lily 7-1) Xo, 4,7 V; kr? ag 1, 


Wat: 


J. 


Let S be an arbitrary transformation of 7 and let it be exhibited in the 
above form. We are to prove that there exists a transformation A derived from 
the types (31) such that AS = J, the identity, or C, 7; _,, the latter of deter- 
minant — 1. 

We may assume that a,, + 0 in S. For, if a,,+ 0, the product 7, _,P,S 
has a,, +0; if y,,+ 0, the product =S has a,,+0; while the case 
a,,= 7,,=9 @=1, 2, 38) is excluded, since then a,,= 0 by (14). The product 
S,= 7, aT, ,,,S veplaces & by a function of the form 


ord a1 S 1 x a nat 7 te ai & oe Vit TF Vi22 =5 1373 : 
Then Fo .,, Ws,1, 1351 = S2 replaces &, by a function of the form f with y,, = 0. 
Then Q, 5, «1,522 S3; replaces & by a function f with y,=a,—0. Next, 
1,2, —ay.S3 = S, replaces & by a function 
JS 4b, + & + nm + Yeh: 
Then, by (14), we have fai, +7,,=90. If y,+9, Q.1,,S, = S; replaces & 





* They correspond respectively to the generators Xi;, Xi, Xi0o, — Xo; of CARTAN, p. 146. 
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by a function of the form /’ with y,,—«y,, in place of y,,. By a proper choice 
of x, we make the new y,, equal to zero. Hence S, replaces &, by 


E+ a6 — 441m» 
so that (X51, 14,23, %an) Ss leaves & unaltered. But, if y,,=0, then 
SF = & + %y%,, 80 that Ys... Wi, 2, i. leaves &, unaltered. 


Consider a transformation S’ which replaces & by &,, and 7, by 
bs a Shite Gly se 7; “= eae (erete Oyo, + 8155 


Then, by applying in succession as left-hand multipliers Qs 1 ,,5 Xo, », g1, %3,1, piso 
Q>1,8.> We obtain a transformation S” which replaces & by &,, and 7, by 
pee. = ipbaas 7; + ape oth By (15), posh —d 18%) ° If jext = iF Se replaces 1, 
by 7, + &,,€,, so that is “ 
X,, 3, —B12 V,, 2, ayaa’ 
leaves & and n, unaltered. If 8, + 0, 
(2,1, 4810 We, 3, 68.) -S= S” 


replaces &, by &,, and », by 7, + 8,,€,-—48,7,. Then Q3 1, 1,,S” replaces &, 
by &,, and n, by 7, + 8,,&,, a case just considered. 

It remains to discuss those substitutions S of H which do not alter & and 7, 
and therefore have (compare § 7) 


Oe ee Co td, = 0) 


yoo more tog yaat ls le 2). (Ls 13), (ay ae lias 2), (S524 1), 
(8, 3, 1), we get respectively 
Yor a 0, Yor 0, 8, = 0, Bes = 0, Bo. = 0, By = 0. 
Pec erOre tant) a, 1), (Ly Oe L(g bys) sie 5, Ls 8) 5 (oils 2) 5 
(3,1, 3), we get respectively 
A =9, a =9, Yo=9, Y—e=9, %=9, Y3= 9. 
vee oo aOR eye (ely 0 100 (ithe (201), 8. =10.. By 
(207 e100) (b2.0),—- (ol) a= 05) for'(¢, 7) — (2, 1),4a,=—0. By (27), for 
(7, 7) = (8, 2), (2, 3), (8, 8), (2, 2), we get respectively 
yg = Ay) Bap — Byy = Ay Oop 4 ing = Ayy Oygy Ay = Ay Opp 
Finally, by (23), for (7, 7) = (1, 1), and by (9), we get respectively 
8.5 8,5 | 


=f 
00? 
é Ore 


32 


(32) 


aie 
a a 1 : 
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Hence S has the following form: 


E=ayf). = PING 651131 §5 = yy 935 S2 — 1) O50 E53 
Ns oa 8455 as Sets as Se yy Ons Ey fs op Oo Es 
subject to relations (82). Its determinant equals 
fo cey 


22 23 


Onno 


32 33 


2 


3 
Ao 








Denote by S, the preceding substitution S for the case a= +1. For 
ay = —1, S= 8'C\T, _,, where S’ is of the form S,, of determinant +1. 
The general substitution S, has the form 
33) n; = kK), =¥ XN; » n, = FN, ie V1) 35 ef = vé, mes HE, , r a Pak rE, + K&,, 
( Kv —Apw=1. 
Ifx«=v=0, then S,= 7, , 17; , Ts, -1:Po3-° If «, v are not bothzero, we may 
take v + 0; for, if v= 0,« + 0, the transform of S, by 7; _,P.; has v + 0. 
Then Q, 5, ,,,-.S; may be expressed as the product 


Qs, 2, —Av—1 15K v te y—l ¢ 
THEOREM.— The group H’ in the GF'[ p"] has the order * 
(34) 2 = p*(p"—1)(p"—1). 


It has been shown that /7’ contains a transformation which replaces & by 


3 


D, Myky + 24 Vy 
— 


J=0 


in which a,,, ---, ¥,, are arbitrary marks, not all zero, such that 


(35) ot F Ny + Woe + M33 = 0. 


By various methods, this equation is seen to have p™ sets of solutions in the 
GE [p"]. Hence O = p'"Q,, where ©, denotes the number of transforma- 
tions of fH’ which leave & fixed. As shown above, 7’ contains a transfor- 
mation which leaves &, fixed and replaces , by f,, in which 8 
marks which satisfy (15), viz.; 


(36) +845 m6 inte 8 Bisis a fie Oi = 0. 


Hence £,,, 8,55 5,,5 8,3, 5,, may be chosen arbitrarily, the value of 8,, being 
then determined uniquely. Hence 0, = p”Q,, where ©, denotes the number 
of transformations S, of 7’ which leaves & and 7, unaltered. As shown above, 


109 °* *9 Og are any 





* As a check, we note that p”, the order of the field, enters to the power 14, which is the num- 
ber of parameters in the continuous group. 
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S, must be of the form (33). Inversely, all the p"(p™”" — 1) transformations 
(33) belong to H’. Hence the order of HW’ is given by (384). 
We observe the special values : 


p=3, O=2°-3°-7-18 = 4,245,696; 
p=5, Y= 2%. 3*-5%-7-31 = 5,859,000,000. 


These simple groups are not in the writer’s list of known simple groups. * 


$10. Simplictty of the group H’. 


Suppose that /7’ contains an invariant subgroup J which possesses a trans- 
formation S not the identity I. Let S replace & by 


3 
hi == °c, eS a »S (a,, e + Ns; ”,) [subject to (35)]. 
j=l 


Lemma: J contains a transformation + I which multiplies &, by a constant. 
(a) Let first y,, + 0. It was shown in § 9 that #7’ contains a transformation 
RF which replaces & by &, and 7, by 
Bats or By €, ae i) ar B,,&, fe 615M on Binks nS 81575. 
in which £,,, 6,, are any quantities of the field /’ satisfying (86). By suitable 


choice of these quantities, the product 
PeT, =f, ,,,& 
> YL 


2, yu 
replaces &, by y,,'€, and 7, by f,. Hence J contains 
S pl sarge es 


which replaces & by yj',7,- If H’ contains a transformation B leaving &, and 
7, unaltered and not commutative with S,, then J contains S;'b "SB, which 
leaves & fixed and is not the identity. In the contrary case S, is commutative 
with Q; 5,5, 7), 1Ps;. Equating the functions by which S,Q, 5, and Qs; 5 ,S, 
replace 7, and the functions by which they replace &,, we see that S, must re- 
place &, and 7, by respectively 
& = ak, + bn. n; = C1, ae dé, . 
Since S, is to be commutative with 7, _,P.,, it replaces 7, and &, by 
nent dé, & = ob; — bn,. 
Then (23), for? =1,i1=1, givesc=0. Then J contains 
Sy! (7, Me T,, aN Si( T,, MM fT, oo) 





* Bulletin of the American Mathematical Society, ser. 2, vol. 5 (1899), p. 470-475. 
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which replaces 7, by wn,. Its transform by 7; _,P,.= replaces &, by wé&, and is 
not the identity if » + 0, 1, where = is defined by (80). 

(6) Let y,, = 0, but a,, and a,, 
tion within 7’, we may make a,,=1. Transforming S by 


0,1, y13 2, 3, y13 7 Qs, 3, 413? 


we reach in J a transformation S’ which replaces &, by 


not both zero. By an evident transforma- 


a z + a, Ey aR E + Viz Mo (4059 + Y= 0). 


Then the transform of S’ by Q.1,,,, replaces &€, by €, + a,,& — 4a},,. Trans- 
forming by X) » .,, V: , we reach in J a transformation S, which replaces 


gajq " 3,1, aio 
E by &,. Then J contains 
(37) Sy" 3 1, aT; 1S, 7), —1 fe —1? 


which replaces & by — &,. 

(c) Let y, =¢,=a,,=— 0. ‘Then o (=O by (sb) iy yee 
places & by a,,&,. In the contrary case, S is conjugate with a transformation 
S’ with y,,= 1; it replaces & by a,,€ +7, + y,7,- The transform of S° by 
Qs, 0, -n, Teplaces &, by a,,€, + ,. Transforming it by X) ; _4,, Vi,2, a1» We ob- 
tain a transformation S, which replaces &, by 7,. Then J contains (87), which 
replaces & by —&,. 

Lemma. The group J contains a transformation, not the identity, which 
does not alter &, or n,. 

In view of the preceding lemma, / contains a transformation S + JZ which 
replaces & by a&, and n, by 


eh - oa »D (B,, E, + 5,57) [subject to (15); 6,, =a]. 
j= 


According as 6,,, 6,, are both zero or not both zero, 6,,, 6,, both zero or not 


12° 
both zero, we distinguish four cases. Transforming by one or more of the trans- 
formations 7) _,P.5, Qo s,.> Qs,o,a> L,,Z3,,-1. We obtain a transformation in 


J which replaces €, by a&, and 7, by one of the four functions 
F=Boot+Pu&ite ms, L+ b> f+ Bb t Mm £+ BE + Me: 
Let first S replace —, by f. By (15), a'8,,+487,=90. Hence 

S= L,.F2,.1¥0,1,6 Wo,s,651 (3 = 4B) , 


where S, leaves & and 7, fixed, belongs to H’, and hence has the form (88). 
If 8 = 0, the lemma is proved whena=1. For B=0,a-+1, S, does not 
reduce to the identity Z or to 7, _,7, , and hence is not commutative with 
every (83). If S, be not commutative with =, of the form (33), then J contains 


S12 Sas 872 ee 
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which leaves &, and », yee Let next 8 +0. Then S is transformed by 
Poo into Sy TZ), 7, 121 3 Wg ps where 


Sos Po T, 18,15 if s+ 
Hence -/ contains the transformation 
SS= T, ad be pw i So = LDA AON waged ap 


which leaves € and 7, unaltered. If S) be the identity, v= ax, w= — ad in 
(53). Again, 7,7), transforms S into S,= Yo. —¢ Wes eSif,.1154 
Then -/ contains the product 

= S85 075,153 V2 31= 2, Sr 2 8,1 Si TZ, .Qe, 3,15 
since Y,,, and W,,, are commutative. Now S, leaves & and 7, fixed. If 


S,, reduce to the identity, we find that \X = 0, « = av in (33). Hence if 8) and S, 
are both the identity, (83) becomes 7, ..7;,.. In this case J contains 


Oe eye yet, BT) 7, eV o,1,28 We, 3, 28 Lo, els,» 


3, Peay, aml 


and therefore its transform by 7,7; ,1., giving Fy 1 0, Ws, 5.2,- Hence J con- 


tains every Y,, ,W2,5,, and X),, V;, 7° Asin. §9, we derive=> = 275 _,Po,, 
where = is given by (30). Transforming >’ by P,,7;, _,, we reach 7, _,P,,2. 
The product of the two gives 7, _,7, _,, which leaves &, and 7, unaltered and 
is not the identity. 

The remaining three cases may be treated in a similar manner. 

In view of the two lemmas, the group J contains a transformation, not the 
identity, which does not alter &, or 7, and hence (§ 9) has the form (83). If 
it be 7, _,75,_1, it is transformed into Q, » .7>,-175,-1 by Qio,,- Hence 
would ..J contain Q,,., and therefore Y,.,. It follows that J contains a 
transformation (33) neither J nor T, ,T;,,. But the transformations (88) 
form a group holoedrically isomorphic with the binary group SLH(2, /’). 
It follows that J contains all the transformations (88) and hence every 
pete ih gs ty ty is But Xo) Via transforms 7, _,7, _, into 
JN. ane aaa A _f, _,- Hence J contains every Oa Transform- 
ing it by suitable 7, _,P,, and by 2, we reach every X,, ,Vj.4,25 ¥o,:,, Wi,n,- 
Hence J = H’, so that HW is simple in any field #” not having the modulus 


p=? 
$11. Linear groups with invariants of degree d>2. 


Consider the group G(q, 7, /”) of linear transformations S on rq variables 
with coefficients in an arbitrary field /” which leave formally and absolutely 
invariant the function 


a : Ee = 


Trans, Am. Math. Soc. 26 
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For g > 2, we may express every S as a product, S= AB, where A merely 
multiplies each variable &,, by a constant a,,, while B is a substitution on the 
letters &,, having the imprimitive systems * 


a4 ses ag tis Peet SOR oe eae ee A | ay ods te 


The transformations A form a commutative group invariant under G'(q, 7, /’). 
The quotient-group {#} has an invariant subgroup /, the direct product of r 
symmetric groups, the general one being the symmetric group on the q letters 
E.,&,,-:+,&. The quotient-group {4} / is the symmetric group on 7 letters, 
the above imprimitive systems. 

Consider the group H(m, 7, /”) of linear transformations S on m variables 
with coefficients in a field /’, not possessing a modulus, which leave formally 
and absolutely invariant the function 


rE HAZE + $A EF (each 2;+- 0 in F’). 
If r > 2, we may set S= AL, where A is a transformation of the form 
apa ya fave] (i=1 ---, m), 


and J is a literal substitution on the letters &, &, ---, & + 

On the other hand, there exist linear groups in an arbitrary field /’ which 
possess invariants of degree d > 2 and which lead to simple groups. Examples of 
such groups are furnished by the second compounds of the groups GLH(m, /) 
and GA (2m, #’), each possessing an invariant Pfaffian (see § 6). 


§ 12. Canonical forms of linear homogeneous transformations. 
Consider a transformation with coefficients in a field 7’, 
/ * 
S: € = 4,8, + 4,8 + Ba Py (¢=1, 2,---, m). 


The determination of a linear function which S multiplies by a constant K de- 
pends upon the characteristic equation 


a ean) a 


ll 12 ae On 
a Qo oo Kk... a, 
AG m ia 
aint Bin2 ei an eT vs 





If we introduce new variables defined by the transformation 


Le Te ee gc, 4 agree (¢=1, 2,--+, m), 





* Proceedings of the London Mathematical Society, vol. 30 (1899), pp. 200-208. 
The factor C should be ¢,! ¢,!---¢,! Foran elementary treatment of the case g=3, see L. G., 
§§ 211-212. 

tMathematische Annalen, vol. 52, p. 563; L. G., §§ 189-141. 
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the transformation S becomes the transformation S, = Z’—'ST on the variables 
n, and the characteristic determinant A(A’) of S, is equal to the characteristic 
determinant of S (L. G., §§ 101, 102). The characteristic equation is wnal- 
tered under linear transformation. 

Let A(Z’) be decomposed in the field / into irreducible factors, 


A(K)=[F(K)]}*(F(4)]P--- (ka +B +--- =m). 


Let 7,(K)=0 have the roots K,, K,,---, K,; F,(H) =0 the roots 
L,, L,, +++, L,; ete. To exhibit compactly the general type of canonical form 
of transformations S, let a, 8, --- be partitioned into positive integers, 


a= a, + A Hees + Ais B= 6, + 6, + oe = 
Let a, b, ---, denote an arbitrary one of the respective sets of integers 


(a) 1, a4+1, at+atl1, -:-, a+at---+a41; 
pe Ops he 0h Orb, aan De One -boOe Ls 


ete. Let A denote an arbitrary positive integer =a and not ana; let B de- 
note an arbitrary positive integer =8 and not a d; ete. 

Proceeding as in L. G., $$ 214-218, we obtain the theorems: 

By a suitable linear homogeneous transformation of variables (not belong- 
ing to F in general), S can be reduced to a canonical form 


Nia = K; Nias NA = K, Nee K; Mi A-1 (¢=1, 2,---, &) 
Cp = Lie, See = Liha + LS (t=1,2, +--+, 0) 


in which the new variables n,,, 6, +++ have the properties : 

(1) The variables n,,(j =1, 2, ---, a) are linear homogeneous functions of 
the &. whose coefficients are polynomials in K, with coefficients in F’; 

(2) The variables n, are obtained from the n,, by replacing K, by K;; 

(3) The variables F.(j7 =1, 2, +++, 8) are linear functions of the &, whose 
coefficients are polynomials in L, with coefficients in F'; 

(4) The variables €,, are obtained from the ©. by replacing L, by L,; 

(5) The ka variables n,(t=1, ---, k3j=1,---, a) may be replaced by ka 
linear homogeneous functions y,, of the E, with coefficients in I’, such that S 
replaces each y,, by a linear function of the y,, with coefficients in BF’; similarly 
for the [8 variables is ; ete. 

Two linear homogeneous transformations S, and S, belonging to a field F 
have the same canonical form if, and only if, S, is the transform of S, by a 
linear homogeneous transformation T in the field IF and on the same variables. 
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To determine all linear homogeneous transformations Z’ commutative with a 
given one S, each in the field / and affecting m variables €,, we apply the 
transformation of indices which reduces S to its canonical form S’, 


AIA BY AS IY BY AU Ro ie 


where each transformation Y,, Z,,---, is defined thus: 


tate Nia = K, Nias Nid = KE, EP K; UP ein (for every a, A) ; 
Zi: Co = Ls Sx ’ Cn = Ly, cue ai ay Gus (for every }, B). 


If T’ be commutative with S', then 
hie id ON EID Be ARE EA oer 


l 


where ¥;, Z.,---, are of the form 


Y;: 13; = Do Ppl Ay) Mi (J==1, =" a); 
u=1 
/ / e 
FES ee DLAC LAS (J=1, <3 
v=1 


the coefficients of the polynomials p,,(K,), ---, belonging to F. 

Inversely, if T’ have the above form and if ¥{ be commutative with Y,, Z, 
commutative with Z,,---, then the transformation T (T" expressed in the in 
itial variables &,) will be commutative with S and will have its coefficients in 


the field F’. 


YY and ¥, are commutative if, and only if, for every a, A, A’, 
Pas =9, Patras =9%, Patoa=%, Pa-tara = Paar 
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ON CERTAIN AGGREGATES OF DETERMINANT MINORS* 


BY 


W. H. METZLER 


Introduction and General Notations. 


1. Since the announcement + by KRonEcKER, in 1882, of his now well-known 
theorem regarding linear relations between the minors of an axisymmetric de- 
terminant various papers +t have appeared treating of the subject. Dr. Murr 
in his paper of 1888 showed that a similar relation exists between the minors of 
a centrosymmetric determinant and in his paper of 1900 he gives the following 
two theorems : 

THEOREM A: If « and v be any integers, mw being the less, taken from the 
seriesn,n+1,n+2,---,2n anda, 8, ¥,---, o be what the series becomes 
when wis removed, and a, B,y,---, ~ what it becomes agieP both are removed; 














then in connection with any even-ordered 127712 we have 
sw ae fers hit is 1)3—(utv) Rite Se 
x (=) Paseo o ea ) aByas Ge id 
TuHeoreM B: Jf the symbol 
Kofpuih eosin woah 
> Paria rs Se ayy Maer 


stand for the sum of the n determinants whose column-indices are in every case 


* Presented to the Society April 27, 1901. Received for publication August 31, 1901. 
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Wuits, H. 8., Kronecker’s Linear Relation among Minors of a Symmetric Determinant, 
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nm+1,n+2,.---,2n and whose row-indices are the same except that for one 
of them there has been substituted its defect from 2n +1; and if 


1h dD vieee hee oar 


2 neo eee 


| 


ik 
nt 











a 


be taken to indicate that in the determinant 


fh so meh tad Seed 





nA Lee ee 


each element % of the pth row is to be diminished by the element srti-% ; then, 








z| 





Pers Leow n+p +. Qn 
mf in+2--. np + 2n| 
Intin+2 eet Leer 
n ntin+2.. ey RR yh, 
“Saad as n+p 2n 


If the determinant |'>'''>"| is axisymmetric then * =” and the right-hand 
side of theorem A vanishes, giving KRONECKER’S relation. If the determinant 
is centrosymmetric then the right-hand side of theorem B vanishes, giving the 
relation pointed out by Murr in 1888. In this paper three theorems [ (1), (2), 
(3), below] and two formulas [I, II, below] are developed. Theorems A and 
B, which may be characterized by the notations A (7, n — 1) and B(n, 1) respec- 
tively, are extended, giving theorems (1) and,(3), characterized by the notations © 
A(n,k) and B(n, k), (1=k=n—1), respectively. If we call the left-hand 


side of a Kronecker relation a Kronecker expression, then theorem (2) expresses 





a sum of Kronecker expressions as a sum of products of sums of Kronecker ex- 
pressions of lower order. Formula I gives for a centrosymmetric determinant 
the number of true vanishing aggregates of each type, and formula II gives the 
number of those which are linearly independent. Part I (arts. 3-7) contains 
the work relating to theorem A and Part II (arts. 8-11) contains the work relat- 
ing to theorem B. 

2. If we are given any combination (selection) of 2n numbers / at a time, the 
combination of the remaining 2n — & numbers is said to be the complementary 
with respect to 2n of the given combination. Let us use here, as elsewhere,* 





*Cf. American Journal of Mathematics, vol. 22, no. 1. 
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(2) * to denote the ath combination / at a time of the 2x numbers 1, 2, ---, 
2n, '* *) to denote the 8th combination / ata time of the numbers in the ath 
@) denote the comple- 
mentary with respect to 2n of the combination ; and similarly @"!4!) will 
denote the complementary with respect to £ of the combination “"'*'), i. e., the 
combination formed by the numbers remaining after the numbers in the combi- 
nation "'\2) are taken from the combination @"!), The symbol @ Vel) will de- 
note the complementary of °"'*{) with respect to &, i. e., the combination 
formed by the 2n — & —/ numbers remaining after the 7 numbers in the combi- 
nation @"/*}) are taken from the combination ©", Similarly (2n{k|Z|h ---) 
is the complementary of (2n |k|7|h---) with respect to J. 

If (a), (6) denote combinations of distinct numbers the notations (a@)b) and 
(a) (6) denote the combination of all the numbers involved in (a) and (0) taken 
respectively in /oco or in natural order according as the brackets are or are not 
interlocked. 

The notation s, will be used for s!/t!(s — ¢)! 


combination & at atime of the 2x numbers, and let 
(2n |Z) 
a 


Part J. 


3. In this part of the paper expressions occur containing minors and prod- 
i ino form: — |(%|, |) - |(@) 
ucts of minors of the following form:  |(%}], |(%}| - [(3} 


(y,)2,)y.)2,) are permutations of the 2m numbers 1,2,---,2n. In general 











, where (a,(a,) and 
the sign factor for any term |*%1}} - |{¥1}/. |(2)/ ... is & 1)” where v is the number 
of inversions of order in (w,)y,2,)---(# a Nhe 

With respect to a parent determinant of order 2n the sum of minors of order 7 


(Qn |kp2n ele rid 


zn 2njk|n— 2) P 





(2Qn—k), 





which has & rows the same Arcdeneut may obviously be written in the form 


al (Qn—k), (2n—2Kk)»_~ | (2n 4 2n A h| tt a hk) 
= 1) avy 12 


a 


N, = = 





(2n [Ade 2 A hi) n— k) 


which, on expanding each term by Laplace’s theorem in terms of minors formed 
from the ath selection of & rows with their complementaries, and finally collect- 
ing all the terms containing 


ole | 


(2n|k| k) 


a y 








* Unless otherwise stated, it is understood that the numbers in a combination are arranged in 
their natural order (order of magnitude). 


398 W. H. METZLER: ON CERTAIN [October 


as a factor, takes the form 


| (2 | h) 


(n=), | (on—2h),_, | (22 | &|&| nm — &) 
aw 1 pe a y to 





4=1 


(2n|k| &) | St (2n| | E]n — h)) 








On examining the inner sum of this form one will easily see that any given 
selection of h, l1=h=n—k, of the 2n—2k numbers in the combination 
(aniei2) is constant as rows running through (2n — 2k —h),_, of the terms and 
constant as columns through as many more terms. We therefore arrive at the 
following : 


THEOREM (1) or A(n, hk): 
(1) 


(2n—k) 1 | (2n | k ( 2n ld nm Fa k) | (2n—k) 1) | (2n |X) | 1 (2n—2k)), 
ar yn * be a y ped ide Ve | = a 8 ; 
ort | (2n|k| n a k) | se | (2n |A| k) | 2(n — k), a= 











where S, denotes the sum of the two aggregates : 

aon. (ORT REE ey 

ig=1 ei || iA] — & — h) 
‘ | aw 8B tg 


=f 





(2n—2h—W) AC eel ep : aie | 


(— 1) 


to=1 





(2r [hkl pink hn — bk — 2) 

a 4 B a % B ig 

in which, if 

(2n|k), (2n ||| h), (2n |kA|h| n—k—h), (2n |A| x), (2n |A| Ala n—k—h) 
a at B a%B ia avy a% B dg 


are denoted by 


(a), (6), (e), (2), (2) 
respectively, the integers v,, v,, v, denote the numbers of inversions in 


(apbtebdte), (Ghege)s (etdte) 
respectively. 
The identity of this theorem (1) or A(n, &) depends upon any combination 
Cn’) and any integer h (1 Sh=n—h). 
For h = 1 and & = n — 1 theorem (1) reduces to Murr’s theorem 4. 
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As an illustration of (1) we have for (n, k, h) =(4, 2, 1): 








1234) 1236/1237, aces HA Ata | 1246) 4 | 11247 
'5678| (4678) 4578, 14568 $4 '4567, © |3678) 3578) 3568 


__ 1248), (1256) __|1257| |, (1258 4 [1267] _ Be 8| _, |1278| 
3567 ' 3478 3468 3467 7 3458) 3457, 7 3456 
12! 56) _ (57 S| (67| _ \68 ae 

— | | 
'34| ( |78| 68, 7 58} «(577 T |56 


|12| ( |46 bal 48| , |67|__ |68|_, |78 
|| (vel le + lg7| 7 |4 sly + la6 | 


+ ete. 


[12] ¢ |34 35]  |36] 45) |46) 56 
78) | 56\ |46| t las] + oe l35| * Ia } 

4. The conjugate of every minor in the first aggregate of S, in (1) is found 
in the second with the same or opposite sign according as n — k is even or odd. 
This is readily seen on observing that in bringing (b{c{e) to the form (e(b)c) 
the n — & numbers in (e) are carried over the n — & numbers in (c) and (6) and 
therefore the exponents of the sign factors for the two differ, mod. 2, by (n — k)’ 
or n— k.* 

5. Since each aggregate of S, on the right of (1) is an expression involving 
minors of order n — & the same in form as those on the left-hand side of the 
equation we may, if we choose, apply the theorem to them. If n — k is not odd 
we may select / so that, after applying the theorem a second time, n — k — h is 
odd and shall have within each of the resulting S,’s conjugate minors with 
opposite signs. 

6. If now we take the sum 


(2 |e 2m | Hite ae 


(2n—k)y, 


seg 
i=1 Grn) 


and, if instead of expanding each minor in terms of minors formed from the 
ath selection of & rows as in art. 3, we expand in terms of minor formed from 
the Sth selection of h of the ath selection of & rows and g others and finally 
collect like terms we get the following : 

THEOREM (2): 
; | (2njk}2n | n — k) ) Eee 
(2)  (m—h), De (- yn” = (Ht Pa 

"= | (2n|&|n — k) | 


qy=1 


*Cf. American Journal of Mathematics, vol. 22, no. 1, art. 2, p. 56. 
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where P,, denotes the product of the two aggregates : 











ee (2n | ie tele [| h ag 29 7) 
5" (— 1)" a 
i (2n|k|h + 29|9) 





ee Ae Ee a ee ae ie ae 
a) . 
‘Z (2n|k\h + 2g)n— kg) | 





If h = k and g = 1, then (2) reduces to (1). 
As an example of te for (n, k, g, h) = (8,1, 1, 1) we have 















































? 456 — 256 + sie — ais) + a50)— ate) + 4s, + age — 2os| + aaa J 
= (3-2) 456 —lhe + as PO) ){ 56l-ol +f} 
+ (5-3) {il 0 als =) {li8— los + [sl f 
+ (4-3) tbe — ls Hos, S ; 4) fh + als 
Gre “yt 2st fa $+ (54) {56 Las + lf 
“(ot el + (5-5) {fsa loal + bal f 


T. If now we impose the conditions for axisymmetry the right-hand side of 
(1) becomes zero and for £ = n — 1 is the general Kronecker relation. Under 
the same conditions of axisymmetry the left-hand side of (2), which in general 
we shall denote by (n — k) A’(n, &), isa sum of Kronecker expressions and the 
theorem (2) may be written schematically 


(n—k) K(n, kh) =>) K(htg,h)K(n—g—h,k—h). 


If g=1, then A(A+ 9, Ah) is a Kronecker expression and if in addition 
k=n—2, then K(n —g —h, k—h) is also a Kronecker expression, so that 
under these conditions (2) expresses a swm of Kronecker expressions for minors 
of order n as a sum of products of Kronecker expressions for minors of orders 
h+gandn—h—g respectively. It is apparent that, by repeated applications 
of the theorem and by a proper choice of g, we may reduce both factors of each 
term on the right of (2) to Kronecker expressions. 

If the original determinant is skew then the two aggregates of S, in (1) are 
equal. 
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Pare 11, 


8. If (m) denotes any combination of the 2n numbers 1, 2, --., 2n, then (m) 
shall denote the combination formed by replacing every number in (m) by its 
defect from 2n +1. 

The extension of theorem B is now easily stated as follows: 


THEOREM (8) or B(n, hk): 





Kea 


| 
| 
(2n |r|) (rn 


Ny 


(2 |r|) (2 fn) | 
ee bee 


4=1 | (2n|n) | 4=1 
a 


M 





a 


7. erp aah) emia 
rs ct aenee ae oe 





@nlad)| | ninld), | Rafal) 


where vis the number of inversions in "| 22"\"\) plus the number in n\\ BEn\n\ 2), 

The proof of this theorem consists in the expansion by LApPLACE’s theorem 
of each minor contained in the first sum on the left in terms of minors formed 
from the n — k rows having for indices the numbers in @"'"|, with their com- 
plementaries; and of each minor in the second sum on the left in terms of 
minors from the n —% columns having the same numbers for column indices, 
with their complementaries, and finally in the collection of the terms in pairs 
one from each sum. Thus the left-hand side of (8) is equal to 


vem {gem __ |2n|nf&)| | (2m |nj&)) | 
i > (—1)| a 
4=1 Gos hat in| #) (270 || &) | 








Po taee | (2n |n| k) | (2n In| k) | 
ont _ AR CoE YA $ tg 
fi | a (2n jn| ky 


l | 





2n|n)t) 


which in turn is equal to the right-hand side. 

When & = 1 the theorem B(n, k) reduces to Murr’s theorem B. 

9. Under the condition for centrosymmetry the right-hand side of (8) van- 
ishes and we have the general linear relation connecting minors of order n of a 
centrosymmetric determinant of order 2n. The type = 1 is that which was 
first pointed out by Murr in 1888. 

10. Murr in his paper of 1900 states in connection with the identities of the 
type & =1 given by him; “that the number of such identities possible, when 
the centrosymmetry is complete and the parent determinant is of the 2nth order, 
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is C,,,.” It is to be observed, however, that we do not get a true vanishing 
aggregate for every selection of the 2n numbers n at atime. For if x and y are 
any two of the n numbers in any given selection, then whenever x + y= 2n + 1 
some of the minors in the first sum have their conjugates in the second and can- 
cel each other, while others will vanish identically. Those that remain, if any- 
form an aggregate which is the extensional of a vanishing aggregate of minors 
of lower order. 
Thus for a determinant of order six if we take the selection 256 we get 


256 
556)’ 





Dee [556| __|256| 256) __ 
T |o56 T 956 251) 226 











in which the first and fourth are conjugate and therefore cancel, the others are 
indentically zero having identical rows or columns. 
For a determinant of order eight, taking the selection 1678 we get 


|1671) |1628, 


| 1378| _, |8678|_ |1678|_|1678|__|1678| _|1678 
|1678| ' |1678| 


2 rea \1678| _|1671|_ |1628|_-|1378| _ |g678 
which reduces to the extensional of 


4 84 _|67 
T |67| — |62) 


ie 


(67 
Hae 








Neglecting these degenerate aggregates we have, if » denotes the number of 
true vanishing aggregates of each type (7. e., for each of the n — 1 values of £),. 
for the determination of the following : 

Formuta I: 


(I) yeast | Cn Re 





=[nl2] (n — 1)-- -(n — 2r ze 1) Qn—2r 
> (!) | 


This we see by counting the number of combinations containing one, two, 
three, ete., pairs of numbers satisfying the equation « + y = 2n + 1, and sub- 
tracting the result from C,,,, and observing that for every relation 


(2n|n) 


(2n [7 k) (2n In 








a Kaa k) (2n|n 
a y a Pet Sy as 0 
(2n|n) | fry 














k) 
4 
there is another 


| (2n|n| | i (2n|n/ k) So 


ay 











et 


2 (2n n) 





| FE) nfl) Bn |nj k) 


which in virtue of the centrosymmetry of the ee is not different from 
the first. 
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11. On examining a set of 2 true vanishing aggregates of any type & it will 
be seen that : 

(a) Each aggregate contains n 
conjugates. 

(6) Every minor |‘?} 
columns and in another with (a), (or (a)) , as the selection of columns. 

(c) There are n,’ independent minors (fn A’ with their conjugates). 


, terms together with the negative of their 








enters two aggregates, in one with (d) as the selection of 


(d) For every set of 4’ aggregates there is a set of 3 minors (one in each 
aggregate) whose conjugates are found in the remaining 3A aggregates. 

(e) The sum of the A aggregates vanishes. 

It follows from (a) and (b) that every minor enters one aggregate with the 
positive and one with the negative sign, and that any two aggregates have 
either two or no minors in common. 

It follows from (d) that the sum of no fewer than \ aggegates can vanish. 

If we denote the number of linearly independent aggregates of each type by 
» then we have for the determination of u the following: 

Formuta II: 
(IT) p=rA—1. 


SyRACUSE UNIVERSITY, March 15, 1901. 


UEBER DIE ANWENDUNG 
DER CAUCHY’SCHEN MULTIPLICATIONSREGEL 


AUF BEDINGT CONVERGENTE ODER DIVERGENTE REIHEN* 
VON 
ALFRED PRINGSHEIM 


In einer vor nahezu zwanzig Jahren verfassten Arbeit wher die Multiplication 
bedingt convergirender Reihen + habe ich unter anderem gezeigt, dass das nach 
der Caucuy’schen Regel gebildete Product aus einer nur bedingt convergenten 
oder sogar divergenten und einer unbedingt convergenten Reihe unter Umstan- 
den unbedingt convergirt. + Und ich habe ferner hervorgehoben, dass auch fiir 
das Product zweier bedingt convergenter Reihen die Moglichkeit eines solchen 
Verhaltens keineswegs ausgeschlossen erscheine, ohne freilich damals im Stande 
zu sein, das wirkliche Vorkommen dieses Falles durch bestimmte Beispiele 
erweisen zu koénnen.§ Seitdem habe ich in Folge vielfacher Beschaftigung 
mit der Reihenlehre langst erkannt, dass das fragliche Verhalten fiir ganz 
grosse Kategorien von Reihen geradezu typisch ist, habe aber bisher nicht 
Gelegenheit genommen, hiertiber etwas zu veroffentlichen. Nachdem nun 
Herr Casori in Bd. 2 dieser Zeitschrift, p. 25 ff. jene Frage wieder aufge- 
nommen und durch Construction gewisser Beispiele in bejahendem Sinne ent- 
schieden hat, mochte ich mir erlauben, auch meine eigenen, auf ganz anderer 
und allgemeinerer Grundlage beruhenden Betrachtungen hier mitzutheilen und 
daran noch einige weitere Bemerkungen tiber den vorliegenden Gegenstand an- 
zuknupfen. 


Sale 


Es sei A, (v= 0,1, 2,---) eine unbegrenzte Folge reeller oder complexer 
Zahlen von der Beschaffenheit, dass }°|A,| divergent und [,A,=0 ist. Die 


Potenzreihe >) A,«” besitzt alsdann den Convergenzradius |#| = 1 und kann 





* Presented to the Society at the Ithaca meeting, August 19, 1901. Received for publication 
May 24, 1901. 

t Mathematische Annalen, Bd. 21 (1883), p. 327. 

ta. a. 0., pp. 357-359. 

§a.a.0., p. 332. 
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auf dem Convergenzkreise keinesfalls wnbedingt, wohl aber durchweg oder theil- 
weise noch bedingt convergiren. Angenommen, es sei a, wo |a|=1, eine Di- 
vergenz-Stelle fiir }° A,w’. Ordnet man alsdann (#—a) > A,w” wiederum 
nach Potenzen von «, also: 


(x — a) Ss Aw’ =— A,a+t > (A,_, — A,a)x’, 
v=1 


v=0 


so geht diese neue Potenzreihe ftir x =a in die folgende tiber : 


ee > Aa a — Alan = Awe | (A a A ot)) = 0 
yal nao 

d. h. sie convergirt fur «=a (gegen die Summe 0), wahrend sie im tbrigen 
durchaus gleichzeitig mit der urspringlichen Reihe >) A,” convergirt oder 
divergirt. ' 

Es mogenun >> 4,2” fiir |x| = 1 noch bedingt convergiren mit einziger Aus- 
nahme der auf dem Einheitskreise gelegenen Stellen a 
alsdann die Potenzreihe : 





19 %,-7',@,. Bildet man 


m ao 


(1") B,(e, a) = [I (@— a) 4,2", 
Kk=1 v=0 

indem man wiederum das rechts stehende Product nach Potenzen von x ordnet, 
so wird nach dem eben gesagten diese Reihe auf dem Einheitskreise (der dann 
nicht einmal mehr der Convergenzkreis zu sein braucht) ausnahmslos con- 
vergiren. Daraus darf freilich noch nicht ohne weiteres geschlossen werden, 
dass die Convergenz dann allemal noch eine wnbedingte (absolute) sein miisse.* 
Inimerhin wird man sagen konnen, dass “im allgemeinen”’ oder, um diesen 
Ausdruck noch genauer zu praecisiren, in unendlich vielen, durch geeignete 
Auswahl der A, in beliebiger Anzahl leicht zu erzielenden Fallen 8, (x, a) fiir 
|x| = 1 wnbedingt convergiren wird. 

Sei ferner >> Bw” eine ganz ahnliche Potenzreihe, die fiir alle Stellen auf 
dem Einheitskreise mit einziger Ausnahme von £,, £,, ---, 8, (wo 8, + a,) noch 
bedingt convergirt, sodass also : 

n on 
@) Ble, 8) = [1 (eB) Bo" 

= 
fiir |w|=1 widerum ausnahmslos und, bei geeigneter Auswahl der B,, auch 
unbedingt convergirt. Bildet man nun andererseits die beiden Potenzreihen : 


n 


(1”) Be, 8)= TL @—-8)-d 4,0" 


A=1 





*Mathematische Annalen, Bd. 25 (1885), p. 419. Mtinchener Berichte, Bd. 30 
(1900), p. 71. 
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™m an 


b a > 
(2°) G,(a, «) = [| @—a,) > Be’, 
K=t! v=0 
so wird auf Grund der zu Anfang gemachten Bemerkung die erstere an den 
Divergenzstellen von >> A,x”, also die Stellen a, und, entsprechend, die zweite 
an den Stellen 8, noch divergiren, wahrend im iibrigen fiir | «|= 1 beide Reihen 





aw 





bedingt convergiren. 
Nun ist aber offenbar: 


(3) E(w, 8) B(@, a) = BS, (a, a) P(e, 8), 
und diese Gleichheit wird zu einer vollkommenen /dentitat, wenn man ihre bei- 


den Seiten wieder in Potenzreihen umformt, d. h. die CaucHy’sche Multiplica- 
tionsregel darauf anwendet. Wegen der fiir 





w|=1 noch unbedingten Con- 
vergenz von }3.(a, a), Y,(w,-8) besteht dann diese letztere auch fiir die 
Productreihe, zu deren Herstellung auch die fiir 








w|=1 nur bedingt con- 
vergenten, an den Stellen « = a, bezw. x = B, sogar divergenten Reihen 3, (x, 8), 
cs . 

YS, («, a) dienen konnen. 





Es hat keine Schwierigkeit, dieses Resultat auch auf den Fall zu tibertragen, 
dass eine der beiden zu multiplicirenden Reihen wnbedingt convergirt. Man 
hat dann nur >) B, x” als fiir |a|=1 noch unbedingt convergent anzunehmen 
und etwa zu setzen : 


(4) B(7) = LAr B) = LB, a. 


Behalten dann 8, (a, a), Y8,(@, a) die in Gl. (1°), (2°) festgesetzte Bedeutung, 


so hat man wiederum : 
(5) Lz): P@, a) = Pw, a) P(e) 


sodass $f, (a), 8,(@, a), obschon die erste dieser beiden Reihen fur |#|=1 nur 
bedingt convergirt beaw. fir «=a, divergirt, wegen der unbedingten Conver- 
genz von (a, a)-3,(@) wieder eine wnbedingt convergirende Productreihe 
liefert. 

Hernach ergiebt sich: 

Die Anwendung der Cauchy schen Multiplicationsregel auf zwei Reihen, 
von denen die erste nur bedingt convergirt oder sogar divergirt, 
wihrend die zweite bedingt oder unbedingt convergirt, liefert in unendlich 
vielen Fallen eine unbedingt convergirende Reihe. 


§ 2. 
Um jetzt Reihen der fraglichen Art mit lauten reed/en Gliedern zu erhalten, 
wird man vor allem die A,, B, und x reedl, also ~= +1 anzunehmen haben. 
Die a, bezw. 8, miissen sodann gleichfalls cell oder paarweise conjugirt com- 
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plex gewahlt werden. Um auf dem Einheitskreise wenigstens eine reelle Con- 
vergenz-Stelle, etwa «= 1, zu behalten, bleibt dann als einzige mogliche reelle 
Diwergenz-Stelle fiir 3° A, xv” die Stelle «= —1 (d. h. die a, reduciren sich auf 
den einen Werth a,=—1). Als einfachste Wahl fiir die Divergenz-Stellen 
von >) B,x” bleibt dann 8, =i, 8,=—i. Man geniigt offenbar allen diesen 
Bedingungen, wenn man setzt : 


A,=(—1)a,, B,=(—1)”18,,* 


wo die a,, 6, positive, mit unbegrenzt wachsenden v monoton gegen Null abneh- 
mende Zahlen mit divergenten >\a,, >>, vorstellen. In der That sind dann 
die beiden Reihen : 


y a . m2 a} 
5 aI eal ae ae + ae —ae+—+—--- 


Vv 


> (— 1)! b,x” = b+ be — ba? — 6.2 + a 


v=0 
fiir |x| =1 noch bedingt convergent, die erste mit einziger Ausnahme von 
e—=—1, die zweite mit Ausnahme von x=-+i. Bildet man ferner nach 


Analogie von Gl. (1°), (2%): 


(1 + x) 2 ( —1)'a,2*=a,+ 2 (a,_,— a,) x” 
(5) : _ E 
(1+ at) Do(— 1) 8,07 = b, +. B,2 + Yo (— 1) 6,_,—B,) 0”, 


so erkennt man unmittelbar, dass diese Reihen ftir |w|; = 1, speciell also fiir 





w= +1 noch unbedingt convergiren. Andererseits bleibt von den nach Ana- 


logie des Gl. (1”), (3°) gebildeten Reihen : 


(1 + 2’) 2s —1)’ a,x" =a,—a,x+ ye 1)’ (a,_, + @,) x” 


v=2 


(6) 
(1 =f @) s ( _ 1){vi21 b, oY = b, a8 »~(- 1)ie—Y2) Kepee fe (— bsp onv 
vet y—1 
die erste fiir x =1, die zweite fiir «= +1 noch bedingt convergent, wahrend 


die erste fiir 7 = — 1 (die zweite nur fiir « = + 7) divergirt. 
Setzt man also einmal « = + 1, sodann « = — 1, so folgt, dass die Reihen: 


(A) fay D(-1Y (aot a) B+ D(— DO + (1) 


y=2 


* Dabei bedeutet [v/2] die grésste in v/2 enthaltene ganze Zahl. 
Trans. Am. Math. Soc. 27 
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(B) {4 +a,+ 2, (4,-2 - “| |e. a8 2 (— Lyre vel (pe (ae 


unbedingt convergente Productreihen liefern, obschon die beiden Reihen (A) 
und die zweite (B) nur bedingt convergiren, wahrend die erste (6) sogar 
divergirt. Die Ausfiihrung der Multiplication nach der Caucny’schen Regel 
liefert namlich genau dasselbe Resultat, wie fur die aus (5) fur «= + 1 resul- 
tirenden, wnbedingt convergirenden Reihen : 


(4) f+ S(- G1 a)} [4540 (-"6,. 8) 


(B) [aL qa a)h fb — DT (—1y"@,4 = By} 


Will man in (A) und (B) an die Stelle des zweiten Factors eine unbedingt 
convergirende Reihe treten lassen, so hat man nur >°c, als wnbedingt convergent, 
im ubrigen beliebig anzunehmen, und findet dann auf Grund der Beziehung : 


L v=0 


dass die Reihen: 


(Cae 


js 


= 
ll 
° 


(ty a} {e+ Gato} 


(D) [rah fat D(a} 


wiederum unbedingt convergirende Productreihen liefern, namlich solche, die 
identisch sind mit denjenigen der wnbedingt convergirende Factoren : 


(0) {a+ D (1a. -a)]-|Ee], 


(D’) {a —X(a.s—a)|-{S(-aye}. 


Die auf diese Weise gewonnenen Beispiele konnen auch dazu dienen, um die 
Richtigkeit des am Schlusse von § 1 ausgesprochenen Resultates mit den elemen- 
tarsten Mittel der Reihenlehre zu erweisen, d. h. ohne im tibrigen von der 
Theorie der Potenzreihen, welche zur Auffindung dieser Beispiele gedient hatte, 
irgend welchen Gebrauch zu machen. Einerseits kann naimlich der Convergenz- 
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Charakter sammtlicher in (A) — (D), (A’) — (D’) auftretenden Reihen ganz 
unmittelbar erkannt werden. Sodann liefert die Ausfiihrung der Multiplication 
nach der Caucuy’schen Regel fiir (A) — (D) genau dieselben Productreihen, 
wie fur (A’) —(D’). Schliesslich resultirt dann deren wnbedingten Convergenz 
aus derjenigen aller in (A’) — (D’) vorkommenden Reihen. 

Ferner bemerke man noch folgendes. Die wnbedingte Convergenz der in 
(A’), (B’) vorkommenden Reihen wird in keiner Weise alterirt, wenn man a, 
durch a,+ a oder bezw. und 6, durch 6,+ 6 ersetzt, wo a, 6 irgend zwei positive 
Zahlen bedeuten. Hierdurch werden aber andererseits die entsprechenden Rei- 
hen in (A), (BL) durchweg divergent. Daraus folgt aber: 

Auch die Multiplication zweier divergenter Reihen kann eine unbe- 
dingt convergirende Reihe liefern. 


3. 


Die in den vorigen Paragraphen gewonnenen Resultate beruhten wesentlich 
darauf, dass man eine bedingt convergente oder divergente Reihe > wu, als Spe- 
cialfall von >° wu, x” fur «= 1 auffasste. (N. B. Die Voraussetzung, dass dabei 
> u,x” den Convergenzradius 1 besitzen sollte, ist allemal co ipso erfiillt, wenn 
Du, bedingt convergirt ; wenn dagegen >> uw, divergirt, so muss noch ausdriick- 
lich angenommen werden, dass [, 1” 


wr 


u,|= 1). Es werde nun gesetzt : 





0 
due =f (ae) fiir Poet <1, 
v=0 


und sodann f(X) fiir alle Stellen X auf den Convergenzkreise |X| = 1 durch 
die Gleichung definirt : 
S(X)= Lo dw eX), 


p=i—0 y=0 


(sodass also nach dem bekannten ABEL’schen Grenzwerth-Satze : 
F(X) = dew, X", 


sobald diese Reihe convergirt). Um unndéthige Complicationen zu vermeiden, 
mag angenommen werden, dass f(x) auf dem EKinheitskreise eine nur endliche 
Anzahl gewdhnlichen Unendlichkeits-Stellen (d. h. ohne Oscillationen) «= a, 
besitze, im tibrigen lings des Einheitskreises ste¢tig und zum mindesten in der 
Nahe von w = 1 ohne Oscillationen verlaufe. Die Convergenz oder Divergenz 
von >> w, wird dann nach bekannten Satzen aus der Theorie der FouRrIER’schen 
Reihen einzig und allein von der Art des Unendlichwerdens von f(x) fiir x = a, 
abhingen. Befindet sich unter den Stellen a, mindestens eine solche, fur welche 
J (@) von der ersten oder noch hoheren Ordnung unendlich wird, so ist }) w, alle- 
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mal divergent, da die wu, in diesem Falle fiir unbegrenzt wachsende v nicht gegen 
Null convergiren. Wohingegen >> wu, convergiren wird, wenn f(x) an den 
Stellen a, durchweg von niederer oder, etwas genauer gesagt, von “ hinlanglich” 
niederer * Ordnung, als der ersten unendlich wird. 

Es bedeute ferner >> v, x” eine Potenzreihe mit ganz analogen Eigenschaften, 
und es werde gesetzt : 


XG neal Le 








>», 2” =g(a) fir 
v=0 


g(X)= LT de, (PX), 
p=1 —0 p=0 
wahrend die Unendlichkeits-Stellen von g(X ) mit 8, bezeichnet werden mogen. 

Da die Multiplication von >> u,- dv, nach der Caucuy’schen Regel genau 
dasselbe Resultate ergiebt, als wenn man das Product }) w,a’-: >> v,ax” zunachst 
nach Potenzen von x ordnet und sodann «= 1 setzt, so wird die Convergenz 
oder Divergenz jener ersten Productreihe lediglich davon abhangen, ob tber- 
haupt bezw. in welcher Weise f(x), g(x) auf dem Convergenzkreise wnendlich 
wird. 

Sind die 6, durchweg von den a, verschieden, so wird hiernach die Product- 
reihe >) u,: > v, sicher dann convergiren, wenn >) u,, > v, einzeln convergirten. 
Daraus erklart es sich ohne weiteres, warum zwei Reihen, wie die zu Anfang 
von § 2 eingefuhrten, niimlich: 


el LRT el Pal I ge eine pg ae (eae ae 
bcd S612 On ch etree eee 


b41 Sb,, L = 


allemal ein convergentes Product liefern,f mogen die a,, b, auch noch so lang- 
sam gegen Null abnehmen. 

Es konnen sich aber, immer unter der voraussetzung 8, + a,, die Con- 
vergenz-Chancen fur die Productreihe auch erheblich giinstiger gestalten, als fiir 
die Einzelreihen >> w,, >°v,, ndmlich dann, wenn >) u, x” die 8,, >> v, x" die a, 
in’s gesammt oder doch theilweise zu Nullstellen hat. Eine Illustration hierzu 
liefern die Betrachtungen der beiden vorangehenden Paragraphen. 


*d.h. so, dass f(a) bei «= dx integrabel bleibt, wie z. B. 

1 1l—e | 
(——) ae oF (a—ax) [lg(a— ax) ]!+e esate 
Wird f(x) zwar von niederer, als der ersten, jedoch nicht integrabel-wnendlich, wie z. B. 


1 
(a — ax) lg(%— a)’ 








so muss noch eine gewisse Bedingung hinzukommen, wenn Lu”=0 werden soll. Vgl. 
RIEMANN, Ges. W., pp. 244-245. Miinchener Berichte, Bd. 25 (1895), pp. 339-362. 
t Mathematische Annalen, Bd. 21 (1883), p. 346. 
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Hingegen tritt nun allemal eine Verschlechterung der Convergenz-Chancen 
fiir die Productreihe ein, sobald irgend ein 8, mit einem a, zwsammenf allt, da 
hierdurch fiir f(a) -g (w) eine Unendlichkeits-Stelle von entsprechend zusammen- 
gesetzter hoherer Ordnung erzeugt wird: sobald diese Ordnung die erste er- 
reicht oder tibersteigt, muss dann die Productreihe allemal divergiren. 

Aus dieser Bemerkung erklart sich nun aber in sehr einfacher Weise die von 
Herrn Casori* hervorgehobene Thatsache, dass die Potenzen gewisser bedingt 
convergirender Reihen—wie >°’=?(— 1)’ v-" (0 <r < 1)—aufhoren zu con- 
vergiren, sobald der Exponent g eine bestimmte, von 7 abhangige Zahl 
erreicht oder tibersteigt ; wahrend fiir andere Reihen—wie >°v=?( —1)’"1 v7! 
—yjede noch so hohe Potenz eine convergente Reihe liefert. Von den beiden 


Reihen : 


a v n 


sas v—1 we a v—1 a” 
Hoyts, Leys 
wird namlich fiir « = — 1 die erste so unendlich,+ wie — (1 + x)~“"~”, die zweite, 
wie /g(1 +). LErhebt man also die erste Reihe in die g-te Potenz, so entsteht 
bei 2 = — 1 eine Unendlichkeits-Stelle mit der Ordnungszahl g(1 — r), und es 
tritt daher Divergenz ein, sobald : 
; 1 

tle?) eal, dh. ¢-= eam anders geschrieben: r = 1 — af 
Dagegen werden die Potenzen der zweiten Reihe fur beliebig grosse Exponen- 
ten g bei « = — 1 immer nur eine Unendlichkeits-Stelle vom Typus [7g(1 + «)]* 
besitzen, sodass also die Convergenz erhalten bleibt. 


g 4. 


Ich méchte diese Gelegenheit beniitzen, um eine Liicke auszufiillen, die mir 
bei der Durchsicht meiner zu Anfang dieser Note citirten Abhandlung (“ Ueber 
die Multiplication bedingt convergenter Reihen”) aufgefallen ist. Daselbst 
(a. a. o., p. 863) wird der folgende Satz ausgesprochen : 

Sind a,, 5, positive, mit wachsendem m niemals zunehmende und fur n = 2% 
verschwindende Zahlen, so bildet die Beziehung : 


7 n 
2 See 1h Goa e— 10 
n=” Kk=1 nN=H oe 


die nothwendige und hinreichende Bedingung fiir Anwendbarkeit der Multipli- 
cationsregel auf die bedingt convergenten Reihen : 





*A.a.O., p. 25. American Journal of Mathematics, vol. 18, p. 201. 
+ Nach einem Satze von P. APPELL: Comptes rendus, T. 87 (1878), p. 690. (Auch bei 
PIcARD, Traité d’ Analyse, T. I, p. 210). 
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y(-1ya, Y(-17"4,. 


Der Beweis dafiir, dass die obige Bedingung hinreicht, wird an der betreffen- 
den Stelle richtig gefiihrt. Dagegen ist der dort gegebene Beweis fiir deren 
Nothwendigkeit nicht nur von iberflussiger Umstandlichkeit, sondern in Folge 
der Beniitzung gewisser aus den gemachten Voraussetzungen noch keineswegs 
folgenden Beziehungen, namlich: 


L%ta1, Te(1-%)>1, 


a a 


v=0 v yon y 


sogar unzulainglich. In Wahrheit ergiebt sich aber die Nothwendigkeit der 
fraglichen Bedingung ganz unmittelbar in folgender Weise. Die Ausfiihrung 
der Multiplication nach der Caucuy’schen Regel liefert die Reihe: 


: n 
co) n a b, 24 Me 
Db) G, 3 oO: ee " 
kK 
ee 2 b.. 
_— 


v=0 =<) 
Da aber die Bedingung J, c, = 0 eine fiir die Convergenz der Reihe ) ( — 1)’ ¢, 
jedenfalls nothwendige ist, so gilt dies a fortiori von der Beziehung: 


78) oe, = 6.5207 S02 


n=on K—0 n= «k=0 


MUNCHEN, 31. Marz 1901. 





UEBER DEN GOURSAT’SCHEN BEWEIS 


DES CAUCHY’SCHEN INTEGRALSATZES* 


VON 


ALFRED PRINGSHEIM 


Der Caucuy’sche Satz iiber das Verschwinden eines geschlossenen Integrals 
von der Form f'f(z)dz hat durch die in Bd. 1, pp. 14-16 dieser Zeitschrift 


von Herrn Goursat publicirte Note eine ausserordentlich bemerkenswerthe Er- 
weiterung erfahren, insofern alle bisherigen Beweise, um vollstaindig und exakt 
zu sein, die Stetigkeit von f'(z) oder, was im wesentlichen auf dasselbe hinaus- 
lauft,+ die gleichmassige Differenzirbarkeit von f(z), entweder schlechthin oder 
zum mindesten in gewissem Umfange ¢ zur unentbehrlichen Voraussetzung hatten. 
In jener Note zeigt nun Herr Goursat, dass man denjenigen Hauptschluss, 
welcher bei dem friiher (Acta math., T. IV (1884), pp. 197-200) von ihm mit- 
getheilten Beweise auf der Voraussetzung der gleichmdssigen Differenzerbarkeit 
beruht, mit Hilfe einer weniger speciellen, jeder (im complexen Sinne) diffe- 
renzirbaren Function eo ipso zukommenden Eigenschaft herleiten kann. Die- 
selbe ist enthalten in dem folgenden LEmma : 

Es sei f(z) fiir alle Stellen eines von der geschlossenen Curve C begrenzten 
Bereiches A stetig und mit einer endlichen Derivirten f'(z) begabt. Wird 
dann e > 0 beliebig vorgeschrieben. so lasst sich A (auf unendlich viele Arten) 
in hinldnglich kleine Theilstiicke A, zerlegen, derart dass : 


(1) ei By) — @, — 6) FE) f= Si 
Dabei bedeutet z, jeden beliebigen Punkt auf der Begrenzung von 
A,, &, einen bestimmten, im Innern oder auf der Begrenzung von A, 
allemal wirklich vorhandenen Punkt. 

Nachdem Herr Goursat dieses Lemma bewiesen, begniigt er sich im tbrigen 
mit der Bemerkung, man konne nun auf Grund desselben die ftir seinen oben 
citirten, ersten Beweis erforderliche Theilung des Gesammtbereiches immer so 


=e 














* Presented to the Society at the Ithaca meeting, August 19, 1901. Received for publication 
May 24, 1901. 

+ Vgl. Miinchener Berichte, Bd. 25 (1895), p. 295. 

tVgl. Miinchener Berichte, Bd. 29 (1899), p. 61. W.F. Oscoop, American M. S. 
Bulletin, Bd. 5 (1898), p. 85. 
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einrichten, dass das tibrige Raisonnement in nichts geandert zu werden 
brauche.* Dieser cum grano salis zwar zutreffende Ausspruch ist indessen sei- 
nem Wortlaute nach nicht ganz exakt, ja sogar dazu angethan, + beziiglich der 
Tragweite des obigen Lemmas und der richtigen Art seiner Anwendung ge- 
wisse Missverstiindnisse und Zweifel hervorzurufen, ¢ namlich: Der urspring- 
liche Goursat’sche Beweis des Caucuy’schen Satzes beruht auf einer Theilung 
des Bereiches A in Jauter congruente, einen gewissen Kleinheitsgrad § besitzende 
Quadrate bezw. (lings des Randes) Bruchsticke solcher Quadrate, wobei aber 
jedes in Betracht kommende Quadrat immer nur ein solches Bruchstiick liefert, 
und nicht in der Weise zerfallen soll, dass mehrere Bruchstiicke dem Bereiche 
A angehéren. (Ich will diese Art der Theilung im folgenden stets durch den 


? 


Ausdruck bezeichnen: es werde der Bereich A in Quadrate “ etc.” zerlegt). 

Fasst man also den obigen Ausspruch des Herrn GoursaT nach seinem 
Wortlaute auf, so miisste man annehmen, es existire auf Grund jenes Lemmas 
allemal eine Eintheilung in lauter congruente Quadrate “etc.” A,, derart dass 
fiir jedes A, die Bedingung (J) erfiillt ist. Dies geht nun aber aus dem Be- 
weise des fraglichen Lemmas keineswegs hervor, vielmehr lehrt derselbe nur so 
viel, dass unter einer gewissen der Randcurve C aufzuerlegenden Beschrank- 
ung zwar stets guadratische Hintheilungen der verlangten Art vorhanden sind, 
dass dieselben aber im allgemeinen aus Quadraten bezw. Bruchstiicken von Qua- 
draten verschiedener Grossen bestehen werden. 

Vor allem hat man die Randeurve C’ als abtheilungsweise monoton d. h. so 
anzunehmen, dass jede ihrer beiden Coordinaten nur eine endliche Anzahl von 
Extremen aufzuweisen hat. || Man kann alsdann eine Strecke A, hinlanglich 





* “sans modifier en rien le reste du raisonnement."’ (a. a. O., p. 16.) 

+ It is understood that the criticism relates merely to verbal form, and that neither the scope 
of GouRSAT’s lemma nor its manner of application in proof of GourRSsAT’s form of CAUCHY’S 
theorem is subject to reasonable doubt. The lemma neither in statement nor in proof refers to 
an ultimate division into congruent ‘squares, while the division into such squares utilized in 
GOURSAT’S original proof of CAUCHY’s theorem is evidently not an essential part of that proof. 
In view however of the importance of the subject the application of the lemma may well be given 
explicitly ; cf. p. 416 of the text.—THE Ep1Tors. 

{Herr E. V. HuNtiIneTon (Strassburg) hatte die Giite, mich hierauf aufmerksam zu 
machen. 

§ Ein von vornherein bestimmter (nimlich von der Natur der Randcurve abhingiger) 
Kleinheitsgrad des quadratischen Gitters ist erforderlich, wenn jedesam Rande auftretende Theil- 
stiick lediglich von einem zusammenhingenden Stticke der Randcurve, im tbrigen von einem 
Theile eines Gitterquadrates begrenzt sein soll. Man kann im tbrigen diese (von GOURSAT still- 
schweigend, von O. STOLZ, Grundztige der Diff.- und Integr.-h., Ul, pp. 213, 218, ausdriicklich ge- 
machte) Voraussetzung in gewissem Umfange auch fallen lassen, ohne das betreffende Raison- 
nement im wesentlichen zu andern. (Siehe weiter unten). 

|| Es wirde nicht einmal geniigen anzunehmen: Die Curve C soll von jeder zu den Axen pa- 
rallelen Graden nur in einer endlichen Anzahl von Punkten geschnitten werden ( wobei eine Gerade 
welche die Curve in unendlich vielen Punkten beriihrt oder durch unendlich viele Spitzen geht 
nicht als Schnittlinie anzusehen wire): dabei braucht niimlich die Anzahl der Schnittpunkte 
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klein so fixiren, dass kein Quadrat, dessen Seiten =, und den Coordinaten- 
axen parallel sind, von der Randcurve in mehr als zwei Stiicke zerschnitten wird. 
Denkt man sich nun den Bereich A zunachst mit einem quadratischen Gitter 
von der Seitenlinge \ =X, tiberzogen, so folgt aus der beim Beweise des Gour- 
SAT’schen Lemmas angewendeten Schlussweise fiir’s erste nur so viel, dass bei 
hinlinglicher Verkleinerung von A (etwa durch Untertheilung von X,) ein oder 
mehrere Theilbereiche A, der Bedingung (I) geniigen miissen; sodann, dass 
jeder Theilbereich A}, welcher der Bedingung (I) noch nicht geniigt, durch 
weitere geeignete Untertheilung im Quadrate “etc.” mit der Eigenschaft (1) 
zerlegt werden konne. Es folgt aber nicht, dass die fiir irgend ein A’ geeig- 
nete Untertheilung dieses A; in lauter congruente Quadrate “etc.” zerlegen 
miisse und, selbst wenn dies der Fall sein sollte, dass die Anwendung der nam- 
lichen Untertheilung auf irgend einen der mit A, bezeichneten, schon der Be- 
dingung (1) geniigenden Theilbereiche wieder lauter Theilbereiche mit der Ei- 
genschaft (1) liefern mise. 

Im ubrigen wird man jene “geeignete” Untertheilung am einfachsten in der 
Weise erzielen, dass man jedes der Quadrate, welches einen Theilbereich A’ 
ausmacht oder in sich enthalt, in 4 congruente Quadrate mit der Seitenliinge 
r/2 zerlegt, jedes dieser letzteren, sofern es nicht bereits einen der Bedingung 
(1) gentigenden Theilbereich liefert oder uberhaupt keine Innenpunkte von A 
mehr enthalt, wieder in 4 congruente Quadrate mit der Seitenlinge 2/4 u. s. f. 
Der Goursat’sche Schluss lehrt dann, dass der angedeutete Process, bei dem 
also jedesmal alle diejenigen Quadrate, welche der Bedingung (I) bereits gent- 
gende Theilbereiche liefern oder keine Innerpunkte von A mehr enthalten, von 
der weiteren Untertheilung ausgeschlossen sind, nach einer begrenzten Anzahl 
von Operationen zu dem gewiinschten Endziele fiithren muss. Man gelangtalso auf 
diese Weise zu der folgenden psecielleren Formulirung des fraglichen Lemmas. 

Unter den oben iiber f(z) und viber die Randcurve C gemachten Voraus- 
setzungen lisst sich der Bereich A in eine endliche Anzahl von Quadraten Q 


7 
und (oben niher qualificirten) Bruchsticken R, von Quadraten mit der Sei- 
noch nicht (wie bei einer abtheilungsweise monotonen Curve) unter einer festen endlichen Zahl zu 
bleiben ( Beispiel: ya? sin? 1/a in jedem endlichen die Stelle x0 enthaltenden Intervall). 
In Folge dessen kénnten sich bei der Untertheilung die Schnittpunkte jedesmal so vermehren, 
dass am Rande von 4 immer noch Quadrate vorhanden bleiben, welche mehrere Theilstiicke von 
A enthalten. Man kénnte indessen in diesem Falle dem fraglichen Lemma die folgende, fiir den 
Beweis des Integralsatzes noch ausreichende (s. die folgende Fussnote) Form geben: ,, Der Be- 
reich A lisst sich mit einer endlichen Anzahl von Quadraten Qy tiberdecken, derart dass jedes Qy nur 
eine endliche Anzahl von Theilstiicken Am, des Bereiches A und iiberdies einen ebenfalls zu A (also zu 
einem der Am,) gehorigen Punkt &y von folgender Eigenschaft enthalt: man hat 


lf (4m,) —F (Sv) — (2m, — Sv) -f7(Sv)| S & | 2m,— srl, 


wobei wiederum zm, jeden Punkt der Begrenzung aller Am, bedeutet.”’ 
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tenlange X, r/2, ---, A/2” zerlegen, derart dass jedes Y, und R, der Beding- 
ung (1) geniigt. 

Legt man nun bei dem Goursat’schen Beweise des Integralsatzes eine in vor- 
stehender Weise modificirte Gebietstheilung zu Grunde, so behalten nichtsdesto- 
weniger alle wesentlichen Schliisse ihre Geltung, da sie in Wahrheit von einer 
etwaigen Congruenz der betreffenden Quadrate vollig unabhingig sind. Man 
hat namlich fiir jedes der oben mit @, bezeichneten quadratischen Theilstiicke, 
falls dessen Seitenlange mit a, bezeichnet wird : 





J |= — fal ldo <(724,) 44, = 24 Q,. 
mw) 


Und wenn #2, ein Bruchstiick eines Quadrates Q 
Theil von dem Curvenstiicke s, begrenzt wird: 


i) often bl ld, 


Bezeichnet man also mit 2{ die Summe der Quadrate des urspriinglichen 
r-Gitters, soweit dieselben Innen-Punkte von A enthalten, mit S die Ge- 
samintlinge der Randcurve von A, und fasst ausserdem wieder die Q,, #, un- 
ter der Beziehung A, zusammen, so folgt : 


= a> bedeutet, welches zum 


¥ 





<(VW2a,) (4a,+8,) = V2 (4Q, + As,).* 


xf [2 - bla, <V24H 428), 
(Ay) 
worauf dann alles tibrige genau wie bei dem urspriinglichen GouRSAT’schen 
Beweise sich ergiebt. 

Ich glaube nicht fehl zu gehen, wenn ich annehme, dass Herr GoursaT den 
oben citirten Ausspruch ungefahr im Sinne der eben gemachten Auseinander- 
setzungen verstanden wissen will: immerhin diirften die vorstehenden Erlaute- 
rungen wohl nicht so ganz selbstverstandlich und somit auch nicht tberfliissig 
erscheinen. 

Der Vollstiindigkeit halber mochte ich noch hinzufiigen, dass die fiir den obigen 
Beweis, noch erforderliche Relation : 





* Dabei kénnte Ry ausser der von Herrn GouRsAT (Acta Mathematica, a. a. O., p. 199) 
schematisch angedeuteten Gestalt (Fig. I) auch diejenige von Fig. If haben. Die obige Un- 
gleichung bleibt aber auch richtig ftir ein Theilsttick von der Form Fig. III und sogar, wenn 
der in der vorigen Fussnote charakterisirte Fall vertritt (Fig. IV) : natiirlich hat man dann un- 
ter sy die Summe der betreffenden Curvenbégen zu verstehen. 
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(e) 


(wo c eine geschlossene Curve bedeutet, die man im iibrigen nur als stetig und 
rectificirbar anzunehmen braucht) entgegen einer friiher von mir gemachten, 
die principielle Kinfachheit des Goursat’schen Beweises mit Unrecht in Frage 
stellenden Bemerkung,* ohne jede umstiindlichere Grenzbetrachtung auf die aller- 
einfachste Art gewonnen werden kann, sofern nur die Bedeutung und eindeutige 
Existenz von ve J (z)dz, erstreckt iiber eine Curve vom Charakter ¢ in der tib- 
lichen Weise festgestellt ist. Darnach hat man namlich, wenn z,, 2,5 --5 2x15 
z, = 2, eine cyklische Folge von Punkten auf der Curve c bedeuten und ¢, einen 
willkiirlichen Punkt des Bogenstiickes z,_,z, vorstellt : 


ee 


n 

f sde=LY@—2aé (2, = 2,). 
(c) n=0 p=] 

Setzt man jetzt einmal: ¢,=z,, darauf: ¢,=z,_,, so folgt durch Addition der 

betreffenden Gleichungen : 


n 
2 | ede— LD @-—#2..)= L@-2)=09, qed. 
(ce) 


Yanko Pond n=o 


Dureh die vorstehenden Betrachtungen wird der fragliche Integralsatz zu- 
nachst nur fiir den Fall abtheilungsweise monotoner Randcurven + gewonnen. 
Will man rectificirbare Curven im allgemeinsten (d. h. SCHEEFFER-JORDAN’- 
schen) Sinne als Begrenzung zulassen ¢ so bleibt wohl kaum ein anderer Weg, 
als dass man dem obigen Resultate lediglich die Giiltigkeit des Satzes fiir ein 
Dreieck entnimmt und sodann mit Hiilfe einer Grenzbetrachtung auf rectificir- 





* Miinchener Berichte, Bd. 25 (1895), p. 42, Fussnote. 

t Bezw. fiir Randcurven, welche von keiner Parallelen zu den Axen in unendlich vielen Punk- 
ten geschnitten werden. 

t In Bd. 1 dieser Zeitschrift, p. 501, letzte Fussnote, bemerkt Herr E. H. Moore, ich scheine 
leider mit dem heutzutage iiblichen Begriffe der allgemeinen rectificirbaren Curven nicht in Fiihlung 
zu sein (‘‘ owt of touch with * * *’?), Das diirfte indessen wohl nicht ganz zutreffen. Ich glaube 
sogar in Folge des intimen Umganges mit dem Schépfer jenes Begriffes, meinem leider allzu friih 
verstorbenen Freunde LUDWIG SCHEEFFER, hiertiber ebenso frih und ebenso genau orientirt ge- 
wesen zu sein, als irgend ein anderer. Immerhin hatte ich, als ich den von Herrn Moore 
citirten Aufsatz (Mtinchener Berichte, 1895) tiber den CAUCHY’schen Integralsatz schrieb, 
nach dem Vorgange von DU BoIs-REYMOND gegen die definitive Einftihrung des verallgemein- 
erten Rectifications-Begriffes gewisse Bedenken (a. a. 0., p. 55, Fussnote 2). Seitdem ist nun 
freilich mein Glaube an des letzteren Autoritit, wie in manchen anderen Punkten, so auch in 
diesem merklich geschwunden. Und nachdem durch die zweite Auflage von C. JORDAN’S Cours 
d’ Analyse T. I (welche zur Zeit der Abfassung jenes Aufsatzes zwar schon erschienen, mir je- 
doch unbekannt geblieben war) die Fruchtbarkeit des fraglichen Begriffes in das richtige Licht 
gesetzt worden ist, habe ich denselben auch bedingungslos acceptirt (s. z. B. Encyklop. der 
Math. W., Bd. II, p. 41). 
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bare Curven iibertrigt.* Hat man also dieses Ziel vor Augen, so erscheint es 
offenbar weit zweckmiassiger, jenen Integralsatz zuniichst wéberhaupt nur fur den 
wesentlich einfacher gearteten Fall eines Dreiecks zu beweisen. Nach meinem 
Dafiirhalten wiirde aber dieser Weg selbst dann jedem anderen vorzuziehen sein, 
wenn man sich—etwa aus didaktischen Riicksichten—schliesslich mit der Zu- 
lassung abtheilungsweise monotoner oder auch nur “ gewdhnlicher” Randcurven 
begniigen will. Die Definition bezw. der Existenz-Beweis fiir das tuber eine 
Curve erstreckte Integral if J (z) dz erfordert lediglich die Stetigkeit, nicht aber 
die Differenzirbarkeit von f(z). Auf derselben Grundlage ergiebt sich, dass 
eine infinitesimale Aenderung des Integrationsweges auch nur eine infinitesimale 
Aenderung des Integralwerthes nach sich zieht, dass also in’s besondere jedes 
Curven-Integral mit beliebiger Annaherung durch ein Polygon-Integral ersetzt 
werden kann. Diese Erkenntniss ist an sich wichtig und fiir zahlreiche analy- 
tische Untersuchungen geradezu wnentbehrlich. Hat man sie nun aber einmal 
gewonnen, so liegt in der That gar kein verniinftiger Grund vor, den Beweis des 
eigentlichen Integralsatzes mit denjenigen Complicationen zu belasten, die sich 
aus der mehr oder minder zusammengesetzten Natur der Randcurve ergeben. 
Der wahre /vern jenes Integralsatzes liegt in seiner Giiltigkeit fiir irgend einen 
Special-Bereich einfachster Art z. B. ein Dreieck und unter Voraussetzung der 
Differenzirbarkeit von f(z). Die Moglichkeit, ihn auf krummlinig begrenzte 
Bereiche zu iibertragen, beruht dagegen lediglich auf Stetigkeits-Kigenschaften, 
welche den Integralen jeder stetigen Function zukommen. + 

Dies vorausgeschickt, glaube ich vielleicht manchem einen kleinen Dienst zu 
leisten, wenn ich den fraglichen Dreiecks’’-Beweis, einschliesslich der hierfiir 
zweckmassigen Formulirung und Herleitung des Goursat’schen Lemmas im 
folgenden noch vollstindig durehfihre. 

Lemma I. (Specialform des G'oursat’schen Lemmas). Ist f(z) fiir jede 
einzelne Stelle z' im Innern und auf der Begrenzung des Dreiecks A eindeutig 
definirt, stetig und mit einem endlichen ¢ Differentialquotienten f(z) begabt, so 





* Vel. C. JORDAN, a. a. O., § 196, 197. Auch der in Bd. 1 dieser Zeitschrift, pp. 499-506 mit- 
gelheilte Beweis des Herrn Moore liefert in der bezeichneten Richtung keinen anderen Weg 
(vgl. a. a. 0., p. 505), da hierbei die Randeurven ebenfalls noch von gewissen Special-Beding- 
ung, tibrigens von ziemlich complicirtem Charakter geniigen miissen. 

{ In der That braucht, bei der Beschriinkung aul abtheilungsweise monotone Randcurven OC, fiir 
die Giltigkeit des Integralsatzes nur die Stetigkeit, nicht die Differenzirbarkeit von f(z) auf C 
selbst vorausgesetztzu werden. Vgl. Miinchener Berichte, a.a.O., p. 71. (Fir den Fall, 
dass ( ,,Schnabelspitzen’’ besitzt, wire noch eine einfache Modification zu dem a. a. 0. gesagten 
hinzuzufiigen). 

t Damit ist also nicht einmal vorausgesetzt, dass die Gesammtheit der Zahlen | f’(z) | wnter 
einer endlichen Schranke bleibt. Auch brauchen in Bezug auf die Stetigkeit von f(z) und bei 
der Bildung von f’ (z) durchaus nur solche Punkte in Betracht gezogen zu werden, welche dem 
Innern oder der Begrenzung von A angehoren (mit anderen Worten: f(z) braucht ,, nach aussen’’ 
weder stetig, noch differenzirbar zu sein). 
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lasst sich A zu jedeme> 0 in eine endliche Anzahl unter sich und mit A ihn- 
licher (im allgemeinen aber nicht congruenter) Dreiecke A, zerlegen, 
derart dass : 


(I) ERIE = TNS) ey ey a(S Ny ere |e F, 


Dabei bedeutet z, jeden beliebigen Punkt auf der Begrenzung von 
A,, dagegen &, einen bestimmten, im Inneren oder auf der Begrenzung von 
A, allemal wirklich vorhandenen Punkt. 

Beweis. Der auf die Existenz von /’(z) beziigliche Theil der Voraussetzung 








besagt folgendes: Zu jeder Stelle z’ und zu jedem e > 0 existirt eine bestimmte 
Zahl f’(z') und eine positive Zahl p/, sodass : 





MaL9 _ re ae. firs) Oo z—2'| <p, 


/ ise 
oe 


und daher : 
Q) f@—Se) —@-#) F'@)| S ele—# 


Man halbire nun zuniachst die 3 Seiten a, a, a von A und zerlege A durch 


fir: 0= 








a py! ~ / 
2—2'| <p. 


geradlinige Verbindung der Halbirungs-Punkte in 4 congruente, dem urspriing- 
lichen A ahnliche Dreiecke mit den Seiten a/2 (« =1,2,3). Jedes dieser 4 
Dreiecke, sofern es nicht bereits der Bedingung (I) gentigt, zerlege man auf die 
namliche Art und setze dieses Verfahren analog d. h. in der Weise fort, dass 
jedes zum Vorschein kommende Theildreieck, welches der Bedingung (I) ge- 
niigt, von der weiteren Untertheilung ausgeschlossen wird. Man muss dann 
allemal nach einer begrenzten Anzahl solcher Operationen zu einer Kintheilung 
gelangen, bei welcher jedes Theildreieck der Bedingung (I) genigt. 

Denn angenommen, dies ware nicht der Fall, so musste wenigstens eine unbe- 
grenzte Folge von Dreiecken 


 f / / 
a a re eee ave 3 


mit den resp. Seitenlangen : 
Aa ae cat 
qq) ae = 


9 9°? 92? eee Qv Sig 
resultiren, derart dass jedes dieser Dreiecke A} einen Bestandtheil (namlich ein 
Viertel) des vorangehenden bildet, also auch in sammtlichen vorangehenden ent- 
halten ist, waihrend andererseits ‘eins dieser Dreiecke der Bedingung (1) ge- 
nigt. Ks miisste dann ein bestimmter Punkt & existiren, welcher im Innern 


oder auf der Begrenzung sdmm*tlicher Aj (incl. A) liegt. Alsdann hatte man 
aber nach Ungl. (1): 


(2) F@—-fE) -e-H P/E) = « 





2~—&| 
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fiir ein gewisses p, > 0 und alle dem Bereiche A angehorigen, der Bedingung : 
z—€&| <p, geniigenden Punkte z Wird nun aber 7 so gross angenommen, 
dass: a‘)/2” <p, (k =1, 2,3), so fallen sammtliche A’, fiir welche v = n, ganz 
innerhalb des Geltungsbereiches der Ungleichung (2), wiirden also speciell auch 





in Bezug auf ihre Begrenzungspunkte der Bedingung (1) geniigen, was der oben 
gemachten Annahme widerspricht. Dieselbe erscheint daher als unzulassig, 
womit dann das ausgesprochene Lemma bewiesen ist. 

Lemma II. Zerfallt bei der in dem vorigen Lemma beschriebenen Theilung 
das Dreieck A mit dem Umfange a® + a + a® = s im ganzen in p thnliche 
Dreiecke A, mit den resp. Umfiingen s,, so ist: 


p 
(II) > @=s', 
v=1 

Beweis. Es besitze die kleinste Art von Dreiecken, die bei der fraglichen 
Eintheilung vorkommt, die Seitenlangen a‘ /2"(« =1, 2, 3), also den Umfang 
3/2". Jedes etwa vorkommende grossere Dreiecke A, besitzt dann einen Um- 
fang: s, = 2""-s/2", wo: 1 =m, <n, und lasst sich darnach in 97" jener 
Minimal-Dreiecke zerlegen. Da nun: s? = 2”"’-(s/2")?, so darf man in dem 
Ausdrucke: >°’=?s? jedess?, welches nicht schon von einem A/inimal-Dreiecke 
A, herrihrt, also den Werth: 1-(s/2")’ besitzt, gerade durch dasjenige Multi- 
plum von (s/2”")’ ersetzen, welches die genaue Anzahl der in A, Platz findenden 
Minimal-Dreiecke angiebt. Da aber die Gesammtzahl der in A tiberhaupt un- 


terzubringenden Minimal-Dreiecke 2” ist, so ergiebt sich: | 


p s \? 
> 8 = 2". (;:) == 62 0.6. 


Hauprsatz. Ist f(z) fur jede einzelne Stelle im Innern und auf der Be- 
grenzung des Dreiecks A eindeutig definirt, stetig und mit einem endlichen 


J '(2) begabt, so ist: 
{ SJ (2) dz=0. 
(A) 


Beweis. Man nehme e> 0 beliebig klein an und denke sich das Dreieck A 
auf Grund des Lemma I in p ahnliche Dreiecke A, zerlegt, welche der Beding- 
ung (I) gentigen. Man hat dann zuniachst: 


* Der Beweis gestaltet sich noch ktirzer, wenn man den geometrischen Satz bentitzen will, 
dass die Flaichen aihnlicher Dreiecke sich verhalten, wei die Quadrate homologer Seiten, also auch 
wie diejenigen der Perimeter. Mann findet alsdann ohne weiteres : 
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. —p p 
{ s@&@=% [ rOe=d [ree 
(A) v=1 Ay) v=1 


vorausgesetzt, dass alle Integrale in demselben, etwa dem positiven Sinne ver- 
standen werden. 
Nun ist identisch : 


[ se) @= [ (4e)-2E)-@- BFE) &, 


+if@)—EF OL e406) fad, 


fa.=0, fad,=0, 


und mit Bericksichtigung von Ungl. (I): 


fre a 


und daher, wegen : 





= f\r@)-/@)-@-8)7'@)| |e 


L «f \n—&| | dz, |. 


Wird nun wiederum der Umfang von A, mit s, bezeichnet, so hat man unter 
allen Umstiinden : 





t 


z, — &,| <458,, 


[Pera] <des, fldal= 55, 


und daher mit Beriicksichtigung von Lemma II: 





also: 





P € 


pao 
SF (z)dzi<s s=a 8’, 
J,fO% <3 Be=3 


eal 


d. h. schliesslich : 
{ Se)dz=9, q.e.d.* 
(A) 


MUNCHEN, 5. Mai, 1901. 





* In ganz analoger Weise kann der Beweis auch ftir den Fall eines Rechtecks gefihrt werden : 
der von mir in Bd. I (1900) der Bibliotheca mathematica, p. 478 skizzirte Beweis ist in 
diesem Sinne zu vervollstandigen. In seiner jetzigen Fassung beruht er auf derjenigen unzutref- 
fenden Anwendung des GOURSAT’schen Lemmas, welche auf den ersten Seiten der vorliegen- 
den Note des naheren erdrtert wurde. 





NEW PROOF OF A THEOREM OF OSGOOD’S IN THE 
CALCULUS OF VARIATIONS* 


BY 
OSKAR BOLZA 
In the last number of the Transactions,+ Professor OsGoop has proved 


an important characteristic property of a strong minimum of an _ integral of 
the form 


(1) Ties { Fe; URN 5 Yin) Ors 


His proof, however, is rather complicated, and the following note is intended 
to give a simpler proof of the theorem. 


1. 


Ln 


Introduction of curvilinear codrdinates. 


Suppose the integral (1) is taken along a continuous curve C’ with continu- 
ously turning tangents: 


Y. Ava — ee 
C: x= (7), y = (7) (M=T =) 
joining two fixed points A(7,) and B(7,); further d+ +0 in (Tyetaae 
Concerning the function /’(w, y, x’, y’) we make the same assumptions as 
Oscoop on p. 277, |. ¢., except the assumption /” > 0, which is not necessary 
for the present proof. 
Now introduce instead of the rectangular coordinates ~, y any curvilinear co- 


ordinates 


(2) Oh Fag can ae aes 


where U/, V are single-valued functions with continuous first and second de- 
rivatives in a region 7’ of the «,y-plane containing the curve C’; in the same 
region their Jacobian is supposed + 0. Interpret w, vas the rectangular co- 





* Presented to the Society at the Ithaca meeting, August 19, 1901. Received for publication 
September 2, 1901. 
+ Transactions of the American Mathematical Society, vol. 2, p. 273. 
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ordinates of a point in a w,v-plane and denote by 7’, C’, A’, B’ the images of 
T, C, A, B respectively. Suppose further that the correspondence between 
T and 7” is a one-to-one correspondence and that accordingly the inverse func- 
tions 


(3) eee NC in, UO) er (thet) 


are single-valued functions with continuous first and second derivatives in 7” 
and 
Og Vey 
D= ———~ + 0 
(u,v) 7 
TE dg 
Then the integral 7 is changed into 


(4) I'= { YetG, 0, u,v jdt, 


the function G of the four arguments uv, v, wv’, v’ being defined by 
(5) G(u,v,w,v') = F(X, FY, Xu + Xv’, Vw + ¥,v), 
where X, = 0.X/du, etc. 

The integral J’ is taken, in the w,v-plane, along the image C’”’ of C’. 

From J = J’ it follows that if the curve C minimize the integral J, its image 
OC’ will minimize J’, and vice versa; and if C be an extremal for 7, C’’ must be 
an extremal for 7’, and vice versa. Further WererstTrass’s function /’, is an in- 


variant for the above transformation, viz., if we denote the corresponding func- 
tion derived from G by G,, we obtain easily 


(6) G, = D' F,. 


Finally Wererstrass’s function is an absolute invariant, i. e., if we denote 
the new “function by /’ we have: 


EU ed Us 0) == (eb. yey se. ) 


where 


(7) 


/ 


PP Sif ged 2 —/ ah re 
t= Xu +X, £= Xu + Xo, 


/ 


oa Fu an Fe; y = Lae a5 ay ’ 
as follows immediately from (5). 


§ 2. 


Proof of Osgood’s theorem. 
Now let 


(8) e=(t,a), y=, a) 


Trans. Am. Math. Soc. 28. 
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be a set of extremals for the integral J, satisfying the following conditions: 
1. The functions ¢, w are single-valued functions of ¢, a with continuous first 
and second derivatives in the region: 


T,—e€=t=T7,4+6¢, |a-—a|=« (e>0). 

2. The extremal C,:« = $(¢, a), ¥ = W(¢, a) has no multiple point for 
T—e« =t= T, +e, and passes through the two given points A(¢,) and B(¢,) 
where get cad pee fk 


3. If we denote by A (¢, a) the Jacobian 
0($, ¥) 


Att) ate ae 
then 
(9) A(t, a) + 0 in (T,-—«, ZT, + 6). 
4, The inequality 
(10) 7 a (P(t, a), W(t, %), cos A, sin r) > 0 


holds for every ¢ of the interval 7, —e« = ¢ = 7, + € and for every 2. 
Under these circumstances if we denote by #, the region: 


tee 1, St Sy aa ne, 


K 


and denote by S, the image of /?, in the x,y-plane, then « can be taken so small 
that 

1. A(t, a) 0 in i. 

2. L(x, y, cos X, sin A) > 0 for every x, y in S, and for every 2. 

3. The correspondence between #, and S, is a one-to-one correspondence.* 

The inverse functions 

t=t(e,y), a=a(z,y) 

will then be single-valued with continuous first and second derivatives in S, and 
their Jacobian will be + 0 in S,. 

Then S,, is a “field” surrounding the are AB of the extremal] C,, and if 


Gs a= $(r), y=¥(7), (™=7T=7), 
be any other curve with continuously turning tangents drawn from A to B in 


S., for which $” + w” + 0, then WererstRASs’s theorem holds, according to 
which 


(11) Namie Way T(AB) = | He,y3 ys evar 





* See KNESER, Lehrbuch der Variationsrechnung, §14, and OsGoop, l.c., p. 278. Both proofs 
have to be supplemented by the following preliminary lemma: If for every x, however small, 
there existed points (a, y) in 8, to which correspond in Rx at least two distinct points (¢’, a’) 
and ((”, a”), then there must exist, in R,, a point (f,, %) such that in every vicinity of it pairs 
of distinct points can be found whose images in the z, y-plane coincide. 
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where x’, y’ refer to the extremal of the set (8) passing through x, y, and 
x’, y’ to the curve C. Hence Wererstrass infers that AJ > 0 by making use 
of the following theorem + connecting the functions # and F’ : 


(12) EB (a, y; cos#, sind; cos @, sin #) = (1 —cos @) F(x, y, cos #*, sin J*), 


where = 3} — #; * is an angle between and ¢; and the angles are so measured 
that |jo| = 7. 

Now let 0 <A <x and use S, in the analogous signification as S,; then 
OsGoon’s theorem may be stated as follows: There exists a positive quantity 
depending upon h, €,, such that for every curve CO joining A and B drawn in 
the interior of S, but not wholly contained in S,,, 


Ae ee 


To prove this theorem it is now only necessary to introduce instead of a, ¥ 
the curvilinear coordinates 


(13) Gia t(0, 9), Ua Oh, 7) 


which satisfy for the regions S, and #, the conditions of § 1, and to make use 
of the remarks made there. 

Accordingly the extremals for the integral 7’ are the lines v = const., and, 
therefore, in the w,v-plane WEIERSTRASS’S theorem takes the form: 


ar=ar'= [ E'(u, v; cos 0, sin 0; cos w, sin w) ds 
== i (1 — cos @)G‘,(u, v, cos Y*, sin Y*) ds. 


These integrals are taken along the image C’ in the u,v-plane (i. e., t,a-plane) 
of the curve C; o denotes the angle between the positive tangent to C’ in the 
point «, v and the positive w-axis ; and s is the are of the curve C’. 

But from (9), (10), and (6) it follows that we can assign a positive quantity m 


such that 
G(u, v, cos A, sin A) = m> 0 


for every u,v in #, and for every X. Therefore 


MGS mf ( — cos w)ds, 


that is 
AI 5 m(l—(t,—41,)), 


if / denotes the length of the curve C’. 





¢ Lectures on the Calculus of Variations, 1882. 
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Now suppose that C is not wholly contained in the interior of S, and there. 
fore passes through a point P of one of the two extremals a = a, + h, then C’ 
passes through a point P’ whose ordinate is v = a,+h. Hence / is greater 


0=&+K 
0=A+h 


Re : 





0 = My —K 


than or equal to the length of the broken line A’ P’B’. But if we choose Q’ on 
the same line v = const. as P’ so that A’Q’ = B’Q’, then 


TN Edeg Sa = AL Op. ’ 


= MY Raters ara) 


which proves OsGoon’s theorem. * 
Oscoop’s theorem can easily be extended to the case where one endpoint, 
say B, is fixed, the other, 4, movable on a given curve. For this purpose, it 


and therefore 





is only necessary to choose for the new coordinates KNESER’s curvilinear coordi- 
nates w, v (KNESER, § 16); a slight modification of the above reasoning leads 
then to the inequality 





ATS m[V2? 4+ (uy— uP — (uy — %)] - 





* OsGoop bases his proof upon the following lemma: ‘‘ Let f(2) be a single valued continuous 
function of z in the interval a=x=), and let f(a) have a continuous derivative f’(@) at all 
points of this interval. Let a<cl=band |f(l)—f(a)|=L>0. Then 


[Ped = 
; = 54(b-—a)?®” 


provided that L < 3/2(b—a).” 

This lemma may be proved as follows : Since the value of the integral does not change if f(a) 
is replaced by M+ f(a), M being a constant, we may confine ourselves to functions f() for 
which f(a) =0, f(/) =. This remark reduces the question to the problem of minimizing the 
above integral with these given initial values. The solution is y= L(a—a)/(l—a); it sat- 
isfies WEIERSTRASS’ sufficient conditions for a minimum, and furnishes for the integral the 
minimum value: (L?)/(/—a)=(L?)/(6—a), which under the above inequality for Z is 
greater than =; (L°)/(b—a)?. / 


. 
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It is, however, to be remembered that the introduction of KNESER’s coordinates 
presupposes that 


F ($(¢, a), W(t, a), d(t, a), W(t, a)) =) 
in the region 7,. 


UNIVERSITY OF CHICAGO, 
August 31, 1901. 





ON CERTAIN PAIRS OF TRANSCENDENTAL FUNCTIONS WHOSE 
ROOTS SEPARATE EACH OTHER* 
oo 
MAXIME BOCHER 


Let us consider eight functions p,q, $,, 655 Vy, Wos X19 X_ Of the real vari- 
able a, which throughout the interval 


(L) a=nr2=b 


are real and continuous, and of which the last six have finite first derivatives 
at every point of this interval. Let y be a solution, which we assume to be not 
identically zero, of the differential equation 


(1) y+ py + gy =9. 


The functions whose roots we wish to consider in this paper are the following: 


S=¢y —hy, Vehy -—hy X=xny —my- 


It should be noticed that, as a consequence of the assumptions made above, 
these functions are continuous and have finite first derivatives at every point of 
the interval (/). 

The roots of functions of this form were considered by StuRM} by a method 
which, however, yields results distinctly less general than those we shall obtain. 
The relation of our methods and results to those of Sturm will be indicated 
at the proper places. 

The third section of the present paper may appear at first sight to be of slight 
importance, the generalizations of the results of the first two sections which are 
contained in it being in themselves not very far-reaching. The method used in 
establishing these generalizations is, however, I believe, a valuable one apart 
from the special application here made of it. I have indicated one application 
to other questions in the footnote on p. 4385. 





* Presented to the Society August 19, 1901. Received for publication August 10, 1901. 
t Liouville’s Journal, vol. 1 (1836), pp. 149-164. 
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§1. Two functions. 
We shall consider in the present section only the two functions ®, VY. These 
functions satisfy a differential equation which may be obtained as follows: 
We start from the identity: 
Dy’ Ny ) V (dy — $y) = 0. 


From this we obtain by differentiation the equation: 


(Py, - ete ae Dy, re Vo, LAN Go cate MO Siely ia ara pvde,)y 
—(®',— V'9, + OY, — VO; + gy — (V4, y =. 


Since y and y’ cannot both vanish at any point of (7) we can eliminate them 
between the last two equations. This gives: 


(2) (Py, ms $V) (oy a oy) se {v5 ve} ae ivy ’ p., Pi» vr} BY 
+ {G5 6} Y=, 
where for the sake of abbreviation we have set 
{vr Ws} ca iv, — Wi, rs vr + py, a qs» 
{Wis Por Pis Wo} = Vids — Wid: + Gi, — Gh, + 2b, + PP, + Oy) 


+ 2qb.Mo1 
Pi» ?,} a bio, WV bp, a3 pi ae PPP, ae qh» 
Equation (2) is the differential equation we were seeking. It may be termed 
a homogeneous Riccati’s equation for the pair of functions ®, ‘Y.* 
If the two functions ® and V were to vanish at the same point we should 
have at this point 


py = ~,y = 0, 
hy —hy=9, 


and, since y and y’ cannot both vanish at this point, as otherwise y would be 
identically zero, we must have at this point 


Pv, x Pv, = 0. 
* By a Riccati’s equation is ordinarily understood an equation of the form : 
wo’ = A+ Bo+ Co, 
If for © we write ©,/#, this equation takes the homogeneous form : 


f G 2 2 
@ — (i) @ =< @ @_W @ 
1°2 te Au) + Boo, + Cw, 





and this is the form of equation (2). Conversely if we divide (2) by ®? and ¥? respectively we 
obtain at once the ordinary Riccati’s equation for ¥/® and 4/¥. 

It should be noticed that the function {¢,, ¢,} (or {),, ~,}) when equated to zero gives the 
homogeneous form of the Riccati’s equation which is satified by y’/y. 
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By assuming, as we shall now do, that ¢,v, — ¢,y, does not vanish at any point 
of (7) we make it impossible for ® and V to vanish together. 

In this section and the next we shall not use equation (2) itself, but only the 
following formule which follow from it at once: 

At a point where ® = 0: 





pes Area ee 
°) pho bv, on bh, ot 
At a point where VY = 0: 
D Wis vs} 
4 = a Dy 
( ) ” av, 2 bv, 


Since ® and V cannot vanish together we see from (8) that, if {¢,, ¢,} does 
not vanish in (J), ® and ®’ cannot vanish together, and therefore ® cannot 
vanish an infinite number of times in (J). Whatever the functions ¢, and ¢, may 
be, provided merely they do not both vanish at any point of (JZ), the functions 
vy, and y, can be so chosen (e. g., ~, = — d,, b, = $,) that dv, — b,, does 
not vanish in (J). Moreover if ¢, and ¢, vanished at the same point, {¢,, ¢,} 
would also vanish there. We have therefore the theorem which it will be noticed 
relates to the function ® alone: 

I. If {6,, $,} does not vanish in (I), then ® cannot vanish more than a fi- 
nite number of times there and ® and ®’ do not both vanish at any point of (L).* 

Since at two successive roots of ® the derivative ®’ has opposite signs, and 
since by (8) this can happen only when V has opposite signs at these two points, 
we have the theorem : 

Il. Jf neither of the two functions 


f 1 

bv, na Oy» ot ,} 
vanishes in (L), then in any portion of (I) in which V does not vanish ® cannot 
vanish more than once.+ 


* STURM (1. ¢., p. 150) proves this theorem for the special case ¢, = a? a by using the special 
case of formula (2) obtained by letting y,—0, ,——1. This special case, written to be sure 
in a slightly modified form, is his equation (11). SruRmM also restricts himself to the case 
{0 %} > 0 (see his inequality (14)) and can thus add to our theorem the statement that ®’ and 
y = ¥ have opposite signs when ®?=0. He does not point out the connection between this for- 
mula and the Riccati’s equations which he uses on p. 159. 

+ This theorem is proved by STURM (l. c., p. 160) by a wholly different method, but only in 
the very special case 


‘ dx 
~,=0, y,=—1, heer sk ’ q>9, ¢,=0. 


This is the more remarkable as his formula (11) would have yielded him the result in the much 
more general case in which his last two conditions are replaced by the single condition {¢, , 
$,} >0. This would have brought his later results (pp. 158-164) into harmony with those which 
immediately precede them. 
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A similar result of course holds for the roots of the function VY, and by com- 
bining these facts we get the theorem : 


Ill. Lf none of the functions 
bv: a PV» Ps .} ’ {Vi 2) 


vanish in (I) then between two roots of ® lies one and only one root of V, 
and between two roots of WV lies one and only one root of ® .* 

That is, the roots of © and V separate each other. 

Let us now consider two points at one of which ® at the other WV vanishes 
while neither function vanishes between them. These points are-two successive 
roots of the product ®W, and therefore the derivative 6’Y + BW’ has oppo- 
site signs at them. From this it follows, as a glance at (3) and (4) shows, that 
if none of the functions 


aw, a a (Ps P,} 5 Wis ve} 


vanish in () then {¢,, ¢,} and {y,, w,} must have the same sign. If, then, 
these two functions have opposite signs, our assumption that there exist two 
points, at one of which ® at the other V vanishes, must be false, and, therefore, 


by theorem III, neither of these functions can vanish twice. Hence the theorem: 


IV. Jf none of the functions: 
ov, Aa Os Pr» ,} 5 Vis v3} 


vanish in (I), and if the last two of them have opposite signs, then neither ® 
nor V vanishes more than once in (I), and if one of these functions vanishes 
the other does not. 

A special case of this theorem deserves mention, namely that in which V = y. 
In order that ¢,y, — ¢,., shall not vanish, it is necessary and sufficient that ¢, 
do not vanish in (/). If then we let 6 = ¢,/¢, we have the theorem : 

V. Ff ¢ is continuous, has a finite derivative at every point of (I), and satis- 
fies the inequality : 

{(@,1ls =P +h +po+q<9, 


then neither y nor y’ — dy vanishes more thun once in (I), and if one of these 
functions vanishes the other does not.t 





*This theorem is also proved by StuRM (1. ¢., pp. 161, 163) first in a case analogous to the 
one mentioned in the last footnote, then in the more general, but still very special, case 


dx r ’ 
epee ,I>0, ¢,=0, w= 0. 


It should be nosiced that the condition ¢,/, —¢,/, + 0 now means that ¢, is either everywhere 
greater or everywhere less than ¥, . 

+ The part of this theorem which says that y cannot vanish more than once was proved by the 
writer by another method in the Bulletin of the American Mathematical Society, 
May, 1901, p. 335, footnote. Cf. also a less far reaching theorem of PICARD there quoted. 
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Thus for instance if g <0, y and y’ cannot both vanish in (J) nor can either 
of them vanish more than once. 


§2. Three functions. 


We will now establish the following theorem concerning the three functions 
Ra Ate. 
VI. Lf none of the six functions : 


bv, ies PV, ’ WiXe > Wx, ’ Xb, aa Xo, ’ {®, ’ ,} ’ ivy ’ ve} ’ {X ’ Xo} 


vanish in (I), if the last three of them have the same sign, and if the product 
of all six is negative, then between any root of ® and a larger roct of X lies a 
root of WV, between any root of VY and a larger root of ® lies a root of X, 
and between any root of X and a larger root of V lies a root of ®.* 

Let us write: 


i= sgn {Py> py} = sgn {vi vo} = sgn {X19 X2} -t 


Then the assumption that the product of the six functions is negative is ex- 
pressed by the equation : 


d-sgn (Ov, a $V) Oy (ViXs ae VX1) >" (xP. hal Xa?) =-—1. 
Let x, and x, be two points of (J) such that 
D (or) = 0 Ne) 0 ee 


If ® vanished between x, and w,, say at x’, VY would vanish, by theorem IJ, 
between w, and x’. If ® does not vanish between w, and x, we may proceed as 
follows: 

Since sgn ® (x, + €) = sgn ®’(a,) we see by formula (8) that 
(5) spn 2 (x, rr €) a aet 7: sgn (dv, a) Pr) "gn V (@,). 


Furthermore if in the identical relation 


(6) (Pi. — OY) X + (x92 — X2,) V TG aye oe WX,) P = 0 


we let « = x, so that the first term drops out, and then note the signs of the two 
remaining terms, we get: 


(7) sgn V (x,) = — sgn (WX, saa WX) "sgn (Xi. — Xo) -8pn P(x,) : 





* A spécial case of this theorem and the next, analogous to the ones mentioned in previous foot- 
notes, is proved by STURM (1. ¢., p. 165). 

t+ We understand with KRONECKER by sen © the value + 1 or —1 according as © is positive 
or negative. 
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Combining equations (5) and (7), and remembering that 
sgn ® (w,) = sgn D(a, + €), 
we get: 
sgn V (a,) 
=i-sgn (o,f, — $,,) sgn (WX, — Wx.) sgn (xP. — X.,) sgn V(x). 


This equation shows that V(x,) and V(a,) have opposite signs. Therefore V 
vanishes between «, and «,—as was to be proved. 

We have thus proved the first statement of our theorem and the proof of the 
other two statements follows at once from considerations of symmetry. 

The case in which the product of the six functions considered in the last 
theorem is positive can be reduced to the case just considered by interchanging 
two of the three letters 6, ~, vy. If, further, we remember that under the con- 
ditions of the last theorem the roots of any two of the functions @, VY, X 
separate each other (cf. theorem III) we obtain the following theorem : 


VIL. Jf none of the six functions 
bv, sabe Os WixXs 7s, WX» Xi, pe XP» {Pr> 5} ’ iy ’ Ws} ’ {Xi X25 


vanish in (I), and if the last three of them have the same sign, then the roots 
of the functions ®, VY, X follow each other cyclically in the order named or 
in the reverse order X,V, ® according as the product of the six functions 
above written is negative or positive. 

As an application of this theorem let us consider the three functions: 


d=y, V=y, X=py+q=—y’. 


We must here assume that the coefficients p, g of the differential equation have 
finite first derivatives at every point of (2). We have in this case: 


bv, —- Pv, =-—l, Wire ra WX, =, XP. = XP =P» {Py $,} =1, 


, / 9 d ) 
ia mel Xi Xah — PP — 9 Poe c=, (7) + 1]. 


dx. 


VII. Lf throughout the interval (1): 


d (p 
Bath we )>-1 


and p does not vanish in this interval, then the roots of y, y', y” follow each 
other in the cyclic order named if p> 0, in the reverse order if p <0. 

As an application of this theorem let us consider the positive roots of the 
three Bessel’s functions J, (x), J,,,(x), J,,.(@) where m has any real value. 
Let us introduce the new independent variable & = «’/4 and let 
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R()= (3) % ey 


fr, (&) esr, A Bins (é). 


The relative position of the positive roots of J, J,,,, J,,, is then evidently 
the same as that of the positive roots of R,, &’, R’’. Now &, satisfies the 


differential equation : 


Then we have: * 


a ett ed 
y Spe ete teed i 


By applying theorem VIII to this equation we get at once the theorem : 
IX. The positive roots of J,, J\,,, J,,. follow each other cyclically in the 
order named if n > —1, in the reverse order if n << —1.+ 


$3. An extension of the previous results. 


We shall begin by considering the non-homogeneous linear equation of the 
first order: 


(8) y +py=", 


where p and r are throughout the interval (7) real and continuous functions of x. 

It is well known that there exists one and only one solution of this equation 
which vanishes at an arbitrary point c of (2) and that this solution is given by 
the formula: 


y=e 


oe 2 ae 
= ip pdx ii pdx 
e rev’ dx. 
c 


This formula shows us that if throughout (J) r = 0 the following relations 


are satisfied : 
y=9 (c= Dy, 


y=9 (Coa 


lV 
= 


*Cf. GRAY and MATHEWS: Treatise on Bessel Functions, p. 46. 

+ This theorem was established by the writer in the Bulletin of the American Mathe- 
matical Society, March, 1897, p. 207, although owing to an oversight the reversal of the 
order of the roots when 7 < —1 is not mentioned there. The part of this theorem which states 
that the roots of J, and Jn4i separate each other is of earlier date, it having been stated without 
proof by GRAY and MATHEWS (1. c.) as being probably correct, and actually proved by VAN 
VLECK (American Journal of Mathematics, vol. 19 (1897), p. 75). Among a consider- 
able number of other proofs which have since been given of this part of the theorem I should like 
to call special attention to an extremely brief and simple one by PoRTER (American Journal 
of Mathematics, vol. 20 (1898), p. 199, and Bulletin of the American Mathematical 
Society, March, 1898, p. 274) which has recently been reproduced by H. WEBER in his edition 
of RIEMANN’S Differentialgleichungen der mathematischen Physik, vol. 1 (1900), p. 166. 


1901] FUNCTIONS WHOSE ROOTS SEPARATE EACH OTHER 435 


If on the other hand vr =0 these last two inequalities must be reversed. More- 
over it is clear that in each of these cases y will vanish at a point « when and 
only when 7 vanishes at all points between c and &. 

X. If r does not change sign in (I) a solution of (8) vanishes either at no 
point of (1), at one and only one point, or at all the points of a connected por- 
tion of (1) throughout which r = 0, but at no other point of (1). In the last 
two cases : 


ifr = 0 y(a) =0, yQ) 
ifr=0 y(a)=0, y(b) = 0% 


0, 


IV 


Let us now consider the very much more general differential equation : 


(9) y +p(e,y) y=r(x, y), 


where p and r are continuous real functions of the two independent variables 
(2, y) so long as x remains in (J), y having any value.t Let us suppose that 
y, is a solution of (9) which is continuous throughout (7). Then y, is also a 
solution of the linear equation : 


Y +p(@, YW) ¥=PT(@sY) > 


where p and 7 are now continuous functions of « only. Moreover, if r(a, y) 
does not change sign the same will be true a fortiori of r(x, y,). Accordingly 
in this case all that is said in theorem X about y is true of every solution of 
(9) which is continuous throughout (1). 





*] should like to indicate in passing how this theorem can be used to prove the theorems con- 
tained on pages 415, 416 in my paper in vol. 1 ofthese Transactions. 
We had there two functions ©, and ©, continuous throughout (J) and satisfying respectively 
the RiccATI’s equations : 
of =A, + Or, 
of = A, + 0,02, 
where the functions A,, A,, C,, (, are continuous and satisfy throughout (J) the inequalities : 
A, = A), (= C;. 
It is clear that the difference », —, satisfies the linear equation : 
y/ — 0, (+ 0,) y = (A,— A) + (OC, — OQ) oF. 


Since A,— A,+(0,— C,) o}= 0, theorem X shows thatif ©, (@) >, (@) thenw, (2) >, (x), 
while if o,(@)=,(a@) then o,(%)=o,(#), and in fact ©,(x) >,(#) provided we exclude 
the special cases for which throughout the neighborhood of a, A, = A, and (0, — 0,)«,=0. 

While the proof here given is perhaps a little more artificial than the one I used before, it has 
the advantage, besides being slightly shorter, of dispensing with the use of theorems of a not al- 
together elementary character about differential equations involving parameters. 

+ The more general case in which p and 7 are continuous only when y is restricted to a finite 
interval might easily be considered. 
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In particular the RiccaTi’s equation 
(10) o = A ts Bo a Co’, 


where A, B, C are continuous real functions of x throughout (/), is of the 
form (9) if we let r= A. 

XI. Jf the function A does not change sign in (1) and does not vanish at 
all points of a continuous portion of (I), than a real solution w of (10) which 
is continuous throughout (I) cannot vanish at more than one point of (1), and 
if it does vanish it passes with increasing « from negative to positive if 
A = 0, from positive to negative if A = 0. 

By applying this theorem to equation (2) we get the following generalization 
of theorem II: 

XI. Tf dh, — or, does not vanish in(L), and {¢,, $,} does not change 
sign and does not vanish at all points of a continuous portion of (I), and if 
$156,515, are continuous throughout (1), then in any portion of (IL) in 
which V does not vanish ® cannot vanish more than once. 

From this we deduce a generalization of theorem I: 

XII. Uf $, and $, do not both vanish at any point of (1) and if {¢,, $4} 
does not change sign in (I) and does not vanish at all points of a continuous 
portion of (1), and if $,, $) are continuous throughout (I), then ® cannot van- 
ish more than a finite number of times in (L) , and when it vanishes it changes sign. 

It should be noticed that it is no longer true that ® and ®’ cannot vanish 
together. In a similar manner the other theorems of §§ 1, 2 can be generalized by 
replacing the requirement that the functions {¢,, $,}, {w,,v.}, {x15 x2} do not 
vanish, by the requirement that they do not change sign and do not vanish at 
all points of a continuous portion of (J), and adding the requirement that ¢/, 
$,, 5%, Xi> X, ave continuous. The proofs of some of the theorems must, 
however, be slightly modified. In particular, formule (3) and (4) must be re- 
placed by the following: 

At a point x, where ® = 0: 


sgn A, = sgn P (x, + €) = — sgn O(a, — €) 
= — sgn {¢,, >} sgn (b,y, — $.%,) sgn V (a). 
At a point x, where V = 0: 
“ata 
sgn A. = sgn W (w, + €) = — sgn V(x, — €) 


= sgn ih v,} "sgn (Pv, <7 PV,) seus (w,). 


GRUND IM HARz, 
July 20, 1901. 





ON THE SYSTEM OF A BINARY CUBIC AND QUADRATIC 
AND THE REDUCTION OF HYPERELLIPTIC INTEGRALS 
OF GENUS TWO TO ELLIPTIC INTEGRALS BY A TRANSFORMATION 
OF THE FOURTH ORDER* 


Bi: 


JOHN HECTOR McDONALD 


INTRODUCTION. 


1. Ii a hyperelliptic integral of genus 2 is reducible to an elliptic integral by 
a transformation of order & then there always exists a second integral + with the 
same irrationality which is reducible by a transformation of the same order. In 
the algebraic treatment of the problem the difficulty lies in the determination of 
the second integral after the first has been constructed. 

For & = 4 the problem has been treated by Professor Bouza ¢ and in the sixth 
section of his dissertation the formulz for the two reducible integrals are estab- 
lished algebraically. Professor Boutza used a particular system of variables 
x,, 2,- These are chosen so that if 

Y, = ajet + 4a,n%x, + Ca,wins + 40,003 + apr} 
and 

Y, = byt + 4b,x%a, + Ob ete? + 4b,0,03 + bx 
are the two forms of order 4 which are equal to the homogeneous variables in 
the elliptic integral, then @, = 0 and 6, = 0, and the numerators of the two re- 
ducible integrals turn out to be w, and x. The derivation of the second integral 
depends on the use of this particular system of variables and the connection of 
these variables with the irrationality and with the reducing substitutions is un- 
explained. 








* Presented to the Society (Chicago) April 6, 1901, under a slightly different title. Received 
for publication May 17, 1901. 

¢ This is a consequence of the WEIERSTRASS-PICARD Theorem: Acta Mathematica, vol. 
4 (1884), p. 400; Bulletin de la Société Mathématique de France, vol. 11 (1882- 
1883), p. 25. 

t Inaugural Dissertation, Gottingen, 1886; Mathematische Annalen, vol. 28 (1887), 
p. 447. 
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The object of this paper is to supply the following desiderata: (a) a solution 
of the problem independently of a special system of variables, by using theorems 
on biquadratic involutions, (6) a methodical deduction of the second integral 
from the first, (c) the introduction of the system of variables and the normal 
form which are appropriate to the problem. 

The integral 





{ (ax + b) da 

J VR,(@) 

is a hyperelliptic integral of the first kind of genus 2 if &,(a) is a polynomial 
of the 6th degree, and it is reducible to an elliptic integral by a transformation 


of order 4 if 
(ax — b) dae 


VR, (x) iu [ss Cag} 


where £,(y) is a polynomial of order 3 or 4 and y= U(a)/ V(x), U and V be- 
ing polynomials, the higher of whose orders is 4 and J/ a multiplier not depend- 
ing on # or y. 

In homogeneous variables x = x,/x,, y = y,/y, and, with the usual notations, 
the above relation becomes 


edd(eds) ay ( uae) 
JR, (x,a,) VR, (NY>) 
Cee” U(x.) 
Y2 = PV (2,22), 
(ad) = x,d, — x,d, . 

Denoting more explicitly 2,(a,7,) by (wa) (@P) (ay) (a8) (ax) (ar) and R,(y,y,) 
by (yp) (yv) (y7) (yo) we see by reasoning similar to that used by Jacosr* 
for the transformation of elliptic integrals that it is possible to break up &, 


into quadratic factors (wa)(w8), (wy) (wd), (a«)(wr) and to determine linear 
forms (ad'), (wd"), (wd) and a quadratic form (#&) (a7) so that 


pb, U — pw, V = (aa) (a8) (ad? 
v,U0 — v,V = (xy) (xd) (ad")’, 
7,U — 1, V = (ax) (xr) (ad’”)”, 
0,U — 0, V = (06) (0n)*s 
and if we denote by # the Jacobian of U and V then 
O = (ad) (ad’) (ad”) (ad”’) (w&) (an). 


* JACOBI, Fundamenta Nova, Werke, vol. 1, p. 57. 


where 
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Conversely, if these relations are satisfied, the integral 


due 2) 


V Feo.) 
is reducible by the substitution y,:y,= U:V; that is, these conditions are 
sufficient as well as necessary. 

Accordingly with every reducible hyperelliptic integral is associated a biquad- 
ratic involution 7,= XU +vV which is special since it contains a complete 
square, viz., (w&)’(wn)”. Every such involution contains, aside from the square 
(w&)?(an)’, four forms having double roots. The quadratic factor which goes 
along with the double factor to make up any one of these four forms is called a 
branch quadratic and the forms themselves branch forms. It follows from the 
above equations that the product of three branch quadratics of an involution con- 
taining a square gives a sextic belonging to a reducible integral and that the 
numerator is furnished by the double element in the fourth branch form. To 
every reducible integral belongs an involution J, in which one of the four branch 
forms is distinguished from the other three, each of which plays the same rdle. 

In section I it is shown that there exists one and only one J, which contains 
the square of an arbitrary quadratic /, and has the factors of an arbitrary cubic 
¢ for three of its double elements. An J, determined in such a way has evi- 
dently one branch form distinguished from the rest and the three which contain 
the factors of ¢ are not distinguished from each other. 


In sections II, III it is shown that if ¢, f be a system (2) of a cubic and a 
quadratic there exists a covariant system (2) of a cubic and a quadratic ¢, /, 
such that ¢, f are the same covariants of ¢, f as ¢, f are of ¢, f, or in other 
words, the relation between (=) and (=) is mutual. The forms ¢ and / are 
obtained as follows. Using transvectant notation put ¢ =/mn,, the product 
of linear factors, and let » and qg be two linear forms and also let 


DAP) = 4 (p's 1) (P's m), (p*¢, n),p° ; 


Then D(¢) is an integral covariant of ¢,p,q. If we let p and*g be the 


Pq 
two linear covariants of ¢@ and f so denoted in the notation of CLEBSCH 


(Binare Formen*) D,,(f) will be a covariant of ¢ and f. Also let @() be 
the cubic covariant of ¢, D ( Q(¢)) = = c® and f’ = d?= the Jacobian 


Pe 


of pq and (cq)c?. Further, let 
cd )*c 2 )2(ed') d’ 
C= (e4 se p = (cd) Cee 
i P 


o and p are invariants of ¢, f. In these notations the following theorem holds. 





*If g=a), f=i, p=(ab)*a,, q=(ab)?( ad )b,. 
Trans. Am. Math. Soc. 29. 
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THEOREM: The forms 


are covariants of ¢, f and if 6, f are the same covariants of ¢, f as o,f were 


of b, f then = a 


Also, if the covariants p, q are formed from and f; 

Po TY Sate 

It is on the existence of these mutual relations between the systems (=) and (2) 
that the second reducible integral depends. 

In section IV the involutions Z, and Z, belonging to (=) and (2) are deter- 
mined and it is shown that the Jacobian of 7, = $f9 and of .=¢fq =¢/p; 
moreover the three branch quadratics belonging to the three branch forms whose 
double elements are the factors of ¢ are identical with those in J, whose double 
elements are the factors of #, except as to sign. If these branch quadratics are 
denoted by #&, S, 7 then 

q (w dx) p(«wdx) 
VEST Ten AS 


are both reducible integrals with the same irrationality, the first by 7,, the second 
by Z,. The statement of this theorem constitutes section V. 

In section VI, the variables «| = ¢, « = p are introduced as leading to an 
appropriate canonical form, which is identical with that used by Professor Botza 
in his solution of the problem. 

In section VII a number of miscellaneous results are collected relating to bi- 
quadratic involutions containing a complete square and their geometrical repre- 
sentations on a rational quartic and a twisted cubic. 


[; 


THEOREMS ON THE BIQUADRATIC INVOLUTION HAVING 
A COMPLETE SQUARE. 


2. A biquadratic involution I, containing a square is determined without am 
biquity by the quadratic form whose square it contains and by any three of its 
other double elements, or in other words, by a cubic and a quadratic. These 
forms are independent and their introduction singles out one of the branch 
forms of the involution from the others. 

Before proving these statements another result must be proved. 

Lemma.—Let U and f? be two biquadratic forms. Let the Jacobian of U 
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and f*, which must contain f, be fO. The form @ is apolar* to the forms of 
the involution XU + pf”. 
Proof.—Let U and f be taken in a normal form found by introducing as 
variables the linear factors of f. Then 
f= Le, 
and 
U = apt + 4axia, + Ca,wie} + 4a,x,03 + aw}. 


The Jacobian of f?, U is found on calculation to be: 


il £ 8m mop? 4 
g Uv, (a, 23 20,01, oe 2.0,00,03 ae ae) ’ 
and so 


0 =1(a,et + 2a,a%u, — 2a,0,0; — a,x). 


Then on calculation one finds the desired relations 
(iO) ==, CAM 


3. We now prove the following theorem: 

THEOREM.—Let ¢ denote any cubic and f any quadratic not apolar to ¢. 
There exists one and but one I, containing the form f? and having three of its 
double elements given by 6=0. 

Proof.—We can always determine a linear form (x8) so that ¢$(«6) is apolar 
to f’, and in but one way. For (f(x6)f”), = 0, since f? is not apolar to 3+ 
hence ( (8) a *) , = 0 is an equation of the first degree to determine 6,/6,. 

Let f = x,x,, the factors of f being introduced as variables; then we may 
take 

f (xd) = cet + 4c,xiu, + Beata? + 4c,0,03 + cr); 


Chad taba 
: . 2 Qanl 
but c, = 0, since ¢(x6) is apolar to f? = xjx;, hence 
— 4 r3—p Se at 
(2d) = crt + 4e,cie, + 4e,00,03 + crs, 
ye ae on2n? 
at eo Tg 
First. It appears at once that there is one J, satisfying the required con- 
ditions, viz. : 
=e Qna2 4 oes ys © 4 
LT, = Dovid + ow (cet + 8e,eta, — 8e,0,03 — c,0}). 


For calculating the form @ we find it is equal to 
4 (cei + 4e,c%e, + 4c,0,003 + c,003), 


hence J, contains /” and ¢ gives three of its double elements. 





* Two forms f= az, ¢= b% are apolar if 


Uf, ?)ra= (ab)” = > Gibn—i(—1)* nC; 0/0 


ix=O'*'n 


{If ¢ and f are apolar, that is, if (¢f ), =0, then ¢(#0) is apolar to f? whatever (zd) may be. 
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Second. There can be only one such Z,. For suppose another to exist: 


/ 2,2 fon er: Ui 3 reed 
I), = roias + peje} + 8ciain, — 8c,0,03 — cw), 


we should have 
e 
000 == 00.0.0 


since the Jacobians of J, and //, must both be ¢ (a6) f. 
Hence 


yet Ly Leas foe tao 4 3 3 4 
c,xt + Acai, + 4c,%,03 + c,0) = o (co, + 4c,xta, + 40m a + C05), 


or 
/ av / mothe / rm =i —s B 
C. == OC CPO Cae Cen mC eee Cee 
or 
I wk a} t 3 Fgh at 3 3 4\. 
cot + 8cixin, — 8c,n,03, — cle, = o (cet + 8e,x%a, — 8c,0,03 — C5) 5 
that is 


14 ee , 3 Hhisadl 
cit, + Sciaix, — 8c,0,03 — clas 


belongs to Z,; hence J/ is identical with Z,, which is contrary to hypothesis. 
In virtue of this theorem we may consider a special /, containing a square as 
determined uniquely by a cubic and quadratic ¢ and /. 


4, The following theorem determines (76) more exactly. In symbolic notation 
let P= a, f= 02. 

THEOREM : (a6) is proportional and may be taken equal to (ab) (ab’)b’. 

To prove this we must show that 


(a3.(a’'b)(a'b')b., bbe") = 0. 
Proof.—We have 
(a3, B87"), = $(ab") (ab) 02, 
and therefore 
((ab’) (ab")b”,  (a’b)(a'b’) b’), 
must be zero, or 


(ab’)? (ab"”) (a’b) (a'b') (b'0") = 0. 


If we interchange 6’, 6”; a, a’; b, b”, which has no effect on the value of the 
expression, we find 


(ab")? (ab) (ab) (a'b') (b'b"") = (ab)? (ab”) (a’'b) (a'b’) (68) 
= — (ab")’(ab”) (a’b) (a'b’) (0'b"), 


or 


(ab)? (ab”) (a'b) (a'b’)(0'6") = 0. 
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II. 


THE SYSTEM OF A CuBIC AND TWO LinEAR FORMS AND THEIR 
CONJUGATE SYSTEM. 

5. We consider next a system of a cubic form ¢ resolved into its linear fac- 
tors, 6 = /.m.n,, and two linear forms p, and q, (denoting them for brevity by 
l,m,n, p,q), returning later to the system of a cubic and quadratic. The 
discussion will be much facilitated by three theorems. 

Let 

Di (P) = (PGs D (P°9s ™ (PGs ™). P- 
Here D,, (¢) is an integral covariant of ¢, p, ¢ since (p*q, /), is divisible by p’. 

THeorEM I: Jf 


DP) = # (p'ds (B's ™), (DG. Ps 


where 1, m,n are the linear factors of d, then 
Dy (Dy (#)) = 27 (p9)"6- 


4 (pq, 1), = p®( p(ql) + 8¢(pl)), 


Proof.—We have 
and find that 


D,,,(¢) Alt (p(ql) + 8q(pl)) =Um'n' =Um'n', 4(¢p,U’), = 8 (pq) 


by a short computation, making use of the identity 
1.(PQ) + p.() + 9.) = 9. 
79 RY (U'm'n’) = i (De (¢)) = 27 (pq)’¢. 
THeorEM II: Let @(¢) denote the cubic covariant of d; then 
Q(D,,($)) = — 2T(pa)'D,, (Q(¢)) 
L = (ml)n, + (nl) m, = 2(1, nm),, 
M = (nm)l, + (lm)n, = 2(m, In),, 
N = (In) m, + (mn)l, = 2(n, lm),, 


Hence 


Let 


so that L/ is harmonic to mm. Then LIN =cQ, since the cubic covariant 
of a cubic may be found by taking the conjugate of each factor with respect to 
the other two and forming the product. The factor o is a numerical constant 
since LN and Q are both of the 3d degree in the coefficients of @; this ap- 
pears at once from the expressions of 1, M@, N inl, m,n. 
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We have 
D,,( Q($)) = Dy (CL MN) =o TT (p(gh) + 3¢(pL)) 


=o JT p{(nt) (qn) + (nl) (qm)} + Bq (mt) (pn) + (nd) (pm)}, 
and 
2(', m'n’) = (p(qm) + 3q(pm)) ((pl’) (qn) + 8 (pn) (q’)) 
+ (p(qn) + 8¢(pn)) ((pl’) (qm) + 8pm) (ql’)) ; 
(pl’) = 3 (pl) (pg), (9) = (gp) (am). - 
Substituting in (2’, m’n’),, and making use of the relation 
(pl) (gr) + (pg) (nt) + (pn) (lq) = 9, 


derivable from /,(qn) + q¢,(nl) + n, (lq) =9 by putting w,:%, = — p,:p,, we 
find 


2 (1',m'n’), =— 3 (pq) p ( (ml) (qn) + (nl) (qm) ) +3¢q ( (ml) (pn) +(nl) (pm) ) : 
Put 


but 


bd =l'm'n’ ; 
then 


Q(¢’) = o23(l', m'n’),(m', Un’), (n’, m'l’), 
= ALD 3 (pq) | p ( (ml) (qn) + (nl) (qm) ) 


+ 8q ( (mi) (pn) + (nl) (pm)) } 


= — 27(pq)'D,, (Q(¢)), 


Q(D,,($)) = — 27 (79) Ppa Q())- 
6. TuHeorem III: Let R be the discriminant of $; then 


or 





; Lig es 
D,,(Q(¢')) = — —g 27 (pq)"6- 
Proof.—By definition 
Dip Q(¢.)) = Dap Q {Ppl Q(6)]}) 
but we may interchange the two inside operators by theorem II; therefore 
D,,( Q(%)) = — 27 (pay'D;,(D,, (QL (@)]}) 5 


the factor — 27( pq)’ may be taken out because VD, () is linear in the coeffi- 
cients of ¢, viz., D,, (ap) =aD_,(p). By theorem I, 


D,,(D,, | QLQ(P)1}) = 27 (pg) Q(@(o)) : 
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hence 


D,,( Q(#.)) = — 27 (pa)? @(Q(9)) 
Q(2(@)) = — 47° Re 


(CLEBscH, Bindre Formen); therefore 


D,( Q($')) = — 4-127 ( pq)". 


and 


IIl. 


THE SYSTEM OF A CUBIC AND QUADRATIC AND THEIR 


CONJUGATE SYSTEM. 


T. It is necessary now to recall two properties of the form system of a cubic 
and quadratic c? and d*: 1°. The first polar of c? with respect to the linear co- 
variant (cd)’c, of c® and d is a quadratic harmonic to d?; 2°. The linear co- 
variant (cd) (ed’) d’ is the polar of (cd)’c, with respect to d®, or the product of 
these two linear covariants is harmonic to d?. 

Proof.—l°. Let (wy) be any linear form; then c%c, is harmonic to d* if 
(cic,, d), = 0 or (cd)’c, = 0; hence (wy) = (cd)’e,. 

2°. If we form (a, (cd)°c,), we find (cd)?(cd’)d'. Hence the truth of the 
above statements. 


8. Consider the form ¢’ = D,,( Q($)) == 0 and also(e"; ¢), = (eq): Then 
there is a quadratic form /’ = d? which is the Jacobian of (cq)c? and pq. 
Then from the first property of the previous paragraph (cd)’c, = oq and 
(cd) (cd')d’ = pp, where o and ¢ are proportionality factors,* for g and p have 
just the properties of the two linear covariants; which properties define them 
except as to multipliers. 

Further, it follows that p and o are invariants of the system ¢, p,g. For 
f’ is a covariant of this system and so consequently is also f’ = d?, and there- 
fore (cd)’c,,, (cd)? (cd’)d’, and finally, (cd)’c,q-' =o, (cd)’(cd')d' pp = p. 

watkerthen the covariants po °¢' = C*’— >, op 'f = D? =f of >, vp, 9; 
buen (CD) C,— po *+ cp “(cd \’c. =. ¢ and 


(COD) CD’) D’ = po -0°p?- (cd) (cd) d’ = p. 
Hence g and p are these two linear covariants of Oy fe 


From the reasoning just used it is clear that if ’ is any cubic and gq, p any 
two linear forms there is but one solution to the problem to find a quadratic f 
and a multiplier & so that the two linear covariants defined above of kp and f 


should be g and p. 


* We determine o and p in § 11. 
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For let ¢ and f be one solution, 6 = O°, f= D®; and let ud = T?, of = A? 

be any solution. Then 
(TAYT, = (CDC, (TA)(TA')A, = (CD)(CD') Dy, 
or 
w(CDYC,=(CDYC,, u’?( CD CD’) DL =(CD* CD) D:: 

hence w» = 1, we” = 1, the only solution of whichis « = 1, v =1, which was 
to be proved. 

This remark will be useful in the sequel. 


9. Suppose given a system (2) of a cubic ¢ and quadratic f, in symbolic nota- 
tion a’, b°; let (ab)’a, = p and (ab)*(ab’) b’ = q where ¢, p, ¢ are to be used as 
in the preceding paragraphs. Let ¢, f be formed according to the prescription 


of (2). 

THEOREM.—// we form the same two covariants b ays of (>) as >, f are 
of (=) then 

=o, f=h 

that is (=) may be derived from (2) as (2) was from (2). 

Proof.—Remembering that the covariants of (2) which we call p, g are for 
(=) equal to g, p we operate with $,¢q, p to produce ¢ as we operated with 
$, p, ¢ to produce ¢. 

Since Q(ap) = a Q(¢) and D,, (a°Q($)) = @D,,(Q()) and = po*' 


it follows that 
: ‘ p° ee 9 2 p° ” 
D,,(Q(4)) = aD, (Q(¢')) = -— GF 2P (pa ao =o" 
From $", p, ¢ deduce d, if as ob, tA were deduced from ¢$’, g, p. Then @ is 
proportional to ¢” and if ¢ = A®, f= B?, we have 
(AB) Al =p, (Bye) ea 
But ¢ is proportional to ¢” and ¢ = a’, f = b? have the property (ab)’a, 
(ab)’(ab’)b’ = q; therefore, by the remark at the end of § 8, 
b=$, fal. 
We have then complete reciprocity between two systems of a cubic and quadratic 


(~) and (2). If we denote forms derived analogously from the two systems by 
a stroke we have the scheme: 


(=) 


eae 
P» q 


P>s 


(2) 
ue 
1g 





Rs | -0-] | 


and p=, q=p. 


1901] HYPERELLIPTIC INTEGRALS TO ELLIPTIC INTEGRALS 447 


This duality has some resemblance to the relations existing between a binary 
cubic and its cubic covariant, the pencil of a binary biquadratic and its hessian 
and the hessians of the pencil,* and the pencil of a ternary cubic and its hessian 
and the hessians of the pencil.+ 


10. Let , $,, ++, denote any covariants of (=) and W, ¢,,---¢, the 


corresponding covariants of (=) and suppose we have a relation 


x (bb), 5 p, ye -¢,) = 0; 


then because of the duality of (=), (=) we have also 
X(E APs b.--°$,) = 9, 
(br), = Cane 


since 


according as J is even or odd. 
By means of such a relation we are able to show the duality which exists be- 
tween the involutions Z,, 7, determined by (=), (=). 


11. It is easy to calculate ¢ and / in terms of the fundamental concomitants 
of ¢ and f since the two covariants p and g have been used to give a typical rep- 
resentation of d and f. We start from the formule to be found in GORDAN’s 
Invariantentheorie, vol. 2, p. 327 : 

SF=t4A, pP+?¢, 


JS 


— F*g= (F'(pq) — 14 (sq) p —3MA,p'¢ + 3(4, £2 —Apnl) pd? + Me, 


where the meanings of 7, A,,, etc., are given in the preceding pages of GORDAN. 

In calculating covariants, using the typical representation, we may proceed as 
if p and q were the variables x,, ~, provided we multiply the result by a power 
of (pq) equal to the weight of the covariant. For if J be a covariant of weight 
X so that J’= J, r being the determinant of substitution, we may make 
the substitution «| = p, «, = q of determinant 1/(pq); then J’ = [1/(pq)\] Z 
or [=(pq)l’ and I’ is expressed in x, x, but x, = p, x, = q; hence the truth 


- of the above statement. 


Suppose then the cubic covariant ((¢) of ¢ to be calculated from the typical 


representation ; then the operation D., ( Q(¢)) may be effected. 
Let 


Q(¢) =Cp? + C.p’g + Clip? + Ci = Cp — 449) (p — 4.9) (Pp — 4,9), 








* CLEBSCH, Bindre Formen. 
{+ CLEBSCH-LINDEMANN, Geometrie, p. 559. 
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where C,, C,, C, and C, are expressed in terms of the fundamental invariants 


of d, f. 
Then 


D_,( Q($)) = (pg) C,(p + 84,9) (p + 8a,9)(p + 8,9), 
as a short computation shows, or 
D,,(Q(¢)) = (pa) (Cyp* — 8 ©, p’g + 9 C, pg’ — 27 (C9) 


— p= Cy Dp” ze 3c, p'Y ne 3c, pg an Cg = Ces 
where 


>= (pg, —a=(pyrC,, G=8(pgyrG,, —c,= 27 (pg). 
Next let f’ be the Jacobian of (c?, g), and pq; we find 
S= 3 (PY (GP? — 09°) = @- 
If we calculate (cd)’c, and (cd)?(cd’) d’ which are of weights 2 and 3 we find 
(cd)? c, = $( pg) (36) — (C2) 9s 
(cd)* (ed’) d) = 4 (pg)! (ere, — C5C3)P » 
Ages x (Pq) (¢5¢, == C0), 
P= £( 29)" (616, — CC)» 


and consequently po~*f’ and apf" are expressed in terms of the form system 


so that 


of (=); that is, p and | f are so expressed, since 
pop’ =, op if =f, 
TuHeorEM.— The forms $, f are expressed in terms of the fundamental con- 
comitants of 6, f by the following equations : 
db = p+ 8¢,p'¢ + 8¢,p¢ + 69°, 
= (PIO, —4= (PIC, ~=3(pgyrC,, —¢,=27(pq/C,, 
where C,, C,, C,, C, are defined by 
Q(h) = Cp’ + Cip’g + C,pq’ + Ces 
= 3 (Pgy(op* — 69"), 
F = 5 (PY) (C56) — %1%2)» 
P= E(Pg)'(Cor%2 — es)» 


and 


band, fais. 
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lV. 


Tue Invotutions BeLoneine To ¢, f AND ¢, /. 


12. In this section the involutions Z, and J, belonging to (2) and (2) are 
determined. 


Let 


(Pq, t), lan Ly (Pq; Di = he 
(Pq; m), Ss (pqs m), eee 
(PAs), = ™%3 (PGs), = 3 
also 


(pl, , qh), = ia =f, 
(pm,,qm,), = S2?= 8, 
(pn, q”,), oa T= TL. 


The three quadratics &, S, 7 are such that if we interchange the roles of (2) 
and (2) in forming them we find — R, — S, — TZ. Hence any relation be- . 
tween 2, S, 7 and covariants of (=), (=) is accompanied by a relation between 
— R,— S,—T and the same covariants of (2)3 (~). The three quadratics 
are branch quadratics of both J, and J,. 

THEOREM: The forms RI’, Sm’, Tn’, f? belong to I, and the Jacobian of 
I, is proportional to $fq. 

From this result it follows that R7?, Sm’, Tn’, f? belong to J, whose Ja- 
cobian is proportional to fp. 

13. For the proof of this theorem some results on apolar systems of biquad- 
ratic forms are necessary.* 

1°. To every involution (II) = Af, + wf, there is an apolar linear system 
(II) = Ad, + wp, + vp, such that every form of (II) is apolar to every form of 
(IT) and (II) determines (IT) and conversely. 

2°. If a biquadratic form is apolar to the three forms ¢,, ¢,, , it must be- 
long to (II). 

If, therefore, we can show that Rl’, Sm’, Tn’, f? are all apolar to three 
biquadratic forms they must belong to the involution apolar to the three forms. 

We are able to find three such forms, viz., [°(f7),, m®(f7),, n’( fn), - 

1°. It must be shown that °(/7),, m*(fm),, n*(fn), are linearly indepen- 
dent, which is supposed of ¢,, ¢,, , above. Since ¢=/mn we may regard 
1, m,n as arbitrary and also (f7),, (fm), since f isso. For let a, and 6, be 
any two linear forms, then if we take f to be the Jacobian of a,/, and bm, we 
know that (f/), and (fm), are proportional to a, and 6, that is, we may choose 
Ff so that (f7), and (fm), are any two linear forms. 





* RoSANES, Crelle’s Journal, vol. 76. 
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Hence we may regard /°(f7), and m’( fm), as any two biquadratics having 
cubie factors. 

If then a linear relation existed between /?( 7), , m*(fm),, n?(fn), it would 
take the form 


n’( fn), = AP( fl), + Bm? (fm), 


or n°(fn), would belong to the involution Z, of [°(f7), and m*(fm),. Buta 
cube factor in a form of J, enters as a square in the Jacobian of J,, hence the 
Jacobian of J, must be proportional to /’m’n*. To see that this is not the case 
make a linear transformation by putting / = «|, m=); then denote (/7), by 
p(a, + 4Aa), (fm), by o(4pa, + 2%). Then the Jacobian & of pa\* (ai + 4rx}) 
and oa} (44x; + x) must be a square. The computation gives 


O = 00)? {Bpar'” + (Srp + 1) alah + Brax}"}, 

so that 3 ua’ + (8rw + 1)xia) + Be must be a square, which it is not, since 
(8A + 1)? — 36d + 0 if » and yp are arbitrary. 

2°. To prove RI’, Sm’, Tn”, f? apolar to three forms involves twelve rela- 
tions but it suffices to prove three of them; thus if /*(/7), is apolar to Sm? it 
must be to Zn’, etc. It is sufficient to prove /°(f7), apolar to (a) RI, (6) f?, 
(c) Sm?. ‘The proof is in each case facilitated by the use of a proper normal form. 

(a) P( fl), is apolar to £7? independently of the particular values of (/7), 
or £2. Make the substitution 
ten ay Es Aide 
then 


BC fl), = xi" (aa, + a,0}), RP = 2)" (bi? + 2d,cr'w; + d,0%?), 


and these two forms are at once seen to be apolar. This involves the proof of 
three relations. 

(6) To prove (fl), apolar to f*b let 1 = «|, (fl), = x; then since (f7),/ is 
harmonic to # we must have w/a harmonic to /, that is f= A,x,” + A,x,° and 
Ct ee aa, but a'*a’ is apolar to 


2 ARI 2,14 12 2 2,74 
(Ae, + Ag, P= Ale, + 2A Ae we, 


1 


This involves three relations. 

(c) Since the relation (2 fm), Rm’), = 0 is homogeneous in the coefficients 
of 7, m,n we may in proving it use instead of /', m, n any forms proportional 
to them. 

Let «, = p, x; = q, dropping the accents after transforming. Let ¢ be pro- 
portional to . 


e+ SAaiw, + Spmayws + v w= ap = (@, + Ex.) (x, + &,0,) (@, + E 2.) 
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so that 
pl = (w+ Er,), py = (@, + Ey), py = (a, + Exe). 


We know that fis harmonic to x,7,, also to (fp),, that is, to 
Awl + maw, + VODs 
so that f must be proportional to the Jacobian of x,~, and (fp), , or 
Bf = rai — vxy, 


where a and § are quantities which it is not necessary to determine. 


If we put 
_3(46, =» 


= [=1, 2, 3), 
n; ed: (¢=1, 2, 3) 


i 


and use the method of forming @(¢) described in section II we find @(¢) 


proportional to 


(3&,x, — 19%.) (3E,a, on 77,i0y) (3&.x, ai 113%) ’ 


and performing the operation D,, ( Q($)) we find ¢ proportional to 


(Ea, fe 7,25) ( ye + sil 9) (E50, af Msp") 3 


so that # is proportional to the Jacobian of x, (&2, — 7,”,) and «,(#, — &,), 
1, or finally R, S, 7 are 


since w, — &x,, & a, —,v, are proportional to 1, /, 


equal to 
my (x; a 22,2, a 7,23) » o, (x; Ss 2E 0,0, ar 7153) pe ae (x; — 2E 07,0, Z N35) ’ 
respectively. 
Also (f7), is proportional to 
v 
x, -— EX Uy 5 

hence 

V 

(x, f§ 1%)” (2, 7 EX a) 

1 

must be apolar to 


(a; al 2E ae, i 15>) (a, ot E0,)”. 


To show this we note that if at = (wa) (xf) (ay)(wd) is apolar to 0! then 
b,6,b,b; = 9, so that if we take the third polar of Sm” with respect to x, + &a, 
and the first polar of the result with respect to 


Vv 
OO ire 
1 EX 2° 


the final result must be zero. 
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Doing this we obtain 
1(é, — &){(E + 268, + 0.) (AEE, — ») 
+ (E, — &) (v(E, + &) + (EE, + 1,)>&) | 
which must be zero, or since & + &,, 
(E + QE,E, + n,) (AEE, —») + (E, — &) (VE, + &) + (AE, + 12) 6) 
must be zero; or solving for 7, and remembering that 
BA = &, + &, +4 &, 
Bu = €6,+ €€ + &€,, 
y= EEE, 


7, must equal 


(& + 26,6,) (Ea — £8) —(& — &) (6.6, + 46(6 + &)) 
EF, —A (28, — &) 
The denominator &&, — (2&, — &) is equal to 


(r == Stes 20 é,) 2 











and the numerator is equal to 


(E, ar g,) (E; = €) 65 si é, (Er Ar £5) haat £5, (Er i £65) a (E, jn é,) EE. 

and 
ee (o% aad FF, ili (S re ED EE, rors (AE,E; a Ev aa 2nr€5,) 

a eae {r€,E, (g, 1F é,) <i e163 Pi £6.) mS (é, # .) (G6, iam AEE.) 5 
or the numerator of 7, is equal to 
(E, of é) (5285 a £556 at AEE, an £66, aa AEE, + £261) 

= (& + &) (82 (8.8 + 656, + £16.) — 86,8,8,} =3 (8, + &) (me, — ») 
or finally, 7, must equal 
26+ ob) Sb 9) 
(A — . 1) (A a g.) ies é, 

which is the definition of 7,. Hence the relation from which we started must be 
true. This proves (c) involving six relations and the theorem is proved in all 
its parts if we show that the Jacobian of J, is proportional to ¢fg. This fol- 
lows immediately from section I where it was proved that the Jacobian of J, de- 


termined from ¢ and / is proportional to f(«6), where (wd) = (ab)’(ab’) b! 


which is the definition of q: 
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In virtue of the reasoning at the end of section III it follows that RI’, Sm?, 
Tn’, f? belong to I, whose Jacobian is proportional to ¢f¢q, that is to dfp. 

It follows that 7, and J, determined by (2) and (2) have three branch quad- 
ratics in common and the two covariants p, g are the fourth double elements, ¢ 
in J, and p in J,. 


{ 


I, derived from (=) je derived from (>) 








Ti eNt. Ley 7 BE Sin Tne of? 
with double elements given by with double elements given by 
fy. ofp. 


14. In section III ¢ and f were expressed in terms of the fundamental con- 
comitants of ¢ and f by means of the typical representation by p andgq. Since 
J? is a form of J, if we express one other form of J, in terms of the concomi- 
tants of ¢, f we have every form of J, so expressed. The branch form whose 
double element is qg will be rational in the concomitants of ¢, /. Let it be 
equal to #’= q°(ap’ + 2ypq + Bq’) and let f be Ap’ + Bg’ (there is no term in 
pq in the typical representation of /). Then the Jacobian of /’ and /” must be 
proportional to fg, or the Jacobian of F’, f to ¢q, or finally we may take a, 
8, yso that 

| Ap ey, 
q> 


q | Sls: = 
gap +99), a(yp + Bg) + 2(ap’ + Be’ + -ypq) | 


or 


2Aap*® + 8Ayp’¢ + (848 — aB)pq’ — By = ¢, 


and since ¢ is expressed in terms of p and q, by equating coefficients a, 8, y 
may be found and consequently /’ expressed as concomitant to ¢, /. 

If we express the form of Z,, which contains p’, in terms of p, q, we can ex- 
press every form of J, in terms of p, q, for,f? is already so expressed. 


Ve 


THE REDUCIBLE HYPERELLIPTIC INTEGRALS. 


15. Since Z, and J, have three branch quadratics in common and gq and p are 
the fourth double elements, we have from the Introduction the 
THEOREM: The integrals 
g (x dx) P (x dx) 
VRST’ /RST 





are reducible to elliptic integrals by transformations of the fourth order I,, L,. 
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Having given one reducible integral and its reducing transformation we can 
solve the problem to find the second one belonging to the same irrationality and 
its reducing transformation. For the reducing transformation being known the 
form ¢ is known and also /; from ¢ and / we deduce the covariant (ab)’a,, which 
is the numerator of the second reducible integral; the second reducing trans- 
formation being given by the involution J, derived from ¢ and /, which can be 
found from ¢ and /f. 

We can enunciate the following theorem : 

THEOREM: Jf ¢ = a’ denotes the product of the three double elements com- 
plementary to the three quadratic factors of the sextic of a reducible integral , 
and f = 6° denotes the form whose square occurs among the forms of the re- 
ducing involution, then the numerator of the second reducible integral belong- 
ing to the same irrationality is equal to (ab/a,. 


16. It is possible to give another definition of the numerator of the second 
integral which resembles that given by Professor Bouza* for the transformation 
of order 38 and also that for order 2. For we have shown that if 7, denotes a 
double element of an J, containing a complete square /’, then /’(f7), is apolar to 
the forms of J,; but g is a double element of J, and (fq), is proportional to p, 
hence g’p is apolar to Z,. We can enunciate the theorem : 

THEOREM: If (#6) denotes the numerator of the first reducible integral and 
(8) of the second and I, the reducing involution, then (w8)'(#d) is apolar to 
the forms of I, and this is sufficient to determine (x6). 

The following conjectural theorem suggests itself: Jf (#6) and (6) denote as 
before the numerators of the integrals—reducible by a transformation of order 
k—and I, the reducing involution, then («6)' (x8) is apolar to the forms of 
I,. This surely holds for & = 2, 8 and, as has been shown in this paper, for 


pe 4. : 
VI. 


NorMAL Form oF REDUCIBLE INTEGRALS. 


17. The normal form used by Professor Bouza + is found by introducing p 
and q as variables, that is, by introducing the numerators of the two integrals. 
This has been done for a special purpose in section IV, and the formule there 
developed have only to be supplemented ; we found 


o 


dks = o, (ai — 2E 0,2, + 17,05) » 
S = o,(a? — 2E,a,2, + n,x*), 
T = 0,(x? — 2é.om, + 2), 





*Mathematische Annalen, vol. 50, p. 314. 
t Dissertation, Mathematische Annalen, vol. 28. 
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RST = o,0,0,{v'x} — 6dv'win, + 3 (4uv’+ Ap’) ate? 


2 
ee 2 


+ 2(AA'+ Svv") aia} + 3 (4p'v' + Dr’ p) aia} — BA’ vaw’ + vad} 








where ‘ 
Ny. 22 — Ap? — pv 
me es Pe Ae oie 
, 1 pu =f Av — 2p 
ee OT Wie Sn 
: ; 2? — 3Ap + v 
P= 


a ye ah Oe 
Professor Bouza used implicitly a form corresponding to ¢, viz.: 
ws + 3r'ala, + 8py'a,at + va, 
and made the remark that if the cubic covariant of 


43 3 2 3 
wy + draw, + dma,e> + vv} 


is 
Cw, + 8C xin, + 8 Cwx, + Cay, 
then 
y Y 
ae ae b= 1 C, ene Co 
rue : tia Ai ’ 
C; C; C; 


which was the starting point for discovering the relations in sections III and 


V3 
The reducible integrals are 


f eee ee) { BN Led 
TAP hI Ea 


where & = RST is expressed in w,, v, above. 


The reducing substitution for the first integral is given by any two of the 
forms 


o (ay — 2E arya, + 775072) (w, + F,)° (i=1, 2, 3). 
The form f/ is equal to (Aw? — vax). 


VLE 


MISCELLANEOUS RESULTS ON BIQUADRATIC INVOLUTIONS CONTAINING 


A COMPLETE SQUARE. 


18. In section VII are collected some miscellaneous results relating to special 


biquadratic involutions containing a square and their geometrical representations. 
Trans. Am. Math. Soc. 30. 
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(A) It is a known theorem that the Jacobians of two apolar systems are the 
same.* Since the roots of the Jacobian are multiple roots in forms of the sys- 
tem from which it is derived this theorem states that if (wa) is a double element 
of a biquadratic involution (II) it is a triple element of the apolar system (II); 
hence («a)*(wa) isaform of (II). When (II) is a special involution we are able 
to determine (wa) from section IV for it was there shown that (aa) = ( ne (2a) ) ree 
J being the form whose square belongs to (II). 

THEOREM.—/Jf (xa) is a double element of a special biquadratic involu- 
tion I, containing a square f”, then (wa)?( J; (wa)), belongs to the system apolur 
toll: 

(B) The theorem of section I which says that the form there denoted by @ is 
apolar to the involution Aw + pf” admits of a geometrical interpretation. Let 
a‘, B*, y* be three forms apolar to wt and vt. The rational quartic C,f given 
by the parameter representation 


t 


pr, =a), 
iS eat ae 

pr, =, 
ae ee 

Pr. ™ Ye ’ 


is intersected by a straight line Aw, + wx, + vx, in 4 points whose parameters 
satisfy the equation : 
Aa? + wBL + vy = 0, 


that is, they are given by a form apolar to w‘ and v‘. 
If Xx, + wx, + vx, is an inflexional tangent of C,, the equation 


rAat + wBt + vyi = 0 


has a triple root which is the parameter value for the point of inflexion. By 
the theorem already quoted in this section this must bea root of the Jacobian of 
u‘ and vt. When this is applied to the special involution, @= 0 must give 4 
points of inflexion; but @ is a form of the system apolar to the involution, 
that is 0 = 0 gives 4 collinear points, hence the 

THEOREM: Jour of the points of inflexion of a special C,, are collinear. 

(C’) Another definition can be given of the linear factors of ¢, which is 
adapted to their determination when a twisted cubic C, is used to carry the 
binary variables.t Using the notation of section II, we have the 

THEOREM: L@’ is apolar to (pq, /),p’. 





*STEPHANOS: Sur ies fuisceaux ayant une méme jucobienne, Mémoires par divers 
savants, vol. 27. 

t MEYER: Apolaritdt und Rationale Curven. 

tSrurm, Crelle’s Journal, vol. 86. 
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Proof.—Referring to the definition, / is proportional to p(qLl) + 3q(pL), 
hence (pq, /), is proportional to p( pq) (qL) — 3q(pq)(pL). 

To express J in a convenient form we notice that ( PIs (P95 L),), is propor- 
tional to 1, for we have taken the harmonic (pq, L), of L with regard to pq 
and then of the linear form so found with regard to pq again, which must give 
the original Z up to a factor. 

Hence, 


(pq, L), =4(p(qL) + 9(pL)), 
and therefore 


(pq, (pq, L),)1 = 4{— p(pq) (GL) + 9(p9)(pD}, 
{— P(PY(GL) + CPD PLS 


(Pg) (GL) — 8¢( pq) (pL) hp": 


therefore 


must be apolar to 


that is, if we put 7, =p, z= q, 
— aay (pq) (qL) + @,' (pq) (pL) 
(pq) (qL) — 8x," (pq) (pL), 


(pay (¢L) (pL) — (pa) (GL) (pL) 


must be apolar to 


that is, 


must be zero. This is true and therefore the theorem is proved. 

The apolarity of cubic forms admits of geometrical representation (STURM, 
loc. cit.). Let a? be a cubic, to it will correspond a plane having a null point ; 
if 6° is another cubic apolar to a then the plane corresponding to 6° will pass 
through the null point of the plane corresponding to a’, and conversely ; if the 
plane passes through that null point 6° will be apolar to a’. 

There is also a geometrical representation of the cubic covariant @ of ¢ = a° 
on (,. Call A the plane corresponding to ¢, then A contains one line which 
is the intersection of two osculating planes of C,; call these B and C’. Then 
the plane D, which in the pencil containing 4, B, C divides A harmonically 
from B and C’, meets C, in 8 points given by @(¢) = 0. 

Suppose we start with ¢ and /, then we can construct p and g (STURM, loc. 
cit.); also Q(¢)= L MN. Then by the theorem last proved we can find the 
point (pq,/), =, viz: the plane containing the tangent to C’, at p= 0 and 
the null point of the plane through the point Z = 0 and the tangent at ¢ = 0 
must meet C’, in three points among which is the point p = 0 counted twice and 
the third of which is the point (pq, /), = 0. 

If we take the harmonic of the point (pq, /), = 0 with respect to pg = 0 we 
reach the point 7 = 0 and thus the points ¢ = 0 may be found. 
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THEOREM: Griven the plane corresponding to ¢ = 0 and the line correspond- 
ing to f = 0, it is possible to find on the twisted cubic C, the plane correspond- 
ing todp=0. 

The harmonic of a point with respect to two others may be found (MEYER, 
loc. cit.) by considering the hyperboloids through C,. But if we wish the har- 
monic of @ with respect to 6 and ¢ it will be found among the points given by 
the cubic covariant of a, 6, c, viz: it is that one which is separated from a by 
6 and ¢ in virtue of the definition of cubic covariant used in section LI. 

This is a simpler way of reaching it because of the simple geometrical con- 
struction of the cubic covariant. 


ON THE THEORY OF IMPROPER DEFINITE INTEGRALS* 


BY 


ELIAKIM HASTINGS MOORE 


ab 
INTRODUCTION. THE FOUR CURRENT TYPES OF IMPROPER INTEGRALS. 


1°. In this paper I wish to define a system of types of improper simple defi- 
nite integrals, a system embracing in particular the four current types; of the 
theory of the general type I give at present merely the elements, the methods 
employed, however, being characteristic. 

The four current types are compared in § 1 2°-13°. By way of generaliza- 
tion of their diversities the new types arise (11°-17°). As the desirable basis 
for the new types I propose (16°) an extension of the notion of the proper 
simple definite integral ; this involves likewise an extension of the notions of the 
four current types. 

In § 2 I state in convenient notations a body of elementary properties of the 
general type of integrals. These properties with two definitional processes of 
induction developed in $$ 3, 4 serve as the basis for the definition in § 5 of the 
system of types of improper integrals related to the (extended) type of proper 
integrals defined in 16°. | 


2°. If the definite integral 
b 


is a proper integral, the interval ab of integration is finite and the integrand 
function /” (a) exists (everywhere defined but not necessarily in a single valued 
way) on ab as a limited function. 


3°. IMPROPER INTEGRALS OVER FINITE INTERVALS.—We call to mind the 
four current types of improper integrals (1) over finite intervals ab. The fol- 
lowing presuppositions are common to the four types. On ab the function (x) 
has a singular point-set Z. In every neighborhood of a point € of Z the func- 
tion #’ (x) is unlimited. On every interval of ab containing no point ¢ the func- 
tion /’(x) is properly integrable. 





* Presented to the Society at the Ithaca meeting August 19, 1901. Received for publication 


October 2, 1901. 
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4°. Typr I.—In the first type the set Z is reducible, that is, for some 
(lowest) ordinal * a of CANTor’s first or second class of ordinals, the derived set 
Z) = 0; hence the set Z has the content zero, and it is finite or numerably in- 
finite ; and conversely, any set finite or numerably infinite is reducible. CaucHy 
and RrEMANN considered the case of finite sets Z(a = 1), and pu Bois-ReyMonpD 
(1875: Crelle’s Journal, vol. 79, pp. 36, 45), and Dint (1878: D1nt- 
Lurorn, pp. 404-445) the case of sets Z of the first kind t (a =v=1,2,3,---), 
and quite recently SCHOENFLIES (1900: Bericht, pp. 185-186, Jahresbe- 
richt der Deutschen Mathematiker Vereinigung, vol. 8, no. 2) the 
general case (a = a). 


5°. Type Il.—In the second type the set Z is any set of content zero. 
For a systematic exposition of the theory of these the (general) Harnacxk inte- 
grals of 1883-1884 I refer to my paper in the last number of this journal 
(pp. 296-3880); in the introduction are indicated the relations with the equiva- 
lent JORDAN theory of 1894. 

The theories of these two types have this fundamental difference: the inte- 
gral of the second type is defined by a definition covering all cases at once, 
while all cases of the first type are covered in that the integral for the case 
a= 1 is defined directly and then two definitional processes are given which 
serve to define, in the first place, the integral for the case a = a, + 1 in terms 
of integrals for the case a = a, and, in the second place, the integral for the 
case a@=a, in terms of a numerably infinite set of integrals for the cases 
a=a,(v=1, 2,3, .---), where the ordinal a, is next higher than the set {a,}. 
Thus the definition of a particular integral of the second type involves a single 
limiting process, and that of one of the first type involves a finite or a numer- 
ably infinite system of limiting processes. 


6°. In the comparison of two types of integrals, presupposing that in each theory 
every integral (1) when existent has a definite finite value, we say for brevity 
that the two types are accordant or in accord in case every integral existent in 
each theory has in the two theories equal values; and of two accordant types we say 
that the first contains or includes the second if every integral existent in the 
second theory exists also in the first. Two types are equivalent if each includes 
the other. 


7°. Now to compare the first two theories, we see that the second theory has 
wider application than the first theory, since the second theory covers the cases 
of irreducible sets Z. As to integrals with reducible sets Z, the two types are 





* That is ordinal number ( Ordinalzahl). 
t Gatiung. 
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well known to be equivalent for the casea=1. For the cases* a> 1, how- 
ever, while it is readily seen that the first type contains the second, the two 
types are not equivalent ; for example (a = 2), the integral (31) p. 330 of my 
paper cited above exists or not according as it is of the first or second type. 


8°. Type Il].—The third type is that of HéLpER (Mathematische 
Annalen, vol. 24 (1884), p. 90 ff.); the set Z is reducible. H6LpDER de- 


fines primarily an indefinite integral 
(2) » fF@) die 


on the w-interval ad, viz., as any function f(x) continuous on ab and such that 
for any two points w’ x” of ab, whose interval wx” contains no point ¢ one has 
the relation 

(3) f(a”) — p(x’) =| F'\x) dx. 

This definition would apply to any set Z. The restriction to reducible sets Z 
is made in order that two such indefinite integrals on ab may differ on ab by a 
constant, and thus that the definite integral : 





(4) if de ae ee 


where ab’ are any two points of ab, may be independent of the indefinite inte- 
gral }(a) used in its definition. 

The first and the third types of definite integrals are easily seen to be equiv- 
alent. Indeed it is possible that H6upER had in mind the final extension, later 
made by SCHOENFLIES, of the integrals of the first type to the case of any or- 
dinal a. 


9°. Type I[V.—The fourth type is that of DE LA VALLEE-Poussin (1892: 
Liouville’s Journal, ser. 4, vol. 8, pp. 421-467). For the general set Z of 
content + zero a primary definition is given by a single limiting process which is 
of such a nature that the integral (1) if existent is absolutely existent. Then, on 





*J have found only the two following notes of comparison of the two types for these cases : 

Stouz (Wiener Berichte, vol. 1072. (1898), pp. 207-224: ef. §2) states that for the case 
a =v >1 the second type is not evidently (‘‘nicht ohne Weiteres’’) to be identified with the 
first. 

SCHOENFLIES (loc. cit., p. 188, 11. 21-24) discriminates in general the cases of sets Z reducible 
and irreducible by introducing the terms: integrals of the first and second kinds ( Arten), and 
thus distinctly implies that for reducible sets Z the two types are equivalent.—The proper dis- 
crimination is by the type. 

+ SCHOENFLIES (loc. cit., pp. 178, 187, §5) points out and emphasizes the fact that this con- 
dition if not inserted in the definition may be deduced as a conclusion, in any case in which the 
(modified) definition yields an integral. 


a 
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the basis of the proper and of these absolutely existent improper integrals, for 
the general reducible set Z, of all points [ of Z in whose neighborhood the fune- 
tion #’(x) is not absolutely integrable the non-absolutely existent integrals are 
defined * as in the first theory. 

It is to be noted that SCHOENFLIES (loc. cit., pp. 188, 189) gives vague indi- 
cations that the case of irreducible sets Z, may be included by suitable phrasing 
of the secondary definition, and indeed that the primary definition may be so 
modified as to include the non-absolutely existent integrals. 

The second and the fourth types are equivalent in so far as absolutely ex- 
istent integrals are concerned,f and, likewise, as to non-absolutely existent in- 
tegrals, in the case a = 1 for the reducible set Z,, while in the cases a > 1 the 
fourth type contains but is not equivalent to the second type; the example (for 
a = 2) cited above (T°) serves here also. 


10°. To summarize: The HArnack (second) type of integral (1) has the 
widest range of application and it involves a single limiting process. The other 
types involve in general a system of limiting processes. Every type contains 
the corresponding subtype of the Harnack type. Every subtype involving 
only one limiting process is equivalent to the corresponding HarNnack subtype. 
In every theory the integral symbol (1) has a unique definition. 


11°. For a given singular set Z the system of types of improper integrals (1) 
to be defined in this paper arises from the four current types by way of gen- 
eralization of their diversities. The reader will doubtless have foreseen the 
character of the general type to be proposed. It bears to the HARNACK type a 
relation which generalizes (not uniquely) the relation borne by the first type 
(a = a) to the Caucuy subtype (a=1). The integral symbol (1) for any 
type of the system receives a unique definition depending on the type, or, other- 
wise expressed, on the way in which the set Z is utilized in the limiting process 
or processes involved in the definition. 

At present in connection with the definition of the system of types I consider 
briefly the theory of the general type of the system but not the relations amongst 
the various types. I conjecture however that this relation is (as amongst the 
current types) simply that every type is in accord with every other type. If this 
relation is indeed valid, we may obviously unite or fuse all the types of the system 
into a new single type in which the symbol (1) has again a unique definition. 


* The definition given by DE LA VALLEE-POUSSIN (loc. cit., p. 453, § 55) is restricted to the 
case of reducible sets Z, of the first kind. 

+ Cf. SToLZ (loc. cit., introduction). 

{If in any particular type of the system a symbol (1) has a value, it shall have that value in 


the new type. If in every type of the system the symbol (1) has no value, it shall have no 
value in the new type. 
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12°. Since in the theory of a particular type of integrals the definite in- 
tegral function 


(5) J (x) = { Fe) dx. (x on ab) 


of a function /’(«), properly or improperly integrable from a to 6, is a continuous 
function of w on ab, and qua ¢(«) satisfies the relation (3), we have in that 
theory, even for irreducible sets Z, means of selecting from amongst all HOLDER’s 
functions ¢ (a) a system every two of which differ on ab by a constant, viz., the 
system 


(6) (a) = J (x) a7 C, 


where C’ is an arbitrary constant. For this theory these functions ¢(#) may 
then properly receive the indefinite integra] notation : 


(7) fp (%) = [Fe dx. 


In case we may fuse all the types of the system into a new type, as suggested 
in 11°, we obtain in the new theory a unique system of indefinite integrals (7). 


13°. IMPROPER INTEGRALS OVER INFINITE INTERVALS.—lIn each of the 
four current types the improper integral (1) over an infinite interval ab is de- 
fined either explicitly or presumptively as the limit of the proper or improper 
integral over the finite subinterval a’b’ of ab as a’b’ converges to ab.* Thus 
for each type the theory of the improper integrals over infinite intervals depends 
upon that of the improper integrals over finite intervals. 

It is, however, possible to define the former integrals as transforms of the lat- 
ter integrals. The transformation 


(8) v= (2) =— (a +1)-'+1 = (eon the interval ~¢.::.2) 


throws the complete ¢ «-line (— © = % =o) in a one-to-one way on the w-inter- 


val —1=x%=+1:; as~ traverses the w-line in the positive sense # traverses the 
w-interval in the same sense ; (2) is a continuous function of « with a continuous 
positive derivative y’(a ) = (# + 1)? on the w-interval excluding its extremities 
+1. Then, setting 





* We define in like manner the content y (=) of a point-set = lying on an infinite interval ab 
as the limit of the content y(=’) of the subset =’ of = lying on the finite subinterval w/b’ of ab 
as a/b’ converges to ab. 

+ It is here permissible and convenient to admit the definite infinities o , — o as arguments 
and functional values. For a function f(x) the two numbers 


f(@), f(@—o)= L f(a) 


are definitionally distinct, and so are f(— ©), f(—o-+0). The function f(x) is continuous 
at ~ if f(a), f(o—0O) exist and are equal. 
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(9) F(x)= F(W(x)) W(x) = F(y(e)) (@ +1)? (e on the interval ~7...'2), 


and denoting by a, a and b, 6 two pairs of corresponding values of x, x re- 
spectively, we have the relation of transformation : 


(10) i avd = [ Tee 


This relation is valid for finite intervals a).—We may use the relation to de- 
fine the integrals over infinite intervals, viz., as transforms of those over finite 
intervals. 

Similarly, for any type of integrals, we may define the integrals over infinite 
intervals either as limits of integrals of the same type or as transforms of in- 
tegrals of a transformed type, these integrals being in each case over finite intervals. 

It seems to be desirable to adopt the former and usual definition as the 
definitive definition for use in the applications of the theory of any type of 
integrals, but in the development of the theory to adopt the latter new definition. 
For it is evident that an integral under the new definition is one under the old 
definition, while an integral under the old definition, if not one under the new 
definition, is one under the new definition for a closely related type of integrals ; 
and so the theory is richer by the adoption of the old definition while its develop- 
ment (if made for the general type of integrals) is somewhat simpler by the 
adoption of the new definition. 

For the first, third, and fourth types the two definitions are equivalent. In 
the second type, however, it is possible to have, for example, a HaRNACK in- 
tegral uh F’ (x) dx (according to the old definition) whose transformed Har- 
NACK integral JE F(x) dx does not exist: the example of $8 9° of my paper 
already cited is to the point,—on the w-interval 31 = ab a present function 

F(x) being the function #’(@) + G (a) of the reference. 


14°. For the sake of clearness of thought and also of greater generality we 
replace the point-set Z of singularities ¢ of the integrand function #’(«@) by any 
point-set & of content zero.* The general type of integral is then in a certain 
sense a function or an aspect of &.: The integral (1) depends upon the type, 
the interval ab, and the integrand function #’(~). If the symbol (1) has value, 
the function /#’(«#) has certain relations to EB, e. g., on every interval ‘of ab 
containing no point £ of = the function /’ (~) is properly integrable; and 
further, the limiting relations implied in the type hold. 


15°. For the purpose of the later theory the content y(&) of & needs to be 
zero. But the definitions and theory of the present paper are effective also for 








* But cf. 15°. 


1901] IMPROPER DEFINITE INTEGRALS 465 


sets & of arbitrary content y(&); since this fact has interest, the more general 
form of presentation is adopted. 


16°. TH£ MORE GENERAL PROPER DEFINITE INTEGRALS.—I extend the notion 
of the proper definite integral (1) as follows: 

The interval a isafiniteinterval. Theintegrand function (x) exists on ab, 
or, at least, on ab apart from a point-set Q of content zero, as a function every- 
where defined* and limited ;+ and a function G'(«), arising from /’(«) by modi- 
fication of its determination on © so that G(a) is on ab everywhere defined and 
limited, is properly integrable from a to } in the usual sense. Then we set in 
general 


b b 
(11) if P(e) dz = ii G (x) dx. 


In case on the set  /(x) itself is everywhere defined and limited, the inte- 
gral (1) exists as a proper integral in the usual sense, and the equality (11) is 
well known. 

In other cases the equality (11) serves to define the integral (1) as a definite 
finite number, a proper definite integral in the new sense. 

By virtue of this definition of the type of proper integrals every existing 
definite integral (1) of this type or of any derivative type defined in this paper 
($5) retains its type and value under any modification of the determination of 
the integrand function on a point-set of content zero. This statement is em- 
bodied in theorem II of §2; and it is to be compared with the remark of §5 
T° (p. 329) of my paper cited above (5°). 


9 
§ 2. 


NOTATIONS AND ELEMENTARY PROPERTIES OF THE GENERAL 
TYPE OF INTEGRALS. ° 


1°. With respect to any linear point-set E ($1 15°) we are to consider a sys- 
tem of types of improper definite integrals ( § 1 (1)), and especially the general 
(any particular) type of the system. For this type we use the notation J (‘in- 
tegral”), instead of the integral sign Je with an affix indicating the type in 
question. Thus, the symbol: 


(1) L Fad, 


where a and b are definite points (finite or infinite) and where (x) is a definite 
function of « on the interval ab, denotes a definite integral of the type [, 


* Not necessarily in a single valued way. 
+On theset 2 F(a) need not be defined, and, so far as it is defined, it need not be limited. 
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which is either existent and of definite finite value or non-existent. We speak 
of the J-integral (1) and of functions /'(#) [-integrable from a to b. 

The closed set 2 + 2’ is supposed to contain the two infinite points (+ o). 
If 2 = {+ w, — o} the (only) type J of the set & is the type of the proper 
definite integrals of §1 16° over finite intervals and 

The integrals of type J over subintervals of a fixed interval ab constitute a 
type [,,- With respect to the type [,, all sets & having the same subset &, 
lying on ab are equivalent. 


2°. The following theorems (I-VIII) of the theory of the proper definite in- 
tegrals defined in $1 16° hold also in the theory of the integrals of the type J. 

I*. The function 0 is [-integrable from a to b, and [’?0dx= 0. 

Il. A change in the determination of the integrand function F(x) in the points 
of a point-set of content + zero makes no change in the determination of the [-in- 
tegral |.’ F(x)da. 

FIxXeD HYPOTHESIS.— The function F(x) in II-VIII (IV’ apart) is supposed 
to be [-integrable from a to b. 

Ill. The function F(a) as likewise [-integrable from x, to x,, where x,x, are 
any two points of ab. 

IV. For uny three points x,x,2, of the interval ab 


[ F(x) da + 1b: Ta) dae = it Ie(ae) das; 


and accordingly 
Ty P(e) dx) 5 [er (vw) dv = — 1b F(x) da. 


IV’. If F(x) is [-integrable from x, to x, and from x, to x, then it is [-in- 
,, and the equality of IV holds. 
V. For every positive number € there exists a positive number 6, such that 


tegrable from x, to x 


Te F (x) de| <e for every two points x,x, of ab for which |x, — x,|<6,. 
In the light of theorem III, theorem V is the affirmation of the uniform 
continuity on ab of the definite integral function 


(2) J(X) = [4 F(a) de (X on ab), 


an affirmation known to include and to followt from the statement : 

V’. The definite integral function J(X) (2) is a continuous function of the vari- 
able upper limit X on the X-interval ab. 

VI. The function ¢ F(x), where ¢ is any constant, is [-integrable from a to b, 
and 


[Tc F(@) dz = c]’ F(e) dz. 


* Theorem I follows as a corollary of theorem VI for any function (x) known to be I-inte- 
grable from a to 0. 

{ The content of a point-set lying on an infinite interval is defined in a footnote of §1 13°. 

{ Even if ab is an infinite interval. 
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VIL. If the functions F(x), G(x) are J-integrable from a to b, so is the Sune- 
tion F(a) + G(x), and 


ie (F(a) + G (a) dz = i F(x) dx + [’ G (a) dx. 


VIII. The transformation of definite integrals. 
From the hypotheses : 

1) The x-interval ab and an x-interval ab (each interval being finite or 
infinite) are set in one-to-one point correspondence with preservation of sense 
by the transformation 

(3) Giese Oe (von ab), 
where 
(4) a=¢(d4), b=¢(b); 

2) The w-set 2, and an w-set B=; correspond under the transformation 
(3); a > 5 rs. 

3) On the x-interval ab apart from points € and limit-points E’ of E=; 
the function (x) has a continuous finite and non-zero derivative + p(x), 

follow the conclusions : 

1) Under the transformation (8) the type [ on the interval ab with re- 
spect to the set B., transforms into a type JT on the interval ab with respect 
to the set B-; ; 

2) The function 

(5) F(a) = F($(«))$'(«) 


is [-integrable from a to b; 
3) The formula iy 
(6) [)F(e)de = [2 F(x) de 


of transformation of definite integrals has validity. 


3°. These theorems, with the exception of the second, are valid for proper 
definite integrals in the usual sense ; they belong to the elements of the theory. 





* Where then @ () and its inverse (a) are continuous functions of their respective arguments 
z, « on the respective intervals ab, a. (Cf. the second footnote of §113°.) It is to be noted 
that a point-set 2 of content zero transforms under a transformation (3) subject to the condition 
1) into a point-set 2 likewise of content zero. _ 

+ Which has then the sign of (b — a@)/( — @) as permanent sign.—No statement is made con- 
cerning the existence or properties of the derivative 9/(z) at points 7 =<, £’.—lf the function 
¢(%) satisfies the conditions 1)-3), the inverse function ¢(2) satisfies the corresponding condi- 
tions on the z-interval ab. Similarly there is a composition of transformations of this character. 
Here one needs to prove (indirectly) that a or b belongsto Z + 2’ if it is infinite, so that, for ex- 
ample, no proper definite integral (over a finite interval) is (by theorem VIII) transformable 
into an integral over an infinite interval ; this state of affairs accords with the general postulate 


of the close of $1. 
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As to theorem VIII, ef. Jorpan’s Cours d’ Analyse, ed. 2, vol. 1, nos. 141-144. 
The validity of all the theorems for proper integrals in the extended sense is 
easily perceived. 


4°. The ]-integrals over infinite intervals ab are defined (cf. §1 18°) as trans- 
Forms of [-integrals over finite intervals ab by the definite transformation « = r(x) 
Of ous 

That transformation (qua ee $(#)) satisfies the conditions of theorem VIII 
on the x-interval* —1Sx2=+1. 

By the notion of composition of transformations (3) one readily proves that 
the general validity of the theorems of § 2 follows from their validity for all 
finite intervals ab, ab (the latter entering only in theorem VIII), and again 
that that validity follows from their validity for a single finite interval ab with 
all finite intervals ab. 


§ 3. 
First DEFINITIONAL PROCESS OF INDUCTION. 


1°. By the first process of induction we are to define (in 2°-4°) from any set B, 
and any type [ of the set & a (related) type Tz, of the aggregate sete 2+ 2,, 
that is, we are to characterize the functions F(x) [,-integrable from a to b. 
We agree at once that if a = b every function F’(«) is so integrable, the integral 
having the value zero. 

We assume the validity of theorems I-VIII of § 2 for the type [, and (in 5°-7°) 
we establish their validity for the type [ -,- 

In accordance with §2 4°, in these definitions and proofs we may and do 
restrict attention to the case of finite intervals ad. 

In 8° I indicate a necessary and sufficient condition for the existence of the 
[ .,-integral, which is very useful in the construction of integrals of type |<, 
from those of type |. 


2°. The type [., depends upon the type [ just as HarRNAcK’s general or nar- 
row type T af te depends upon the type AL of proper definite integrals, except 
that now the set &, is of arbitrary content y(&,) and does not necessarily lie on 
a finite interval. As far as convenient I adopt the phrasings of my paper in the 
preceding number of this journal: On Harnack’s Theory of Improper Defi- 


nite Integrals,—and for brevity refer to it by the notation H. T. 


3°. The following notations are needed. 

(a) With respect to any interval ab and point-set & or interval-set J the no- 
tation 2, or 1, denotes the point-set of & or interval-set lying on J which lies 
on ab. 


* The extremities + 1 are the transforms of -+ © and so belong to the closed set 2 + =’. 
+H. T. p. 304. 
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(8) When an interval-set * J encloses a point-set 5 narrowly,* in which case 
it is denoted by the notation /(&), then its length D, is greater than the con- 
tent y(—) of &; this positive difference D,— (EB) we call the E-length of /, 
and denote it by D(J, &); on the set of all such interval-sets /() the lower 
limit of D(J, =) is zero. 

(y) With respect to an interval-set J and a function /’(x) the function 
F(z) is defined as having at every point » of I the value zero, and at every 
point # not of J the same determination as F(a) at that point. 

(5) We denote the perfect set 2, + B/ by B. 


4°. Our function F(x) [ ,-integrable from a to 6 (ab unequal and finite) is, 
in the first place, [-integrable over every subinterval of ab containing no point 
& of &". This implies, according to theorems I, II, III, IV’ for the type J, 
that /’,(«) is J-integrable from a to 6, where J is any interval-set enclosing the 
point-set ’, narrowly. 


Then in the second place, the (finite) limit : 


TCH) 
iG F,(«)dz, 
DUI, 20, )=0 
in notation + 


ee 23 (a) da, 


aEo 


exists ; that is, for every positive € a positive 6! + exists such that 
BLS F(a) dx — L...F@ dx|<e 


for every interval-set J enclosing 2’, narrowly and of &°,-length less than 6! .— 
This limit is provably definite——Thus in terms of the type [ the type [ ., has 
been completely defined. 

It is to be noticed that 


ie F, (2°) day Lz F (ex) dx, 


where J’ denotes the interval-set of ab complementary to J,,, its intervals taken 
in the sense ab, and where the notation on the right denotes the sum of the J- 
integrals of F(a) over these directed intervals of J’, or zero if J? is non-exist- 
ent. If in our definition we adopt J, /’(«) dx as the limitand expression, we 
have a form of definition closely analogous to that of JoRDAN for the Harnack- 
JORDAN integrals. 





eS Oo cates 

+ The notation Iz as F(x) dx would (except for its appearance) be preferable. 

{In this paper superscripts to Je notations are not exponents but mere affixes of discrim- 
ination. 
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5°. For the type T=, (qué J) the theorems I-VIII of § 2 hold—We admit the 
validity of these theorems for the type [, and, as indicated in 1°, we suppose 
that a and 6 are finite, and furthermore distinct, since the theorems obviously 
hold if a=b. The truth of I and II for J ,, follows at once from their truth 
for [. Theorems III, IV, IV’, V, V’, VI, VII for [ ., depend upon the lemmas 
given in 6°, essentially as the theorems H. T. §3 V, VIII, § 2 II, §3 IX, II, 
XVII depend upon the theorems H. T. §3 IV, V, VI. Theorem VIII is con- 


sidered in T°. 
6°. Lemma I. For every positive e there is a positive 6° such that 


(1) | it F, (vw) da — | he F, () dx | =< € 


for every two points x, x, of the finite interval ab and every pair of interval-sets I, I, 
each enclosing &", narrowly and of E°,-length less than 62 .—Here the uniformity 
with respect to x, a, is of central importance. 

This lemma corresponds to H. T. §3 IV, the proof of which was involved 
with that of a more general theorem H. T. § 3 X, the general analogue of which 
is not now in question. I give as imple proof of the lemma. 

The determination 62 = 16},, is effective. 

If the lemma is not true, then for a certain determination of e, «,, «,, J,, J, 
satisfying the specified conditions the inequality (1), call it (1’), is invalid. We 
may confine attention to the case a <b, a, <a,. 

Let the interval-set J enclose EZ’, narrowly and have =°,-length less than 8. 
Let the interval a8 (a < 8) enclose ab (a <b) so that 


— a a — m = —_. 
ALA = Uv, Qu, = be 8? 
Then each interval-set : 
(2) i ae ee Se Le i A bit 9 te — Le a6 Tomes a5 ins 9 
encloses =", narrowly and has* =° -length less than 26? = 6!,,. 


Hence, obviously, recalling the definition, we have 


(3) | iE FF’, (w) de — [’ F’,,(@) dey ace’: 
On the other hand, by (2) and §2 IV, for the type [, we have 


1G: I, (%) da = if: F(a) dw + It: F’, (a) da + Te F(x) da, 


* We observe that J,, J, are parts of  —J+ 4, 1,=J-+ J, respectively and use the follow- 
ing theorem of the theory of contents : 

If the interval-sets I! and I? enclose the point-sets =} and =? respectively, then the interval-set 
I=I'+ I? encloses the point-set 2 = ='1+ =, and 


DUI, =). = DP, EDL DP es. 
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with a similar equation involving J, and J,, so that 
b yy bon 2 te 7 
LF, (@) d& — [? F,, (x) dx = [2 F,, (a) de — [” F(x) de, 
whence by (1’) we have, in contradiction with (3), 


(4) TE 4,@ &@—[F,@) a] 2 « 


Thus lemma I is proved. 
Obviously lemma I holds also if the interval-sets J, J, enclose E° ., (instead of 
—° ) narrowly, for the integrals in (1) are from x, to x,. Hence by the usual 


Bhs 


limit-considerations theorem II is proved for the type [ z,, and likewise 
Lemma II. For every € and every two points x, x, of the finite interval ab 


|[* ‘ F,(@) ) dx — J base 2, F(a) dae =e 


for every interval-set [ enclosing E°, narrowly and of &°,-length less than &. 
Lemma II is of fundamental importance in the deduction of theorems of 
linear form for the type [ . from similar theorems for the type |. 


T°. The truth of theorem VIII (with ad, ab finite intervals) for the type 
Tz, (qua J) of the set = + &, (qua &) follows easily from its truth for the type 
J of the set 5. 

We consider a transformation 


Y) mre Pe onan 


which satisfies the conditions of theorem VIII for the type [ ,, of the set 
B+. 
Using notations of evident meaning we observe that the sets =, =° correspond 


to similarly related sets =,=°; that every J enclosing 3° narrowly corresponds 
to an J enclosing 2° narr ie ; that in the notation of 4° every J gi corresponds 
toa J’; and finally we observe, by considerations of the theory of contents of 
linear point-sets, in view of the continuity of the transformation (5) between 
ab ab, that for a positive € a positive 6! exists such that the &°,-length of J is 
less than 6! in case the Z%--length of J is less than ee 


Then 
(6) Lic F(a) de — [" , P(e) de| << 


=0 


for every interval-set J enclosing = &°. narrowly and of &? -length less than 8; 
and simultaneously, for every (directed) interval j of J’, 


(7) [, F@) de = [;F (2) de, 


Trans. Am. Math. Soc. 31 
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since the transformation (5) on jj satisfies the conditions of theorem VIII for 
the type J of the set 5; and thus 


(8) L,.F@)de =155 F(@) ae. 


From (6) and (8) by elimination we have the inequality needed to prove the 
validity of theorem VIII for the type J... 


8°. The theorem of H. T. $5 2° may readily be generalized to the case of 
[.j,-integrals. In the proof of the generalized theorem one uses instead of the 
theorem H. T. §3 XIII’ considerations of continuity and definitional consider- 
ations concerning the analogues of the integrals, loc. cit. (3). This theorem is of 
fundamental use in the construction (as in H. T. §5) from the functions y,, («), 
X>, (w) of H. T. §5 4° of functions having integrals of type [ of a set & par- 
titioned into a finite sequence =|, E,, ---, &,,, viz. 


ah Een 


= 
=I 
=2 =7 


g 4. 
THE SECOND DEFINITIONAL PROCESS OF INDUCTION. 


1°. In the second process of induction we have to do with a simply or- 
dered set* MJ = {m} of symbols or marks m and with a related simply ordered 
set pe of types [” of the point-set 2”, where &™ is a proper subset of B” if 
m <m, 

We are to define in 4° a oy ype [ of the aggregate set 2”, where B™ denotes the 
(least) point-set containing every set HR” as a subset. 

From this definition, on the assumption of the validity of theorems I-VIII of § 2 
for the types |", follows their validity for the type .“, as one readily assures him- 
self. 


2°. The simply ordered set JJ = {m} may have a highest mark m, m = m’; 
in this case we say that it samen with the mark m’. Every finite set 1 
terminates. A transfinite set JJ may or may not terminate. 


3°. Even if the set {&”} does not terminate the set {&”} may on an in- 


m ) 


terval 7 essentially ter ae. i. e., there may be a mark m, Pion that A" = Eo 
for every m > m,, where 3’ denotes the subset of 2” Tine oni. 





* With CANTOR cae Annalen, vol. 46, p. 496) a set M of marks m is 
simply ordered if of every two distinct marks m,m, one, say m,, is distinguished, and if this 
distinction is transitive, i. e., if of the marks m,m, the mark m, is distinguished, and of m, mg, m, is 
distinguished, then of the marks m,m, the mark m, is distinguished. One says that according to 
the ordering in question m, has the lower and m, the higher rank, in notation : 


my << m;, nN, me 
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A point x =~, is with respect to the non-terminating transfinite set {2} 
critical, in case on no interval 7 enclosing x, the set {E”} is essentially a termi- 
nating set. We denote these critical points x by the notation « and the set of 
all such points by the notation K. The set K is closed. 

If an interval 7 contains no critical point, the set {2”} on i essentially ter- 
minates, as one proves by the usual interval-halving process. 

Of course, the set K exists only if {2”} is non-terminating ; and even then 
it may contain no finite point. 


4°, We are to define an (existent) integral 


(1) I °™ F(a) de 


of the type [ ”, that is, to characterize the function (a) in order that the sym- 
bol (1) may have a (definite finite) vajue. 

If b = a, we give to the symbol (1) the value 0. 

If on the interval ab the function F(x) vanishes except perhaps at a set of 
points of content zero, we give to the symbol (1) the value 0. 

Further, if the interval ab contains no critical point « and so on ab the set 
{E”™} is essentially terminating, and if there is a mark m, such that for all 
marks m, m= m,, the [”-integrals of F(x) from a to b exist, and for every 
subinterval a’b’ of ab and mark m > m, 


(2) ee Eda | ee) das, 
then we denote by [°” F(x) dx the common value of the existent integrals 
LF @) dx (m > mg) . 


Finally, if the finite or infinite interval ab splits into a finite number n of 
intervals a,b,(k = 1, ---, n) taken in the sense of ab in such a way that by the 
specifications already made the integrals J %” F(a) dx are defined, we set 


(3) LL’ F@) dx = > {he F(a) da. 
k=l ¢ 


Thus the symbol (1) is given, if any, in fact a definite finite value. 
It is clear that if the set M terminates, with m say, then the types [” [” 
are identical. 
§5. 
THE DEFINITION OF THE GENERAL TYPE [ OF THE SET 2. 


1°. With Cantor * a well ordered set W = {w} of marks w is a simply ordered 
set with the property that its every subset (including the set itself) has a mark 





*Mathematische Annalen, vol. 49 (1897), pp. 207, 208. 
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of lowest rank. Every subset of W is itself a well ordered set. I denote by 
W, = {w,} the set of all marks w= w, having immediately preceding marks 
w= w!; the mark of lowest rank by w,; and the residual set by W,= {w,}. 
It is to be noticed that the marks w = w! include all the marks of W except the 
terminal mark, if there is one. 


2°. For the definition of the general type [ of improper integrals with re- 
spect to the point-set & I consider the general well ordered set W such that 3 
admits an exhibition, in the notation of $4 1°, of the form 2 = 2”, and I 


consider the general exhibition of © in this form. The understanding is, how- 


ever, that 2” = {+o} and that for every w, the set B® is the least set con- 
taining as subsets the sets E", w < w, 
— Po | amar f p? 
We set &,,, = 2 — "1; thus & pdt: an existing point-set. 


8°. From the type [“! of the set 2“) with the properties I-VIII of § 2 and 
the set &,,, we can, by the first process of induction, define the type [ of the 
set &"" with the same properties. 

Likewise from the types [", w < w,, of the respective sets E” we can define 
the type ['” of the set 2? by the second process of induction. 

Likewise from all the types [”, w of W, of the respective sets 2” we can de- 
fine the type [ " of the set =” = & by the second process. 


— 


4°. Now we take as type [” of the set ="° = {+c} on finite intervals the 
(extended) type of proper definite integrals defined in § 1 16°. From this type 
follow the definitions of all the types [” and of the type |". For, if not, there 
is an undefined type [”’ of lowest rank w’ ; and this is impossible, for, by the 
statements just made, w’ is neither w, nor a w, nor a w,.—Thus the general type 
I of the set E has definition uniquely related to the general exhibition of E in the 
specified partitional form = = &", where W denotes a well ordered set and where 
similar well ordered sets W are for the purposes of the definition equivalent. 


5°. In conclusion, we point out how the system of types of improper integrals 
thus defined embraces the four current types as extended ($1 1°, 16°). 

Tyre I.—In the first type the set & is reducible, that is, for some (lowest) 
ordinal a=1 of CanrTor’s first or second class of ordinals the derived set 
ER” = 0. We consider the set {8} of ordinals 8, 1=8 <a, arranged in 
their natural ascending order. This set {8} is a well ordered set. We con- 
sider the similar well ordered set {w,,} and make it the set W, of a well ordered 
set W, W=w,+ W, + W,, by introducing the initial mark w, and a set W, 
of marks w, = w,,,; here 8, denotes an ordinal > 1 having no immediately pre- 
ceding ordinal, while in well ordered set W the mark w,,, immediately pre- 
cedes the mark w,,,. Then the set 2” is {+o}, the set 26 contains all 
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points & not belonging to the derived set B*, and the set 226» is the least set 
containing as subsets the sets 318, 8 <,, and so the least set containing as 
subsets the sets 2", w < w,,,. Theset 5” isa proper subset of B'’” if w’< w”. 
Type II.—In the second type the set & is any set containing +o; the set 
W consists of two ordered elements w,, w,; and B= {+o}, B@=&, 
Type I1i.—The third type is essentially the same as the first type. 
Type IV.—The fourth type is in a sense (sufficiently indicated in §1 9°) 
a combination of the second and the first types. 
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ON THE CONVERGENCE AND CHARACTER OF THE 
CONTINUED FRACTION 





EDWARD B. VAN VLECK 


The principal object of the present paper is to give two theorems (nos. I and 
IV) concerning the character of the function represented by the continued 
fraction 

A,2  Gp% AUg2 
19 elles 


Incidentally a criterion for the convergence of 


ie Le 


1 2 3 





is obtained, which appears to be more general than any hitherto discovered 
except for the special case in which the elements 6 are positive. This is stated 
in theorem ITI. 


spike 
The first part of the paper relates to the following theorem : 
TuHeorEM I. Jf k denotes the greatest modulus of a point of condensation of 
the coefficients a, of the continued fraction 
a,2 2 ad, 


(1) ee se a tec ny ie 


the continued fraction will represent an analytic function within a circle of radius 
1/4k, described about the origin of the z-plane as center, and the only singularities 
of the function contained within the circle will be poles. 


Z 








* Presented to the Society August 20, 1901, at its summer meeting as a part of the paper en- 
titled On the Convergence of the Continued Fraction of Gauss. Received for publication September 
23, 1901. The remainder of the paper is published in the Annals of Mathematics, October, 
1901. 
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Tf, furthermore, any circle of smaller radius is drawn about the origin as center 
and from this circle each of the poles is excluded by drawing around it a small but 
arbitrary contour, then within the region which remains the continued fraction will 
converge uniformly to the analytic function as its limit. 

A special case of this theorem is that in which |a,| diminishes indefinitely 
with increasing n. The continued fraction then represents a function which is 
meromorphic over the entire finite plane. This particular result, though in a 
yet more restricted form, has been previously discovered by ST1eELTJES.* Con- 
fining his attention to a continued fraction in which a, is real and positive, he 
proved that it represents a meromorphic function when lim.a, = 0, and only 
then. 


§ 2. 


The proof of the above theorem is as follows: Let C be a circle whose center 
is the origin and whose radius is e/4k, in which e is taken to denote some fixed 
number less than unity. If e, is any other assigned number greater than e but 
less than unity, the value of |a,z| throughout the circle—inclusive of the peri- 
meter—may be made less than e,/4 by sufficiently increasing n. Let this be 
true when n > , and consider the continued fraction 


Lo yyi% Ay y02 


(2) 1+ 14+ 1 4 


We shall first demonstrate the convergence of (2). Let NV, and D, be the 
numerator and denominator of its nth convergent. Obviously 2|D,| > |D,|. 


Suppose also that 

(3) 2 | D, oe | De, | 

for any particular value of n. Since 

(4) Dass aad D, ot n+ 2D. ’ 
it follows that 


é 
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and hence 2|D_,,| > |D,|. The inequality (8) therefore holds for all values of 
n and accordingly 


| Dyer 


i? 
n—1 


A similar result holds for the numerators of the convergents. 


*Annales de la Faculté des Sciences de Toulouse, vol. 9, A pp. 42-47. 
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Consider next the equation 
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Since |a, ,,2| << ¢,/4 and 4|D.,,D/ > |D,D,_,|, the modulus of the right hand 
member is less than 
é 
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n+1 

and hence less than 

e” 
1 


4 (1 — e,) |D,D,| 





But by increasing n the last quantity may be made as small as desired. If, 
therefore, an arbitrarily small quantity ¢ is prescribed, a value m can be found 
such that 





Berea D |< — (n> m). 


ED ‘dh | 





It follows that V,.,,/D., 4, 
The convergence of the continued fraction (2) has accordingly been established. 
The character of the limiting function can next be easily determined. The 


converges uniformly to a limit in the circle C. 


inequality (8) and the similar inequality connecting NV, and NV_, show, in the 
first place, that neither the numerator nor the denominator of the nth conver- 
gent ever vanishes. The convergents are, therefore, holomorphic throughout C. 
Since also they converge uniformly to a limit, their limit must be holomorphic 
in the interior of C. Furthermore, whenever a series of holomorphic functions 
converge uniformly to a limit, the zeros of the limiting function are the conden- 
sation points of the zeros of the rational functions.* We conclude, therefore; 
that the limiting function cannot vanish within C. 

A case of special interest is that in which |a,,,| = & for all values of n in the 
continued fraction (2). The radius of C may then be taken as nearly equal to 
1/4k as desired, and we have in consequence the following result : 

THeoreEM II. Jf in any continued fraction 


ae 
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Let id Pak el ae 


|b| ts equal to or less than a fixed quantity k for all values of n, the continued 
fraction converges within a circle of radius 1/4k described about the origin of the 


/ 





* HURWITZ, Mathematische Annalen, vol. 33. 
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z-plane as center, and it represents a function which is holomorphic within the circle 
and vanishes nowhere in its interior. 


$3. 


We return now to our continued fraction (1). If the mth convergent is de- 
noted by NV’ /D’ , we have 


m ! m 
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But in § 2 it was shown that NV /D, converges uniformly to a function—call it 
¢(z)—which is holomorphic within C. Hence the numerator and denominator 
of the right hand member of (6) converge uniformly, and their quotient ap- 
proaches the limit 

Nia + 42M, 2) 

D,, + 4,2D,,_,6(2) 


It is impossible that the denominator of this expression should vanish identi- 





cally, for we have 
Dima — 1 Oy—1 e Ay» S a 
Pye ela ee 
which would give a second continued fraction for f(z) inconsistent with (2).* 
The limit is therefore an analytic function. 

Furthermore, since the numerator and denominator of the above expression are 
holomorphic in C, its only singularities will be poles. Let each of these poles be 
excluded from C by drawing a cirele of small but finite radius arounkit. We then 
have left a region within which not only the numerator and denominator of the 
right hand member of (6) converge, but also their quotient, NV’... /Di4,-1- 
The convergence of the continued fraction is thus established. Since also by 
increasing p the radius of C may be made as nearly equal to 1/4k as we please, 
the theorem enunciated at the beginning of the paper follows. 

It will be observed that the proof involved the fact that V/_,, V/_,, Dis; 
D’,_, are polynomials, and did not depend upon the monomial form of the 
numerators and denominators of the first ~« —1 partial quotients. The the- 
orem will therefore hold if a finite number of partial quotients are replaced by 


arbitrarily selected rational functions. 


§ 4, 


No information is afforded in theorem I concerning the character of the 
continued fraction without the circle considered. This question is discussed for 





* See PADE’S thesis, Annales de 1’Ecole Normale, sér. III, vol. 9 (1892), supplément. 
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an important case in the Annals of Mathematics, October, 1901, namely, 
for the case in which a, approaches a finite limit / in such a manner that 
a,,,/a,, and a, /a,,,, for sufficiently great values of n can be expanded into 
series in ascending powers of 1/n. It is shown that the domain within which the 
function represented by the continued fraction is meromorphic can then be extended 
over the entire plane with the exception of a rectilinear cut from x = — 1/4k 
to*x=o, drawn in a direction which is the continuation of the line from the 
origin to « = —1/4k. Application of this result is made to the continued 
fraction of Gauss. 


8 5. 


Theorem II gave a sufficient condition that the limiting function shall be 
holomorphic within the circle in question. This condition is, however, by no 
means a necessary one. To obtain a more general condition that there shall be 
no poles of the function within the circle, consider the continued fraction 


1 cu r,(1—r,)e 7r,(1 —1r,)e% 
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in which 7, is a positive number less than 1. Obviously 
|D,|= (1 —*,)|D,| =1—*,. 
If, now, for any value of n 


(8) PJ = —7,)|D,a) = — 2) — 753) - 7), 








n—1| a 
we shall have also 
Levee = |D,, SIF tcl (1 rae ear A = |D,, a Veet dl = i) iD as) ’ 
and hence 
Vier = |D,, (1 we ay) = (1 Pay ",) (1 io | T's) ae Nor (1 ae Tae be 





The inequality (8) therefore holds for all values of n. 
By a well known formula, the nth convergent is the sum of n terms of the 
series 
r, ee rr (i —f ) ees On yr (1 iy ya ele ) e(Oxt Oat 04) 
OV ee 2°3 2 RS 2 3 ; 
( ) D, a D, D, D, uy ar 





In the particular case for which 6, = 7 we have 
Ds ae (1 a r)(1 bog r's) k ae! = r,)> 


and the ratio of the nth term of the series to the preceding is then r, /(1 —r,). 
When +, < 1, this is clearly the case which is least favorable to the convergence 
of the continued fraction (7). The following result is now evident : 
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THeoreM III. Jf r, is a positive number, a necessary condition that the con- 
tinued fraction 
» tb. ra » i0: . te) 
a: r,(1 —r,)e*  7r,(1 — r,)e' 
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shall converge for all values of the arguments @, is that the series 
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shall likewise converge. This is also a sufficient condition if r, <1 for all values 


of n. 
$6. 
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The continued fraction 


is usually capable of being expressed in the form (7). Often we shall also 
haver, <1. For example, this is true when 


(12) [os] <a> [Boal + 
For if we put 
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i (n> 2), 
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and assume that 7,, <4, it follows from the second of the inequalities (12) that 
(13) Part oe a ae 


But 7, <4, and hence, by induction, the inequalities (13) hold for all values of n. 
PRINGSHEIM * has shown that the conditions (12) suffice to ensure the con- 
vergence of a continued fraction of the type (11). This appears to be the most 
general criterion for convergence hitherto discovered except for the special case 
in which all the elements 6, are positive. It is clear, however, from (138) that 
PRINGSHEIM’S criterion is included as a special case under theorem III. 


Se 


Assuming now 7, to be less than 1, we shall next consider the effect of mul- 
tiplying a single partial numerator, 7, (1 —7,,_,)e°", by a quantity 6, the abso- 
lute value of which is less than 1. If we put r/ = |6 
the form of the continued fraction unaltered, we must make 


(dias a (Lr 


, 
m m+1 m UY m+1° 


|7,, and seek to preserve 
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*Sitzungsberichte der mathematisch-physikalischen Classe der Miinoh- 
ener Akademie, vol. 28, p. 322. 
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Consequently 7’, <<r,,,,- In like manner it follows that r/,.,<7,,,,, and so 
on. All the terms in (10) after the (m — 1)th will therefore be diminished, the 
new values being less than the old values multiplied into |6|. 

Let now 6 be introduced into each numerator of (7). In accordance with 
what has just been said, the nth convergent must be less than the sum of n 
terms of the series 


ri 
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Suppose that this converges for |6| = 6’. Then if 6 in the continued fraction 
is replaced by a variable z, the fraction will converge uniformly in a circle hav- 
ing its center in the origin of the z-plane and a radius equal to 6’. Its limit is 
accordingly holomorphic within the circle. Furthermore, . 


r,) (L — o'r.) --- (1 — or,). 





Hence it is impossible for the denominators of the convergents to vanish any- 
where in the circle, and this is true also of the numerators, inasmuch as the 
law for their formation is similar to (4). Finally, by the theorem of Hurwitz 
previously cited, we conclude that the limiting function does not vanish. The 
result which we have thus reached may be recapitulated as 


TuHeoreM IV. Jf in the continued fraction 
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r, is-a positive number less than 1, the continued fraction will converge uniformly 
in a circle described about the origin of the z-plane with a radius equal to unity, 
provided the series (10) is convergent. IPf this series is divergent, the radius is at 
least equal to the largest positive value of 6 for which 
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converges. The limit of the fraction is an analytic function which is holomorphic 
and nowhere vanishes within the circle, and the roots of the numerators and de- 








nominators of the convergents all lie without it. 
An interesting application may be made to the well-known expansion 
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In this case 
n—1 
ear drama 
and (14) becomes 
14+ 364+40°4}484+-.... 

Now this series converges when 6 <1. The continued fraction therefore pos- 
sesses the properties indicated in the theorem over the portion of the plane 
which lies without a circle of unit radius with its center in the origin. On the 
other hand, when 6 = 1, the series diverges. As the sum of n terms for 6 = 1 
and the value of the nth convergent for v-? = 1 are identical, the continued 
fraction must diverge at the points « = + 1 upon the boundary of the circle. 

The properties which this continued fraction possesses exterior to the circle 
hold also throughout the entire imaginary domain. This can be shown by 
throwing it into the form 





% 1 1 
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Since 6 is positive and >° 6, is divergent, a theorem given on page 231 of the 
present volume of the Transactions can be applied. We conclude that, 
(1) the continued fraction converges everywhere except in the segment of the 
real axis between the points x = + 1, (2) the limit is holomorphic without this 
segment, and (3) the roots of the numerators and denominators of the conver- 
gents are contained within it. It will be noticed that the proof of this result 
here given, unlike previous demonstrations, is based solely upon the character of 
the continued fraction. 
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VOLUME 1. 


to tO eto 1p. 


O. Bouza: The elliptic o-functions: --. 
For ip read {iS 


W. F. Osaoop: On the ewistence of the Green’s function - - 


Pp. 310-314. 


I desire to point out the relation of my paper “On 
the existence of the Green’s function for the most gen- 
eral simply connected plane region” to the analysis con- 
tained in Harnack’s Logarithm. Potential (1887), § 39. 
HARNACK there proposes the problem of showing the ex- 
istence of a Green’s function corresponding to an ar- 
bitrary simply or multiply connected continuum, i. e., 
precisely the problem that I have solved for a simply 
connected continuum, the extension of my results to multi- 
ply connected continua being obvious. (The extension is, 
namely, this: A Green’s function for a multiply connected 
continuum will always exist when the boundary of the region 
does not contain isolated points, but is such that with each 
point of the boundary may be associated two other points so 
chosen that the three points lie on a Jordan curve.) In 
the solution which follows he restricts himself to a simply 
connected continuum F’ bounded by a Jordan curve C (cf. 
footnote, p. 8310 of my article) and by an arbitrary set of 
curves (Kinschnitte), finite in number, which lie within C, 
meet C’ each in a single point, and do not cut themselves or 
each other. In order to solve the problem, he constructs a 
set of nested polygons lying within / and having the 
boundary points of Fas their points of condensation. The 
Green’s functions belonging to these polygons are shown to 
converge toward a limit g, corresponding to the function wv 
of my paper, which is a function similar in character to the 
Green’s functions just considered. Up to this point both Har- 
NACK’S methods and mine are substantially the same as those 
of Poincar, Bulletin dela Société mathématique 
de France, vol. 11 (1883), p. 112; cf. also Harnacx’s 
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reference to SCHWARZ, loc. cit., p.121. It remains to show 
that the function g (or wv) assumes the required boundary 
values. To do this HARNACK employs as a majorante the 
Green’s function belonging to a polygon @ lying wholly 
without /’ and having a point of its boundary in common 
with a point A of the boundary of /’. His analysis suffices 
to show that the function g (or w) will take on the required 
boundary value in the point A, but not that this will be 
the case for a point of the boundary of /’ that cannot be 
reached by a polygon Y. Thus an ordinary beak-shaped 
cusp (Schnabelspitze) could not be treated by Harnacx’s 
method. It appears, then, that Harnacxk did not solve the 
problem he proposed even for regions /’ bounded by a finite 
number of pieces of analytic curves, to say nothing of re- 
gions, some of the points of whose boundaries cannot be ap- 
proached along a continuous curve lying wholly within F’. 
In my solution, I have employed the same method of the 
majorante (the function U) adopted by Harnack, but have 
so chosen U that my proof covers all cases; and I have 
pointed out that there are here included cases which, I be- 
lieve, had never been thought of before.—W. F. O. 
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E. H. Moore: A simple proof of the fundamental Cauchy-Goursat theorem. 
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VOLUME 2. 


KE. J. Witczynsxi: Invariants of systems of linear differential equations. 


Ne eR bees For semivariants read seminvariants. 
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H. F. Srecker: On the determination of surfaces ---. 
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ee ep: The exponent of F’, should be — 2. 
VAD eden For mr 8 Sarre) ei eee 
DP. 163, Eeliean. sé ve 2 vy. 

= 1. 1 up. ay Ses (v) 4 ioe , (v) ° 


E. B. Van Vureck: On the convergence of continued fractions - - 
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E. H. Moore: Concerning Harnack’s theory -.-. 
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Penn, L. 10. In formula (8) insert an upper limit 0. 
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